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Abstract

Let u be a positive solution of the ultraparabolic equation
n k
Ou=> OFu+Y iy, u on R (0,T),
i=1 i=1

where 1 < k < nand 0 < T < 4+oco. Assume that v and its derivatives
(w.r.t. the space variables) up to the second order are bounded on any
compact subinterval of (0,7"). Then the difference H(logu) — H(log f) of
the Hessian matrices of logu and of log f (both w.r.t. the space variables)
is non-negatively definite, where f is the fundamental solution of the above
equation with pole at the origin (0,0). The estimate in the case n = k =1
is due to Hamilton. As a corollary we get that Al 4+ 2£3k 4 % > 0, where

2
| =logu, and A = S\ F 92
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1 Introduction

Since the seminal work of Li and Yau [12], there is extensive research on differential
Harnack inequalities for parabolic equations, see for example [13] for a survey. In
particular, Hamilton [5] obtained a remarkable matrix differential Harnack estimate
for the Ricci flow, whose trace form is very important. Note that the trace version
of Hamilton’s Harnack estimate for Ricci flow is derived as a corollary of his matrix
Harnack estimate, and so far there is no direct proof for it (without using the matrix
estimate). (See also Cao [1] for a matrix Harnack estimate for the Kahler- Ricci
flow.) In [6] Hamilton gave a matrix Harnack estimate for the heat equation on
certain Riemannian manifolds, whose trace form recovers an estimate in [12]. (See
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also [2] for a related estimate. Recently Ni and his cooperator have further work
in this direction.) This matrix Harnack estimate for the heat equation is useful for
deriving monotonicity formulas, see for example [7].

Recently, in [8], among other things, Hamilton extended his matrix Harnack
estimate in [6] to the simple ultraparabolic equation f; + xf, = f,,. In this note
we’ll generalize this estimate of Hamilton in [8] to the following slightly more general
class of ultraparabolic equations

n k
O = Z 2 u+ Z 2;0p,,,u  on R x(0,7), (1.1)
=1 i—1

where 1 <k <nand 0 < 7T < +o0.

(1.1) is among a still more general class of ultraparabolic equations of Kol-
mogorov type satisfying the Hormander condition ([9]); for some of the work on
these equations, see for example [10] and the references therein. Harnack inequali-
ties for positive solutions of these and some similar equations are extensively studied
by Polidoro et al., see for example [11], [14], and more recently, [3] and [4].

The main motivation of our research is to find more matrix differential esti-
mates, whose power is partially indicated above, and to pursue more similar prop-
erties that the heat equation shares with the Kolmogorov type equations satisfying
the Hormander condition, which are partially displayed in some of the references
cited above and in some papers not cited here.

Using Hormander [9], and Lanconelli- Polidoro [11], one finds that the funda-
mental solution of the equation (1.1) with pole at the origin (0,0) is

f(%, t) — c 6_%( §:1 x?—i—i Z?:kJrl x?)—t% Zfﬂ ﬂﬁiﬂﬁnﬂ'—t% Z?:l xi+i

— n+3k
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t 2

)

where C' is a constant depending only on n and k. Then using [9], [11] again (see
the formula (1.6) in [11]) one can easily derive the fundamental solution

Ko7 = —C gy Sha(am 6 Bl oer gl
(t — T)"T

with pole at any point (£, 7) from f, where ¢t > 7; we let I'(z,¢;£,7) = 0 when
t<rT.
Now let | = log f and ly,.; = 0,0,,l. Then
=-3 1 =8 for 1<i<k,

__2 _
TiTq R lwiInJrz‘ - lInJriﬂfi 29 "Tn4iTnii 3

lxm:—% for k+1<i<mn, and

lz;e; =0 for all other 4, j.

Thus we get the Hessian matrix H(log f) = (lz,2,)ij=1,n+x Of log f w.r.t. the
space variables. Note that the matrix ((log I'(z,;,0))4,0,) = ((log f(2,1))a,2,) for
any £ € Rt



Then we consider a general positive solution u of the equation (1.1) with 1 <
k < n, and the Hessian matrix of log u w.r.t the space variables: H(logu) =

((log u)xixj)i,j:17...’n+k.
We'll use the maximum principle to show the following

Theorem 1.1. Let u be a positive solution to the equation (1.1) with 1 < k <n
and 0 < T < +o0. Assume that u and its derivatives (w.r.t. the space variables)
up to the second order are bounded on any compact subinterval of (0,T). Then
the Hessian H(logu) > H(log f), that is, the matriz H(logu) — H(log f) is non-
negatively definite. Here, f is the fundamental solution at the origin as above.

This extends Theorem 4.1 in [8] which treats the case n = k = 1. (We also slightly
weaken the assumption of Theorem 4.1 in [8], where the solution is assumed to
be bounded with bounded derivatives for ¢ > 0. Of course the fact that the
assumption can be weakened in this way should be known to Hamilton, although
he did not state it explicitly there.) The estimate in Theorem 1.1 is sharp since
the equality holds trivially when u = f. (Note that the assumption in Theorem
1.1 on w is satisfied by the fundamental solution f.) This matrix estimate contains
much information. It implies that all the principal submatrices of the matrix
H(logu) — H(log f) are non-negatively definite. In particular, we can get some
control of Iy, .., in the form Iy, .., + 35 > 0for i =1,-- - k, where [ = logu,
even though these second order derivatives do not appear in the equation (1.1).
Below we will give three more consequences, two of which were known before (see
[14]), one of which may be new. First by partially tracing the above estimate we
recover a special case of Proposition 4.2 in Pascucci- Polidoro [14].

Corollary 1.2. ([/14]) With the same assumption as in Theorem 1.1 and letting
[ =log u, we have

n

n+ 3k
Ly, > 0.
S+ 1

=1

The original proof of Proposition 4.2 in [14] uses a representation formula for
positive solutions of a class of Kolmogorov equations more general than (1.1).
By integrating the estimate in Corollary 1.2 along some optimal path we recover a
special case of Corollary 1.2 in [14] (see Theorem 1.2 in [3] for an even more general
version).

Corollary 1.3. ([14]) With the same assumption as in Theorem 1.1, for any points
(1, s Prak, t1) and (g1, -« Guak, t2) with 0 < t; < ty < T there holds

w(q1, - Gk, t2) >

¢\ 3k =307 GimpD® 3 Sk (0 pa it b (qitpi) (b=t
(L))" 5% e 2=t A=) (g3 Zi=tlnti TPty L

to

u(pla o '»pn-l—k:tl)'

Comparing the fundamental solution I'(x, t; £, 0) above, one sees that the estimate
in Corollary 1.3 is sharp. (This was already observed in [14].) This estimate in the
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case n = k = 1 also appeared in [8], see Corollary 4.2 there. (By the way, note that
there are some misprints in the statement of Corollary 4.2 and some other places
in [8].) By fully tracing the matrix estimate in Theorem 1.1 we get

Corollary 1.4. With the same assumption as in Theorem 1.1 and letting | =log
u, there holds

n+3k 6k

Al — >0
* 2t + 3=
where A = Y192 .

This corollary seems to be new. It is also sharp. Compare a similar estimate in [12]
for the heat equation (see Theorem 1.1 there). Note that, as already said above,
the second order derivatives u,,,, 4., (and ly, 2. .,), fori =1,--- k, do not appear
in the equation (1.1). For this reason, it may not be easy to recover Corollary 1.4
by using the method in [14]. It may also be difficult to derive Corollary 1.4 by
applying the maximum principle to the scalar equation satisfied by Al, instead of
the matrix equation satisfied by the Hessian H (l), since the scalar equation satisfied
by Al contains terms involving I,,,; for some i # j, as can be seen by tracing the
equation (2.2) in Section 2 below. This may be another evidence for the advantage
of the matrix estimates.

While the equation (1.1) is very special, we expect similar matrix differential
Harnack estimates should hold for a more general class of ultraparabolic equations
of Kolmogorov type satisfying the Hormander condition. See Section 4 for a more
precise statement.

In the next two sections we’ll prove Theorem 1.1 and Corollary 1.3 respec-
tively, following [8] with some necessary modifications. In Section 4 we state two
conjectures related to our results above.

2 Proof of Theorem 1.1

We may and will assume that T" < +o00. First we claim that we can reduce the proof
of Theorem 1.1 to the case that the positive solution u and its derivatives (w.r.t.
the space variables) up to the second order are uniformly bounded on R*** x (0, T').
The proof of this claim is an application of a standard trick: Suppose that u is a
positive solution of the equation (1.1) such that u and its derivatives (w.r.t. the
space variables) up to the second order are bounded on any compact subinterval of
(0,T). Fix (zo,t0) € R™™ x(0,T). Let v.(z,t) = u(z,t+e¢) for 0 < e < £5%. Then
v, is a positive solution of the same equation on R"** x (—¢, T' — ¢) such that v,
and its derivatives (w.r.t. the space variables) up to the second order are uniformly
bounded on R™* x [0,7 — 2¢]. If we have proven Theorem 1.1 in the case that
the solution and its derivatives (w.r.t. the space variables) up to the second order
are uniformly bounded, then the matrix Harnack estimate holds for v. at the point
(x0,t0). Note that the conclusion of the matrix Harnack estimate is independent



of the bounds of v. and its derivatives (w.r.t. the space variables) up to the second
order. Then letting £ — 0 one sees that the matrix Harnack inequality also holds
for u at (zo, o).

So in the proof below we assume that the positive solution v and its derivatives
(w.r.t. the space variables) up to the second order are uniformly bounded on
R™* x (0,T). Let | = logu, and M = H(logu) — H(log f) = H(l) — H(log f),
where f is the fundamental solution of (1.1) at the origin (see Section 1). We
decompose the matrix M into blocks:

My M,
= o)

where the n x n matrix

2
lmm + o0 lwlwk l$1$k+1 T lu’vwn
2
M, = lxkﬂﬂl e lwkffk + t lwkwkﬂ ) e lwkzn
)

lmk+1$1 e l$k+1$k l$k+1$k+1 + 2% 7 lrk+1$n

l . l l o] + 41

TnT1 TnTk TnTlr41 Tnn 2

the n x k matrix

3
l$1$n+1 + 2 7 l$1$n+k
3
My— | oo et
)
l$k+1fl3n+1 l$k+1fl3n+k
lwnxn+1 lwnxn+k
the k x n matrix
_ T
Ms = My,
and the k£ x k& matrix
6
lxn+lmn+1 + t_3 U l$n+1zn+k
M, = .
6
l$n+k$n+1 e l1n+kxn+k + 3

By a direct computation one sees that [ satisfies the equation

n k
b= (o, +2)+ Y il (2.1)
i=1 i=1
and M satisfies the equation
n k
My =Y (M, + 20, My,) + Y xiM,,,, + N, (2.2)
i=1 i=1



where N is some matrix; actually N is the matrix obtained from N below (see
(2.3) and below) by replacing [ by [ and setting 0 = 0, = 1,8 =1,y = 1. We
want to use the maximum principle to show that the matrix M is non-negatively
definite. But to deal with the noncompact situation we need to apply the maximum
principle to a slightly modified equation (see (2.3) below), instead of the equation
(2.2) above. So we modify the solution u to

k n+k k
2k
el S Y )+ X
i=1 =1 i=1

with € a small positive constant, which is also a positive solution.

Let [ = log @. Then l;m] — 0, fori,j=1,---,n+k, as || — oo uniformly in ¢,
since now we are assuming that u and its derivatives (w.r.t. the space variables) up
to the second order are uniformly bounded on R"** x (0,T). Note that [ satisfies

the equation
n k

l~t = Z(ixﬂ% + lzq) + Z xi[ﬂ?m—i'

i=1 i=1
Let « =14 069,58 =1+ 06y,v = 1+ ongy, where o is a small positive constant,
and dg, 0y, 1o are constants which will be chosen later, and let

- M, M,
= (MM
(M3 M4)’

where the n x n matrix

o~

2a
lmxl + -+ 7 lxlxk l$11k+1

T1Tn
- l loyay, + 22 I l
M _ ~ TpTq I]?V:Ek t ~ $k$k+1 ~ TpTn
N l I + Lo I ’
Tk+17T1 TE+1Tk TE+1Tk41 2t TE+1Tn
7 7 7 140
lﬂcnwl e livnivk ll‘nkarl e lwnﬂcn + ot

the n x k matrix

38 7

l$1$n+1 + 2 l$1$n+k
~ ~ 38
~ lx o] + £
_ kTn+1 ThTpitk 2

My=| 77 g T
Tk4+1Tn+1 Tht1Tn+k
l$n$n+1 l$n$n+k

the k X n matrix
Ms = M7,

and the k£ x k matrix



- 6y -
lﬂcn+1zn+1 + PR l:vn+136n+k

M, =

l:vn+k$n+1 e ll’n+k$n+k + %Y
Claim 1 There is a positive constant oy such that for any 0 < o < oy, M is

positive definite when ¢ > 0 is sufficiently small.

Claim 1 follows from the fact that there is a positive constant oy such that for
any 0 < o < 0, all the leading principal minors of M are positive when ¢ > 0
is sufficiently small. The fact itself can be shown by a direct check: For the i-
th leading principal minor, where 1 < ¢ < n, it is trivial since now ijrz (for
j,l = 1,- - n+ k) are uniformly bounded; for the (n + i)-th leading principal
minor, where 1 < i < k, it follows from that for ¢t > 0 sufficiently small, the term

2,0 3J

0 LI, 0
3 6
3gr 70 S
diag(%?"'a%a%f“a%) 0 t%J
= 0 sl 0
0 0 S

= () () ()" (&)’

dominates the other terms in the expansion of the (n+1)-th leading principal minor

0
Now we choose (8, 0y, 170)T with 26y > 19 to be an eigenvector of the matrix

~ . . I; . S . :
of M, where the k X ¢ matrix J = ( ), and I; is the ¢ x ¢ identity matrix.

—8 10 -3
Co=| 10 —14 5
-3 5 =2

corresponding to a positive eigenvalue. Note that the matrix Cy does have a positive
eigenvalue since its determinant is 2.
Let F:= (40® — a — 36)(5* — ) — (2a8 — B — )2, Then

= %(50 90 770)00(50 90 no)T0'2 + -

where we have omitted the terms of order (w.r.t. o) greater than 2. Clearly there
is a positive constant oy such that for any 0 < 0 < o1, F' > 0.

Claim 2 With the abqve choice of 9y, 6y and 7y, and assuming that 0 < o <
min {0, 01}, the matrix M is positive definite for all £ > 0.

Theorem 1.1 follows from Claim 2 by first letting o — 0, then letting ¢ — 0.



Before proving Claim 2 we note that M satisfies the following equation

n k
My = (M, + 200, M) + > aiM,, ., + N, (2.3)
i=1 i=1
where
- N, N,
N=(
( N3 Ny ) ’
where the n x n matrix
oD D
P; P,
with the £ x k& matrix
N Zz 1 x1x + 2lxn+1901 - i_g e 2 Z?:l lwll‘ilmkxi + lu’vn+1xk + lxlxn-Hc
P, = . .
2 Z?:l lwszlrlzz + l$n+k$1 + lxkl'n+1 e 2 Zz 1 xkx + 2lrn+kka - 2t—(21
the k x (n — k) matrix
_ 2 Z?:l lﬂc1xilxk+1:vi + lafn+1:ck+1 e 2 Z?:l ll’lxilxnl'i + lxn+1mn
P, = ) . : :
2 Z?:l lkailétkﬂxi + lﬂﬁn+kxk+1 e 2 Z?:l lxkxz‘lxn:m + lwn+kxn

the (n — k) x k matrix
By =,

the (n — k) x (n — kr) matrix

_ 4o no7 ]
- Zz 1 -Tk+lzz 2t2 221‘:1 l$k+1$il$nwi
P, = - :
] _ 4o
22¢:1 wnwil:vkﬂxi e Zz 1 mnxz 2t2
the n x k£ matrix
n 7 7 7 65 n 7 7 7
2 Z’i:l l:leilacn_;,_lxi + la:n+1xn+1 - t_3 T 2 Zi:l la?lxilwn-&-kxi + lCCrH—lxn-Hc
n 7 7 7 n 7 7 7 66
NQ _ 2 Zi:l lmkxilf7L+1xi j— lwn+k$n+1 e 2 Zi:l lkailzntkﬂ?i + l~xn+kl‘n+k TS
n n
2 Zi:l l$k+1$i l$n+1$i e 2 Zi:l l$k+1$i l$n+k$i
n 7 n 7
2 Zi:l lxnxilxn-&-lxi e 2 Zi:l lwnxilwn+kxi

the £ X n matrix
Ny = NT,

and finally, the k£ X k matrix



I R B
2 Zzzl lxn-l—lxi t4 2 Z’L:l l$n+1xi lzn+kxi

n 7 7 18~
221’:1 l$n+kxil$n+1ﬂfi e Zz 1 96n+kzL — 4

Now we prove Claim 2 by contradiction. Note that M > ¢l as |z — oo,
where ¢ is a positive constant which is uniform in ¢. Suppose for some 0 < ¢ < min
{00, 01} Claim 2 is not true. Fix one such o. Then by Claim 1 and the behavior of
M as |x| — oo, there would be a smallest t, € (0,7)) such that there exist a point
1o € R"* and a nonzero vector V = (vy, - - -, vp4x)? € R with ]\Zl(xo, to)V = 0.
Then at the space-time point (zg, to),

N, =

ntk 7 2 3 .
ZJ 1 lxlx]vj = — v — t—fvnﬂ- for 1 <i<k,
Z;”l l%xjvj = —1;—;’111 for k+1<i<mn, and
n+k _ 38 6 .
Z lxn-HxJ Vj =~ — tgvn—‘rz for 1 <i< k.

It follows that
N (z0,t0)(V, V)
=2 Zz 1(2?? lwzwﬂ]) +2 Zf 1 Ui(zn+k lwn+zr1 UJ)
—% fi= 1”3 - 126 Zz | Vilnti = 58 ZL k1 U — = Z n+z
=2 Ez 1(71}Z ?;Z/BUTL-H) +2 Z?:kJrl(H—U Z) -2 Zz 1 Uz( v; + %Yvn-i-i)
i? f L UF — 126 Zl 1 ViVn+i — 12120 ikl v — 18J Zz L Un

_2{0‘—‘1 3[3221 1+MZZ 1U1Un+7, 6 ’Y)le n+’L}

o’+o
+ 2t2 z=k+1 U'L :

By our choice of dy, 0, no and o, % — v = 0203 + 0(20y — 19) > 0 (noting
that 20, — 19 and 6y can not both be zero since (1,0,0)7 is not an eigenvector of
the matrix Cy), and F = (40> —a —38)(8* — ) — (2af — 8 — 7) > O On the
other hand, by Cauchy-Schwarz inequality (325, vivn4i)? < 36 02 308 02 e It
follows that N (z,t0)(V, V) > 0.

Now we arrive at a contradiction by applying the equation (2.3) at (xg,to) to
(V,V): My(zo,t0)(V, V) < 0, M,,(x0,t0)(V,V) = 0, My, (x0,t0)(V,V) > 0, for
1 <i<n+k, but N(zo,t0)(V,V) > 0. This completes the proof of Claim 2 and
Theorem 1.1.

Remark  From the proof above we see that if we assume that l,,, — 0 (i,j =
1,---,n+k, where [ = logu) as |z| — oo uniformly for ¢ in any compact subinterval
of (0,7, instead of assuming that u and its derivatives (w.r.t. the space variables)
up to the second order are bounded on any compact subinterval of (0,7") as in the
original statement of Theorem 1.1, then the result of Theorem 1.1 also holds true.



3 Proof of the Corollary 1.3

We follow closely Hamilton [8]. From the equation (2.1) satisfied by [ and Corollary
1.2 we get that

n

k
n + 3k 9
> ———+ ;z + ;xz+

Along any path with dx”“ = —1z; (1 <1< k) we compute

n+k

dx; dr; . n+ 3k n+3k 1< dz;
—_lt+21x1d —ZZQH"’“dt)_ T _ZZ( >

We integrate along such path and get

n—|—3k5 tg /t2 u dxZ

. e . (31)

l(qIJ te '7Qn+k7t2) Z l(ply o ‘7pn+k7t1) -

The optimal path will minimize the integral

t2 dlL‘Z 2
[ G
1 1

1=

with the constraints that

to
|t =~ =) (10 <R

t1

The Euler-Lagrange equations give that along the optimal path ddt“;’ are constants

independent of ¢ for 1 < < k, and % are constants independent of t for k£ + 1 <
1 < n. So such path should have the form

Tr; = 3ait2 —+ 2b1t + Ci, 1 S ) S ]{,
ri=dit+e, k+1<i<n,
Tp+i = —(al‘t3 + bztz + Cit + fz), 1 S 1 S k?,

where a;, b;, - -+, f; are constants. As in Hamilton [8] we compute the optimal path
from (p1,- -, Ppsk, t1) to (q1, -+ -, Gnik, t2), using the substitution
¢ —Pi,  Pit2 — gt

T =& + t+ 1<i<n).
bon ooy (SIS

Now the problem is reduced to minimize

2, iy
(=2)2dt

1=
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with the constraints that

t2 . 1 ‘
|t = (s = pus) = 3+ p) 1) (1<),
t1

and the boundary conditions
Z; =0 at t=t and at t=1t¢y for 1<i<n.

The solution is given by
i = Gy = (s = Poi) — 50 +pi)(ta = 0)](t2 = 1)(t — 1) for 1 <i <k,
Z; =0 for k+1<i<n.
Now

k

R dz; 2 12 1
i dt = ——— i — Dnti —(q; ; to —t 2’
/t1 ;( dt) (tg—t1)3 ;[Q+ Pn+ +2(q +p)(2 1)]

and

2 XL dr; " (g — pi)? 12 o 1
/ > pn )th=z( S > [Gnsi = Pori + = (g + i) (t2 — 1))
= i=1 =1

th—t1  (ta— 1) & 2

Then we insert this in (3.1) and Corollary 1.3 follows by exponentiating.

4 'Two conjectures

First we propose

Conjecture 1  Theorem 1.1 still holds true without assuming that u and its
derivatives (w.r.t. the space variables) up to the second order are bounded on any
compact subinterval of (0,7).

Compare the last remark in Section 2. One (non-direct) evidence for this con-
jecture is that there is no such assumption in Corollary 1.2 in [14]. Perhaps one
way to prove Conjecture 1 is to try to localize the estimate in Section 2 above.
Note that there is a localized (non-matrix) differential Harnack estimate in Li-Yau
[12] for the heat equation. But so far, even for the heat equation, the localized
matrix differential Harnack estimate is missing.

To state our second conjecture let

(A 0
=7 0)

and
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0O By 0 --- 0
0 0 By --- 0
B=1| - - . ... . ,

o o0 0 --- B,

0 0 O
be two constant real N x N matrices (for some V), where Ay is a positive definite
symmetric py X pg matrix, and B; is a p;_; X p; matrix of rank p; forv=1,-- - r,
where

po=pr=-2>2p>1 and Yoiopi=N.

Then let the operator
L=div(AD)+ < z,BD > —0,,  (z,t) ¢ RY x (0,7),
where D = (0, - +,0,,)7, and div is the divergence in R".

Note that for the corresponding operator in our equation (1.1), N = n + k,
r =1, Ag is the n x n identity matrix I,,, and B; is the n x k matrix

(4)

From [11] we know that the operator L satisfies Hormander’s hypoellipticity
condition ([9]). In [14] (see also [3]) a Harnack estimate is obtained for the equation
Lu = 0. Now we propose

Conjecture 2 The same result as in Theorem 1.1 still holds for the more general
equation Lu = 0 for L defined above; of course now the fundamental solution f of
(1.1) should be replaced by that of the equation Lu = 0.

If Conjecture 2 should be true then it would recover the Harnack estimate in
[14] at least when the solution and its derivatives (w.r.t. the space variables) up
to the second order are bounded on any compact subinterval of (0,7). I hope that
when r < 2 Conjecture 2 could be attacked by an argument similar to that in this
paper. This will be checked in our future study. In general I expect the geometry
of the operator L will play some role.

Acknowledgements I would like to thank the referee for helpful comments.
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