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1 Introduction

Let f(z) be a complex polynomial of the form

n

f(z) = fiz" (fu #0). (1.1)

=0

We denote by ©'(f), v'(f), 6'(f) the number of roots of f(z) (counting for multiplicities), lying in
the upper half plane, the lower half plane of the complex plane and on the real axis R, respectively.
The triple In'(f) = (7'(f),V'(f), 8 (f)) is referred to as the inertia of f(z) with respect to R.
For an interval I of R, we use the symbol d;(f), 51(f), Sgk)(f) to design the number of roots,
different roots, and different roots with multiplicity k, respectively, of f(z) lying in the interval
I. Obviously, §'(f) = dr(f). We also define the triple In(A4) = (7(A),v(A4),(A)) as the inertia
of an n x n matrix A, where 7(A4), v(A4) and §(A) stand for the number of eigenvalues of A
(counting for multiplicities) lying in the right half-plane, the left half-plane of the complex plane
and on the imaginary axis iR, respectively.

For a pair of complex polynomials g(z), h(z) with the maximal degree n, the Bezout matrix
B(g, h) is defined by the bilinear form

9(2)h(w) — g(w)h(z)

Z—w

=(1,z,--- 7z"_l)B(g,h)(l,w,u- ;wHT, (1.2)
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As is well-known, the classical Hermite-Fujiwara theorem (see, e.g., [1,7]) says that if the Bezout

matrix B(f, f) is nonsingular, then

'(f) = In(—iB(f, f)), '(f) =0, (1.3)

in which f(z) is the conjugate polynomial of f(z), i.e.,

In this nonsingular case, d;(f) = 0 for every interval I of the real axis. On the other hand, if the
Bezout matrix B(f, f) is singular, the polynomials f(z) and f(z) are not prime and then f(z)
can be written as f(z) = p(2)f1(z), in which p(z) = ged(f(z), f(2)) is a monic real polynomial
of degree at least one, and ged(f1(2), f1(2)) = 1 (see, e.g., [2,8]). Since In'(f) = In(p) + In'(f1),
by (1.3) we have in turn

I'(f) = In'(p) + In(=iB(f1, 1)), '(f) =3'(p). (1.4)

In this singular case, 8;(f) = 6;(p), 0:(f) = d7(p), and Syc)(f) = (%k)(p) for every interval I of
the real axis. Thus it is desirable to find the number d;(p), 6;(p) and Sgk) (p) for such interval I.
Throughout this paper, we always assume that f(z) is given as in (1.1) such that B(f(z), f(z))

is singular, and p(z) = ged(f(2), f(2)) is of degree m > 1.

In what follows, we will concentrate on the intrinsic relations between the number 6;(f) or
67(f) or even g}k) (f) for a given interval I of the real axis and the inertia of the related Bezout or
Hankel matrices, rather than attempt to consider how to evaluate the number §;(f) or d;(f) or

even ggk) (f) efficiently. Actually, there are many fast or even superfast algorithms for computing
the inertia of Bezout matrices and Hankel matrices, which are available in the literature (see,
e.g., [9-16] and the references therein). Based on the relations presented here together with
these existing efficient algorithms, computationally we may obtain the most efficient procedures
to evaluate the number &;(f) or 6;(f) or even Sgk)(f) with little effort. Moreover it is worth
noting that the basic strategy adopted in this paper is much different from those given in [2-6].

The rest of the paper is organized as follows. In Section 2, we give a factorization of p(z)
into a power product of its factors pg(z) (k= 1,---,s), in which each factor pi(z) is either the
constant one or a monic real polynomial with only simple roots in the complex plane (Lemma
2.1 below), and then we formulate the inertia of each factor py(z) with degree at least one in
terms of the inertia of a certain Bezout or Hankel matrix. Consequently, we can formulate the
inertia of f(z) with respect to R and specially the number dg(f) in terms of the inertia of a
sequence of Bezout or Hankel matrices. The former result can be viewed as an improvement of
the well-known Hermite-Fujiwara theorem (Theorem 2.3). In Section 3, we use the improvement
result and a perturbation method of imposing a subtle rotation on the variable to deduce explicit
formulas for the numbers g+ (f) and dg- (f), where RT, R~ stand for the positive real axis and
the negative real axis, respectively (Theorem 3.2 and Corollary 3.3). Finally, in Section 4, we
give some explicit formulas for the number 07(f) in the cases of I = (a,+0), I = (—o0,a), and
I = (a,b), respectively (Theorem 4.2 and Corollary 4.3). Moreover, we can get more information
about the roots of f(z), such as the numbers Sgk)(f) (k=1,2,---,s) of different roots with a
given multiplicity k located in an interval I of the real axis (Corollaries 3.4, 4.4 and 4.5).
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2 An improvement of Hermite-Fujiwara theorem for the
inertia of polynomials
In this section, we give first a certain factorization of p(z) into a power product of its factors
with only simple roots in the complex plane, and then use it to formulate the inertia of f(z)
with respect to R in terms of the inertia of a sequence of Bezout or Hankel matrices. This later
result can be viewed as an improvement of the well-known Hermite-Fujiwara theorem ( [1]).

Starting from the real polynomial p(z), by the help of Euclidean algorithm for polynomials,
we compute easily a sequence of greatest common divisors di(z) (k=1,---,9):

di(z) = ged(p(2),p'(2)),
ged(di(z), di(2)),
.................. (2.1)
ds—1(2) = ged(ds—2(2), dy_5(2)) # 1,
ds(z) = ged(ds—1(2), dy_1(2)) = 1.

Note that such s is a unique integer dependent on p(z), and does coincide with the maximum of

the multiplicities of the roots of p(z). With these polynomials di(z) (k=1,---,s), we define in
turn
p(z) dr-1(2)
_ _ E=2 ... s 2.2
Q1(Z) dl(z)a qk(z) dk(Z) ) ’ yS ( )
Obviously, such gx(z) (k = 1,--+,s) are monic real polynomials with only simple roots in the

complex plane and satisfy
p(2) = q1(2)q2(2) -+ qs(2). (2.3)

Moreover, we check easily that the roots of g, 1(2) are also the roots of qx(2), and thus gz 11(2) |
qr(z) (k =1,---,8s—1). Thus we have that the number §'(q;) coincides with ég(f). Now we
define

pu(e) = B o1 a1 ) = o). (2.9
ar+1(2)
Then by (2.3) and (2.4) we obtain immediately a special factorization of p(z) as follows. Here
some of pr (k = 1,---,s — 1) are possibly equal to the constant one. For convenience, we
introduce the symbol A:
A={k|degpp >1, k=1,---,s}.

Lemma 2.1. Let p(z) = ged(f(2), f'(2)), and let pp(z) (k=1,---,s) be monic real polyno-
mials defined by (2.1)=(2.4). Then p(z) can be factorized as

p(z) = [] pi(2), (2.5)

keA

in which (pi(2),pj(2)) =1 for alli,j € A (i # j), and for k € A, pr(2) has only simple roots in
the complex plane.

To determine the inertia In’(p) of p(z) and the numbers 67(p), 0;(p) and Sgk)(p) for a given
interval I of the real axis, it remains to determine the inertia In’(py) and the numbers 67 (ps),
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Sl(pk), and, Sgk) (pi) for k € A, because

In'(p) = Z kIn'(px.),

keA
Sr(p) =Y _ kb1 (pr),

kel (2.6)
or(p) =Y 81(pk) = br(),

keA

‘%k) (p) = 01(pr)-

Now we turn to consider generally the inertia of an arbitrary monic real polynomial ¢(z) of
degree at least one, with only simple roots in the complex plane. The following theorem shows
that the inertia of ¢(z) with respect to R can be formulated in terms of the inertia of the Bezout
matrix B(q,q’) or the Hankel matrix H(q,q") = (hitj-1){"—;, in which m = degq(2), h1, ha,
-++, hay,—1 are the Markov parameters of the rational function ¢'(z)/q(2).

Theorem 2.2. Let q(z) be a monic real polynomial of degree m (m > 1), which has only
simple roots in the complex plane. Then

In'(¢) = {v(B(q,4)), v(B(q,q')), m —2v(B(q,q))}, (2.7)

or equivalently,
In'(q) = {v(H(q,4)), v(H(q,q)), m—2v(H(q,q))}. (2.8)

Proof. Tt is well known (see e.g. [2, Proposition 2.7]) that

B(q,q') = B(q,1)H(q,¢')B(gq, 1). (2.9)

We remark that (2.9) holds with ¢'(z2) replaced by an arbitrarily chosen polynomial h(z) with
degh(z) < degq(z). Since B(g,1) = B(g, 1)* is nonsingular, the Bezout matrix B(q,¢’) and the
Hankel matrix H (g, ¢') have the same inertia. Now it suffices to prove (2.7) holds.

Let q.(z) = q(z —ie), in which ¢ > 0 is sufficiently small. Then « is a root of ¢(z) if and only
if a+ ie is a root of ¢.(z), « lies in the open upper (lower) half-plane if and only if « + ie lies in
the same half-plane for a sufficiently small € > 0, and if « lies on the real axis then a + ic lies in
the open upper half-plane. From above analysis we have v/(¢) = v/(g.). Note that the roots of
q(z) are symmetric with respect to the real axis, then

In,(Q) = {V/(QE>7 Vl(Qe)a m— 2”((16)}'

To describe the inertia of ¢(z), it remains to compute v(g.). First of all, we prove

ged(qe(2),3:(2)) = 1. (2.10)

We suppose that ¢-(z) = ¢(z —ie) and g.(z) = ¢(z + ie) are not prime, or equivalently, ¢(z — ie)
and ¢(z + ie) have a common root. If & is a common root of them, then « + ie, o — ie are two
different roots of ¢(z) and the distance of them is equal to 2e. Since £ > 0 is sufficiently small,
it is impossible. So (2.10) holds and thus the Bezoutian matrix B(q., g-) is nonsingular. By the
well known Routh-Hurwitz-Fujiwara theorem, we have

W'(g.) = In(: BE), (2.11)
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in which B(e) = B(pe,pe), D = diag(1,—1,---,(=1)k=1).
We check easily that each entry of B(e) is a polynomial of ¢ and B(0) = 0, then B(e) =
eB'(0) + o(e) = e(B’(0) 4+ o(1)), in which o(1) — 0 when ¢ tends to 0. This implies that

(2 B(e)) = In(~B'(0) + o(1)). (2.12)

1 1

Observe that
(1,2~ , 2™ YB(e)(L,w, - ,wm™HT

2= (2)q: (W) — ge(w)@e(2)

_ q(z —ie)q(w +ie) — q(w — ie)q(z + ie)
and thus
(1’27"' ) %2 ) ( )( wmil)T
_d z —ie)g(w +ie) — q(w — ie)q(z + ie)
I ( zZ—Ww ) e=0

5
(z —ig)q(w + ie) — ¢’ (w — ie)q(z + ie)
z—w

q(z —ie)¢' (w + ie) — q(w — ig)q (z—|—15)>

zZ—Ww

e=0

Z—Ww

— 9 (q(Z)Q’(W) - q(w)q’(z))

= 21(13 2y 7Zm71)B(q7 q/)<1aw7 T ,wmil)T'

It follows from the last equation implies that B’(0) = 2iB(q,¢’). By (2.11) and (2.12), we have

In'(¢:) = (2B(q, ¢') + (1)) = In(B(g, ¢') + o(1)).

Since ¢(z) has only simple roots in the complex plane,we have that the polynomials ¢(z) and
¢'(z) are prime. Then B(q,q’) is a nonsingular matrix. From the nonsingularity of B(q,q’) and
the fact that the eigenvalues of a matrix are continuous functions of the entries of the matrix,
we derive that In(B(q,q") + o(1)) = In(B(q,¢’)). Hence,

m'(q) = vV'(q) = V'(¢:) = v(B(q,¢)),

8 (q) =m — 2V (q) =m —2v(B(q,q")).
So (2.7) holds, as asserted. [ |

Taking as basis Lemma 2.1 and Theorem 2.2 together with (1.4), (2.6), (2.7) and (2.8), we
can formulate the inertia In’(f) in terms of the inertia of Bezout matrices B(py, p},) for k € A or
Hankel matrices H (pg, p},) for k € A, which is a improvement to the well known Hermite-Fujiwara
theorem for the inertia of polynomials.

Theorem 2.3. Let B(f, f) be singular, p(z) = ged(f(2), f(2)) be of degree m (m > 1) such
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that (2.5) holds and f(z) = p(2)f1(z). Then

In'(f) = In(=iB(f1, f1)) {Zky (Prs DY) Zku (k> Pr))

keA keA

m — QZkV (Pks D)) }

keA

or equivalently,

Inl(f) = ( IB f17f1 {Zky pkvpk Zky pkapk; )

keA keA

m— 22]4:1/ (P> D)) }

keA

Since 0z (f) = 8'(f), ba(f) = 8'(q1) = dega(=) — 20/ (@) and & (f) = 8'(p) = deg pe(=) -
2V (p) for k € A, the following result is a direct consequence of Theorems 2.2 and 2.3.

Corollary 2.4. Let B(f, f) be singular, and let p(z) be as in Theorem 2.3. Then

0x(f) =m—2> kv(B(px,p},)) =m—2> kv(H(px,p}))
keA keA (2.13)

dr(f) = degqi(2) — 2v(B(q1,q;)) = deg q1(2) — 2v(H(q1, 41)),

where q1(z) is defined by (2.2), and

3 (f) = degpi(2) — 20(B(pr. p})) = deg pr(2) — 20(H (pr. p})) (2.14)

for ke A.

3 Explicit formulas for the number r+(f) and dr-(f) of
positive and negative real roots of f(z)

In this section, we first evaluate the number dg+(g) of positive real roots of ¢(z) in terms of
the inertia of two associated Bezout matrices with ¢(z), in which ¢(z) is a monic real polynomial
with only simple roots in the complex plane, then use this result to deduce explicit formulas for
the numbers dp+(f) and dg- (f) of positive and negative real roots of f(z), respectively.

By Theorem 2.2 and by use of a perturbation method of imposing a slight rotation on the
variable, we can prove the following theorem on the rule of dg+(q).

Theorem 3.1. Let q(z) be a monic real polynomial of degree at least one, with only simple
roots in the complex plane and q(0) # 0. Let Cy be the first companion matric of q(z). Then

dr+(q) = m(B(q,2q")) — v(B(q,q')) = 7(B(q,4')Cq) — v(B(g,q)); (3.1)
or equivalently,

Sp+(q) = m(H(q,2¢") = v(H(q,q)) = n(H(q,q¢)C]) — v(H(q,q)).- (3.2)
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Proof. Observe that the set of roots of the real polynomial ¢(z) is symmetric with respect
to R, and a small clockwise rotation of the set via the origin z = 0 will destroy its symmetry
property. We define go(2) = q(ze') for §# > 0, and choose sufficiently small positive 6 such
that gg(z) has neither roots located on R nor a pair of complex conjugate roots symmetric with
respect to R. In that case, the polynomials gg(z) and gg(z) have no common roots in the complex
plane, and thus B(qg, gp) is nonsingular. From the classical Hermite-Fujiwara theorem (see (1.3)
above), we have

V(o) = v(~1B(q0, do))- (3.3)

By the construction, for those sufficiently small § > 0, the roots of ¢(z) lying in the upper (lower,
resp.) half plane are changed to the roots of gs(2) in the same region, but the roots of ¢(z) lying
on the positive (negative, resp.) real axis are changed to the roots of gs(z) in the lower (upper,
resp.) half plane. Then, by Theorem 2.2 we have in turn

V' (q0) = V() + 0r+ (¢) = v(B(q,¢")) + dr+ (q)- (3.4)
Combining (3.3) and (3.4), we get
br+(q) = v(—iB(qs, o)) — v(B(q,q')). (3.5)

On the other hand, each entry of the Bezout matrix B(pg, gp) being a differential function of
0 and B(qo,q0) = B(q,q) = 0, we have the expanded form

Blgs, @) = 0B' (a0, Go) + 0(0). (3.6)
By the definition of Bezout matrix (see (1.2)), we have

(15 Zyoe 7Zn_1)B/(q07 QO)(LU% e >wn_1)T

_ (2(2)(w) — Qe(Z)%(UJ)>'
F-w 0=0

(q(ze“’)tJ(we“’) — q(we“’)q(zei")>'
60=0

Z—w

_ o9 (zq’(Z)Q(w) - q(z)wq’(w)>

zZ—w
T

= (17 Byt ,zn_l)(2iB(zq/7q))(l,’w7 T 7wn—1) .

This implies that B’(go,do) = 2iB(2¢,q). Since ¢(0) # 0, and thus the real polynomials z¢'(z)
and ¢(z) have no common zeros, —iB’(qo,do) = 2B(z¢,q) is real symmetric and nonsingular.
Therefore, from (3.6) it follows that

—iB(q0, o) = 0(—=1B'(qo, q0) + o(1)) = 0(2B(2¢', q) + (1)),

and thus
v(—iB(qs,q9)) = v(2B(2¢',q) +o(1)) = v(2B(2¢', q))

= v(B(2¢,q)) = n(B(q, 24")). 3.7)
Inserting (3.7) into (3.5), we obtain the first equality of (3.1) immediately.
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Furthermore, the Barnett factorization formula for Bezout matrices (see, e.g., [2, Proposition
2.8]) says that B(q,2¢") = B(q,q")Cy, in which Cj is the first companion matrix of ¢(z). Then
the rule of dg+(¢) can be rewritten as

dr+(q) = 7(B(q.4')Cq) — v(B(a. ). (3.8)
On the other hand, the rule

br+(q) = 7(H(q,2¢")) —v(H(q,q"))

follows from (3.1) and (2.7) (and its extended form). The second rule of dg+(¢) in (3.2) holds
as well, since by a direct computation we can check that the relation H(q, 2q") = H(q, q’)C';F is
valid.

As stated in the introduction part, the number dg+ (f) coincide with the numbers dg+ (p), in
which p(z) = ged(f(2), f(2)). Then by (2.5) we have

Ore (f) =D kb (pr)- (3.9)
keA

Thus to count dg=+ (f) it remains only to determine the numbers dg+ (py) for each factor pi(z),
ke A.

Applying Theorem 3.1, Corollary 3.2, (3.8) and (3.9) to each factor pi(z) of p(z), k € A,
we obtain two explicit formulas for the number dg+(f) in terms of the inertia of a sequence of
Bezout or Hankel matrices.

Theorem 3.2. Let f(z) be given as in (1.1) and let p(z) = ged(f(2), f(2)) have a factorization
as in (2.5). If p(0) # 0, then

See(f) = > kim(B(pk, 2p})) — v(B(pr, p))]
keA
= Zk pkvpk C )_V(B(pkvp;c))]a
keA
or equivalently,
Sz (f) = D klw(H(px, 2p})) — v(H (pr, 1))
keA
= Y klr(H(px,p})Cy,) — v(H (pr, 1)),
kEA

Remark that if p(0) = 0, then f(0) = 0, so that there exists a positive integer ¢ found easily
such that f(z) = z'f(z), f(0) # 0. In this case, we use f(z) instead of the original f(z).

By Corollary 2.4 and Theorem 3.2, we can give explicit formulas for the number dg-(f) in
terms of the inertia of Bezout or Hankel matrices as well.

Corollary 3.3. Let f(z) and p(z) be as in Theorem 3.2. Then
Or-(f) = Y kw(Blpk, 2pk)) — v(B(px, py.))]

keA

> kv (B(pr, i) Cpy) — v(Bpr, i),

keA

(3.10)
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or equivalently,

ba-(f) = 3 klv(H(pr, 20}) — v(H(pr, b))
kEA
= Y Kk (H(pr, i)Cy,) = v(H (pr, p})))-
keA

Proof. In view of (2.9) and its extended form, and the relations B(pg, zp},) = B(pk, p})Chp,
and H (p, zp},) = H(p,p,,)Cy, for k € A, we need only to verify the first equality in (3.10). It
follows from Corollary 2.4 and Theorem 3.2 that

S~ (f) = 0p-(p) = degp(z) — Y _ k[x(B(px, 2p})) + v(B(pr, pi))]; (3.11)
kEA

moreover,

degp(z) = > kdegpi(z
keEA

Note that pi(0) # 0 and thus each B(p, 2p),) (k € A) is a nonsingular real symmetric matrix,
so that

7(B(pk, 2p})) + v(B(pk, 2p))) = degpi(2), k € A, (3.12)

Thus (3.11) can be rewritten as

Sp-(f) = Y kdegpi(z) = > K[m(B(pk, 2p})) + v(B(pr, p},))]

keA keA
= Y kl(degpi(2) — 7(B(pk, 2p},))) — v(B(p, 1))
keA
keA
as required. "

At the end of this section, we point out that similar results to (2.10)—(2.11) are valid for
or+(f) in the case of p(0) # 0, where 0+ (f) are the numbers of different roots of f in R¥,

analogously for SEQ( ) (keA).
Corollary 3.4. Let f(z) and p(z) be as in Theorem 3.2. Then

o+ (f) = 7(Blq1,24})) — v(Blq1,q,))
= m(B(q1,91)Cqy) — v(B(a1,41))
= w(H(q1,2q1)) —v(H(q1,47))

I
3

=
—
~
S~—
Il
<

B(q,zq1)) — v(B(q1,41))
B(q1,41)Cq,) — v(B(a1, 1))
H(q1,2¢1)) —v(H(q1,41))

= v(H(q1,4,)Cy,) — v(H (a1, 41)),

I
N

=V

(

(

(H(

(H(q1,91)Cq,) — v(H(q1,41)),
(

(

(

(
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and for k € A,
S8 = m(Blpk. 2p4)) — v(B(pe.p})
= m(B(pk, Pi)Cpy) — v(B(pk, p}))
= 7(H (pk, 2p}y)) — v(H (pk, )
= 7(H(pk,p},)Cp,) — v(H Pk, P})),
and
5 () = v(B(pk, 2p})) — v(Bwr, p})

= v(H(px, zpy,)) — v(H(pr, p},))

(

= v(B(pk,p})Cq.) — v(B(pk, p}))
(

= v(H(p,p})CE) — v(H (pr, p}))-

4 Explicit formulas for the number §;(f) in the cases of
I =(a,+0), I = (—00,a), and I = (a,b)

By using the results established in Section 3, we present in this section some explicit formulas
for the number 6;(f) in the cases of I = (a,4+o0), I = (—o00,a), and I = (a,b), respectively,
where a and b are real numbers.

We first consider the number d;(p) for the case of I = (a,400). We need the following
property of Bezout matrix, which can be easily verified by replacing the variables z and w in
(1.2) with z 4+ zp and w + 2, respectively (see, e.g., [2, Proposition 4.1]).

Lemma 4.1. Let 29 be a complex number and g(z), h(z) be a pair of polynomials with mazimal
degree n, and let §(z) = g(z + z0), h(z) = h(z + 20). Then

B(g,h) = Va(20)B(g, h)Va(20) ",

in which

n—1

vtz = (()47)

is the nonsingular n x n generalized Vandermonde matriz associated with zy (V,(0) = I,).

4,j=0

If g(z), h(z) are both real polynomials and z; is a real number, then B(j, k) and B(g,h)
are real symmetric matrices such that, by Lemma 4.1, In(B(g, h)) = In(B(g,h)). Let now a
be a real number and ¢(z) be a monic real polynomial with only simple roots in the complex
plane. Without loss of generality, we assume that g(a) # 0 (otherwise, ¢(z) can be factorized
as q(z) = (z — a)'q(z) for some integer ¢ with ¢(a) # 0. Since &;(q) = 6;(¢), I = (a,+0),
we turn to consider the number §7(§)). Now we define a monic real polynomial (z) by setting
G(2) = q(z + a). Tt is obvious that ¢(z) is also a monic real polynomial with only simple roots
in the complex plane, ¢(0) # 0 and satisfies dg+(q) = d7(q) for I = (a,+00). By Lemma 4.1 and
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Theorem 3.1, we have that if g(a) # 0,
6r(q) = Or+(q

)
= 7(B(¢,2q)) —v(B(¢, 7))
= m(B(a(z+a),2¢'(z + a))) —v(B(g(z + a),¢'(z + a))
) =

= (B(g,(z —a)¢")) —v(B(g,¢))- (4.1)
For the case of I = (—00,a), by Theorem 2.2 and (4.1) we have that if ¢(a) # 0,
o1(q) = degq(z) —m(B(g, (2 —a)q")) —v(B(q,¢))
= v(B(g,(z —a)d)) —v(B(g,q)) (42)

Applying (4.1) and (4.2) to each factor py(z) (k € A), we obtain the following theorem.

Theorem 4.2. Let a be a real number and let p(z) = ged(f(2), f(2)) have a factorization as
(2.5). If f(a) #0, then

> kr(Blow, (= = a)pi) = v(Blpr i)l 1 = (a, +00);
keA

or(f) = (4.3)
> k(B(pr, (= — a)ph)) = v(B(pw. pi))], I = (=00, a).
keA

Let now I = (a, b) be a finite interval of the real axis. It is obvious that 6;(f) = dr, (f)—05,(f),
where Iy = (a,+00) and Iz = (b,+00). By Theorem 4.2, we obtain immediately an explicit
formula for the number 6;(f) under the assumption that f(a)f(b) # 0.

Corollary 4.3. Let f(z), p(z) and px(z) (k € A) be the same as in Theorem 4.2, and
I = (a,b) be a finite interval of the real axis. If f(a)f(b) # 0, then

= > kr(Bpr, (z = a)py,)) — (Bl (= = )pi))]. (4.4)

keA

Similarly, formulas (4.3) and (4.4) can also be formulated in terms of the inertia of a sequence
of Hankel matrices H (pg, (2—a)p},), H(pr, (2—b)p},) and H (px, p},) (k € A). Moreover, the similar
rules to (2.13)—(2.14) hold as well in the following:

Corollary 4.4. Let f(z), p(2), px(2) (K € A) and I be the same as in Theorem 4.2. If
f(a) #0, then

517) = { m(B(q1, (2 — a)d})) — v(B(q1,4})), I = (a,+0o0);
! v(B(q, (2 — a)d}) — v(B(a1,d})), I =(—o0,a),
and for k € A,
5 () — { 7(B(py, (= — a)p},)) — v(Blpr, p))s T = (a,+00);
! v(B(pr, (2 — a)p})) — v(B(pr,0k)), I = (—00,a)
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Corollary 4.5. Let f(2), p(z), pr(z) (k € A) and I be the same as in Corollary 4.3. If
f(a)f(b) # 0, then

(Blay, (z = a)q1)) = v(B(aq, (z = b)q1))
(H(q, (z —a)q1)) —v(H(q1, (z = b)gh)),

(=%
~
~
~—

Il
<

I
N

and for k € A,

3E(f) = v(Bpk, (2 —a)py)) — v(B(pr, (= — b)p}))
= V(H(pr, (2 — a)p}) — v(H (py, (2 — b)p}).

Finally, we point out that the results established in this paper can be used to determine the
number of roots of a complex polynomial located on a given straight line, a ray or a line segment
of the complex plane. Let f(z) be a complex polynomial given as in (1.1), and let 21, 22 be two
distinct points in the complex plane. Let

5(1,21,22) = {(]. —t)Zl +t22|t c I},

in which I is an interval of the real axis. Then S(I, 21, 22) stands for a straight line, a ray and
a line segment in the complex plane in the cases of I = R, [ = R™ and I = (a,b), respectively.
Moreover,

O5(1.21.20) (1) = 01(9), Os(r212a) () = 61(9)s 8501 ., oy (1) =017 (g), ki € A,

in which g(2) = f(z1 + 2(22 = 21)), 05(1,1,20) (£ 051,22 (F) and 85, (f) for k € A stand
for the number of roots, different roots, and different roots with multiplicity &k of f(z) lying on
S(I,z1, 22), respectively.

References

[1] M. Fujiwara. On algebraic equations whose roots lie in a circle or in a half-plane, Mathem.
Zeitschrift, 1924, 19: 161-169.

[2] G. Heinig and K. Rost. Algebraic Methods for Toeplitz-like Matrices and Operators, Operator
Theory, vol. 13, Birkhauser Basel, 1984.

[3] M. G. Krein and M. A. Naimark. The method of symmetric and Hermitian forms in the theory
of the separation of the roots of algebraic equations, Linear and Multilinear Algebra, 1981, 10:
265-308.

[4] J. W. Rogers. Location of roots of polynomials, STAM Rev., 1983, 25: 327-342.

[5] L. J. Lange. Continued fraction application to zero location, In Analytic theory of continued fraction
II, Lecture Notes in Math., 1986, 1199: 220-262.

[6] O. Holtz and M. Tyaglov. Structured matrices, continued fractions, and root localization of poly-
nomial, STAM Review, 2012, 54: 421-509.

[7] P. Lancaster and M. Tismenetsky. The Theory of Matrices with Applications, 2nd ed., Academic
Press, New York, 1985.

[8] V. Ptdk. Lyapunov, Bézout and Hankel, Linear Algebra Appl., 1984, 58: 363-390.

[9] T. Kailath and A. H. Sayed. Displacement Structure: Theory and Applications, STAM Rev., 1995,
37: 297-386.

[10] H. Lev-Ari, Y. Bistritz and T. Kailath. Generalized Bezoutians and families of efficient zero-location
procedures, IEEE Trans. Circ. and Syst., 1991, 38: 170-185.



[11]

Yong-jian HU, Xu-zhou ZHAN, Gong-ning CHEN 13

D. Pal and T. Kailath. Displacement Structure Approach to Singular Root Distribution Problems:
The Imaginary Axis Case, IEEE Trans. Circ. and Syst., 1991, 41: 138-148.

D. Pal and T. Kailath. Fast Triangular Factorization and Inversion of Hankel and Related Matrices
with Arbitrary Rank Profile, STAM J. Matrix Anal. Appl., 1994, 15: 451-478.

L. Gemignani. Computing the inertia of Bézout and Hankel matrices, Calcolo, 1991, 28: 267-274.
L. Gemignani. Computationally of the Euclidean Efficient Applications Algorithm to Zero Location,
Linear Algebra Appl., 1996, 249: 79-91.

D. Bini and L. Gemignani. Fast fraction-free triangularization of Bezoutians with applications to
sub-resultant chain computation, Linear Algebra Appl., 1998, 284: 19-39.

N. B. Atti and G. M. Diaz-Toca. Block diagonalization and LU-equivalence of Hankel matrices,
Linear Algebra Appl., 2006, 412: 247-269.



