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Abstract
In this paper, we obtain the exact convergence rate for the distribution of a supercrit-
ical branching random walk with an environment in time. This generalizes the results by
Chen(2001) on the case with fixed environment. Moreover, in contrast with Chen(2001), the
weaker moments condition on the underlying branching system is assumed here.
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1 Introduction

In this article, we will consider the convergence rate in the central limit theorem for a branching
random walk with a random environment in time. In this model, the system is governed by the
branching properties and random walks of the particles. More precisely, the offspring distribution
and the motion law of each particle depend on its generation. Comparing with the classical
branching random walks, the model presented here might be more approximate to the reality. In
the classical branching random walk, the point processes indexed by the particles u, formulated
by the number of its children and their displacements, have a fixed constant distribution for all
particles u; here, these distributions may vary from generation to generation according to a random
environment, just as in the case of a branching process in a random environment introduced in
[2, 3, 24]. In other words, the distributions themselves may be realizations of a stochastic process,
rather than being fixed. It is different to the usual branching random walk in a random environment
(see e.g. [5, 13]), in which the authors considered the case where the offspring distribution of a
particle situated at z € R depends on a random environment indexed by z, while the moving
mechanism is controlled by a fixed deterministic law.

For the model presented here, Biggins and Kyprianou (2004, [8]) showed the convergence of the
natural martingale arising therein and Liu(2007,[20]) surveyed more limit theorems. Further, in
[12], the authors showed the central limit theorems for the counting measure Z,(-) which counts
the number of particles of generation n situated in a given set for this model. Here we consider the
problem on the convergence rate in the central limit theorems for the counting measure Z,(+). For
the classical branching random walk, Révész(1994,[23]) studied this problem and gave a conjecture
on the exact convergence rate, which is proved by Chen(2001,[9]). In this article, we shall extend
the work of Chen(2001,[9]) to the random environment case under the weaker moment condition
for the underlying branching mechanism.

The main results will be stated in Section 2, while their proofs will be given in Sections 3.
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2 Description of the model and the main results

2.1 Description of the model

A random environment in time & = (&) is formulated as a sequence of random variables inde-
pendent and identically distributed with values in some measurable space (0, F). Each realization
of &, corresponds to two probability distributions p(§,,) and G, , where p(&,) = {px(&.) : k € N}
is a probability law on N and G¢, a probability law on R. Without loss of generality, we
can take &, as coordinate functions defined on the product space (OY, F®N) equipped with a
probability law 7 which is invariant and ergodic under the usual shift transformation 6 on ON:
9(&)’517"') = (517527"') .

When the environment £ = (§,,) is given, the process can be described as follows. The process
begins at time 0 with one initial particle @ of generation 0 located at Sz = 0 € R; at time 1,
it is replaced by N = Ng new particles of generation 1, located at L; = Lg;,1 < ¢ < N, where
N is of distribution p(&y) and each L; is an independent copy of the generic random variable
H¢, with the distribution G¢,, given the environment . In general, each particle v = u;...u, of
generation n is replaced at time n + 1 by N,, new particles of generation n + 1, with displacements
Lyi,Ly2, -+, Lyn,, so that the i-th child is located at

where N, is of distribution p(¢,) and each L,; is an independent copy of the generic random
variable fgn with the distribution G¢,, given the environment £. All the random variables N, and
Ly, indexed by all finite sequences u of positive integers, are independent of each other, given the
environment {. We abbreviate Lg, (resp. Ge,) as L, (resp. G,,) in the rest of this paper.

Let (I',P¢) be the probability space under which the process is defined when the environment
& is fixed. As usual, P¢ is called quenched law. The total probability space can be formulated as
the product space (I' x ON P), where P = Pe ® 7 in the sense that for all measurable and positive

function g, we have
[ote= [ s apetwirc),

(recall that 7 is the law of the environment £). The probability P is called annealed law. The
quenched law P, may be viewed as the conditional probability of the annealed law P given {. We
will use E¢ to denote the expectation with respect to P¢. Other expectations will be denoted simply
E (there will be no confusion according to the context).

Let T be the genealogical tree with {N,} as defining elements. By definition, we have: (a)
@ € T; (b) wi € T implies u € T; (c) if u € T, then ui € T if and only if 1 < i < N,. Let
T, ={u € T : |u| = n} be the set of particles of generation n, where |u| denotes the length of the
sequence u and represents the number of generation to which u belongs.

2.2 The main results
Let Z,(-) be the counting measure of particles of generation n: for B C R,
B)= Y 1p(S
ueT,

By convention, we will write Z,, = Z,(R). Then {Z,} constitutes a branching process in a random
environment (see e.g. [2, 3, 24]). For n > 0, define

My :m(fn) :kak(gn)7 I, =mgo---mp_1, Ilp=1

Throughout the paper, we will assume the following conditions

oo

1
Elnmg >0 and E(Z k(In k) py, §O)><oo with A > 3. (2.1)

m
k=2



Under these conditions, the underlying branching process is supercritical which means that the
number of the particles tends to infinity with positive probability. Without loss of generality and
for simplicity, we will always assume that

P(N >1) =1. (2:2)
Moreover, it is well known that in supercritical case, the normalized sequence
W,=1,'%Z, n>1

constitute a martingale with respect to the filtration .%,, defined by: % = {0,Q}, %, =0(&, Ny :
|u| < n), for n > 1. Under (2.1), the limit

W = lim W, (2.3)

exists a.s. with EW =1 (see for example [3]); by (2.2), W > 0 a.s.
For n > 0, define

Iy = 1n(6) = EeL, 02 =02(€) = VareLn, an =Ee(Ln — 1), vn(t) = Beett@aln),

n—1 n—1 n—1
b=l (&) =D by S2=52€) = 0f, MP =Y o
k=0 k=0 k=0

We also need some conditions on the motion of the particles: for n = min{2A\, %(1 + A},

n—oo [t|>T n —

n—1
~ 1
E(Lo—1)" < oo and limsup sup { Z |vk(t)} <1 as. (2.4)
k=0
Let {V,,} be a sequence of random variables defined by

1
Vo= > (Su = Ln).
u€T,

Then we can state our main result as following:

Theorem 2.1. Assume that the conditions (2.1)~(2.4) hold. Then lim,, V,, = V a.s. for some
random variable V, and fort € R,

VT Z, (0 + spt) — S(HW | 2225 %an(Eag)*

3 1
2

(1—t3)p(t)W — (Bo2) " 26(t)V  a.s., (2.5)

where Zy,(x) = Z,((—o0,z]) for x € R and ¢(t) = \/%e_tz/z, D(t) = fioo ¢(x)dw.

Remark 2.2. Compared with Chen(2001, [9]), the weaker moment condition on the underlying
branching mechanism is assumed. Hence even under the constant environment, the result here
considerably generalize that in[9)].

We conjecture that it is possible to relax the moment condition on the reproduction law of the
population.

3 Proof of Theorem 2.1

We first introduce some notation which will be used in the sequel.

For simplicity and without loss of generality, we will always assume that ,, = 0 hereafter (if
not so, we only need to replace Ly; by Ly — 1,,).

The following o-fields will be often used:

D0 =A{0,, %, = 0(&Ny,Lyi:i>1,|ul <n), forn>1
S =10,Q}, 7, 0(&ky Nuy Lyi : k <n,i > 1, |ul <n)forn>1.



We will use the following conditional probabilities and conditional expectations:
Pen() =Pe(1Zn); Een() =Ee([Zn); Pul() =P(|I0), En() = E([|F0).

As usual, we write N* = {1,2,3,---} and denote by
U = LJ Gﬂ*)n
n=0

the set of all finite sequences, where (N*)? = {@} contains the null sequence @.

For all u € U, let T(u) be the shifted tree of T at v with defining elements {N,,}: we have 1)
@ € T(u), 2) vi € T(u) = v € T(u) and 3) if v € T(u), then vi € T(u) if and only if 1 < i < N,,.
Define T,,(u) = {v € T(u) : |[v] = n}. Then T = T(&) and T,, = T, (2).

3.1 A key decomposition
For u € (N*)k(k > 0) and n > 1, let S, be the position of u and write
Zn(u,B) = > 15(Suy — Su)-
vET, (u)
Then the law of Z,(u, B) under P¢ is the same as that of Z,(B) under Pyr¢. Define
W, (u, B) = Z(u, B)/T1,(0¢), Wi (u,t) = W (u, (—00,]),
Wo(B) = Zu(B)/T,  Wa(t) = Wa((—00,1)).

By definition, we see IL,(0%¢) = my, -+ mpin_1, Zn(B) = Z,(2, B), Wo(B) = W,(2,B), W,, =
Wy(R).
The following decomposition will play a key role in our approach: for k < n,

Zn(B) =Y Zn_k(u,B—85,). (3.1)

u€eTy

Remark that by our definition, for u € Ty,

Zn—k:(ua B — Su) = Z 1B(Suv1‘~vnfk)

V1 Uy €Ty — i (u)

represents number of the descendants of u at time n situated in B.

For each n, we choose an integer k, < n as follows. Let 8 be a real number such that
max{&, ﬁ} <pB< % and set k,, = [n”]. Let t,, = s,t for t € R and n > 1. Then on the basis
of (3.1), the following decomposition will hold:

U, Z,(tn) — @(OW = A, + By, + Co, (3.2)
where
1
Av = == D7 Wari, sty = Su) = Eee, (Wi, (tsto = S0))],
kn weTy,
1
By = o > Be, (W, (u,tn — Su)) — B(t)]
Fn u€Ty,
Cn = (Wi, =W)2(1).

Here we remind that the random variables W, (u,t, —S,) are independent of each other under
the conditional probability P¢ ..



3.2 Convergence of the martingale {V,,}

In this subsection, we shall prove the following lemma, which ensures the convergence of the
martingale {V,,} defined before.

Lemma 3.1. Under the conditions of Theorem 2.1, {V,} is a martingale with respect to {2y}
and converges a.s. to some random variables V.

Proof. First we prove that {V,,, Z,,} is a martingale. This fact follows from that

Ny
IE5,71‘/n+1 = ]Eﬁ,n( ! Z Su>: ! E€7H<ZZ(Su+Luz))

Hn+1 wET, 41 Hn+1 ueT, =1
1 atl
o X B o)
1
= My Sy = V.
o 2

Now we go to prove the convergence of the martingale. We will do it by showing that >~ | (V41—

Vi) < 400 as.
For convenience, we shall use the following notation:

N,
Nu - Luz
X, = Su< — 1) + Z , X = Xulyx,|<m,};

1 1
In: n+1_Vn:1—Iiqua I;LZFZX;
" wer, " wer,

For u € Ty, Let Xn and Nn be the generic random variables of X,, and NN, respectively, i.e. X,
(Ny,) has the same distribution with X,, (V).
We start the proof by proving the following inequality:

1 . . N,
Ee|Xu|(In* [ X, )" < 0 Con+ s . No

T NI 2 (In NoHA 3.3
(IHHn)H—)\ - (lnnn)l-i-)\ (lnnn)1+)\ {mn(n n) , ( )

where C1, Cy, C5 are constants depending on £.
For u € T,,, observe that

Nu
N, ’Zizl Lu;
| X0| < [Sul <1+ m” ) +

] M|

Int | X,|<2+In"[S,|+InN, +1In*

(In* X, )+ < 4t (2“* + (It [Su]) A 4 (In Ny + (hﬁ
Ml 5=

(We have used the elementary inequalities : for z,y > 0, In"(z+y) < 1+InT z4+In" y, In(142) <
1+ In* 2z and the facts N, > 1 and mp, > 1).
Then we get that

8
47X (0 X)) < S
=1

N, N,
with J1=21“|Su|(1+ ) ng|su<1n+|su|>1“<1+ )

M| M|

1

Ml 3=

1+A
)

o=t (0 2 g, o= gs (1 ) (e
Jul

M|




o1+ | Nu Int |8, )1+ | In N, )1+A |
Js = ZLui ) JGZ%ZLM ; J7=( ) Lui|,
m m ; m
|ul | i=1 Jul i=1
1A
- sz (e sz )

There exists a constant K¢ such that for u € T,

n n
Ee|Su <) Ee|Lj| < Ken,BeSul> = ) Ee|Ly|* < Ken
j=1 j=1

because

lim fZIEdL |9 =E|L1|? < 00, q=1,2.

n—o0o M

Observe that for Ve > 0,
—-1/2 T 1 T 14 1 T |4 L7
P(n ' 2Ee|La| > ¢) < —E(ELal)' < —SE(Ee|Lal') = —E|L|".
Then n~/2E¢|L,| — 0 a.s. and hence n=Y/2E¢|L,| < K.

By our assumptions on environment, we see that S,, N, and L,; are mutually independent
under P¢. On the basis of the above estimates, we have the following inequalities: for v € Ty,

Ny
]EEJI = 21+)\E£‘Su|EE (1 + ) < K&?’L;
m S

ul

E:Jo < E£(|Su|2 + [Sul) < Ken;

N, .
) (In N < Ken [ 14+ E—"(In N,,)' ™ | ;
Jul mn
EeJs < Ee|Su|Ee <1+N“> < ZL
— u ui
Myl Myl §

) (' i sl t)

=1

(In Nuw)

Ny
Eels < E¢|Sy|Ee <1 + -

142
) (then by the concavity of (Inz)!*)

< (Kf’ﬁ,)]Eg <1 =+

N,
S K&’n <K5n1/2 + Eg ¢
M|

No o
= Ken®/? + KenEe =" (In N, )12,
M,

]EgJ5 < 21+>\]E5‘En| < K§n1/2;

N,
1 w
Belo = Bg(n* 5.0 Ee— 3 Lu
ul =1

< (In" Be|Su|) P Ee| L | < (In* (Ken)) ™ Ken < Ken(lnn)'

(In N,) > = Knl/QEg (lnN YA

~ N,
Ecl7 < EeL,Ee Tn|u|

(S L)

EeJs < Ee ) < Ee|Ln|? < Ken.

M|

Hence we get that for u € T,,,

e X (0" [ X)) = Bl X, (0" X)) < Ken®/? (1 R (in N”)HA> S



Now we go to prove the ZZOZO I, < 0o a.s. Observe that

o0 oo oo

>oL =Y (In—1)+ > (I, —Eenl), +ZE§nI’

n=0 n=0 n=0

We shall prove that each of the three series on the right hand side converges.
For the first series, we see that

Eell, — 1| = Ee¢|m > Xul{x,/>m,}
" weT,
< Ee {Hln >, ]Eg,n(lXul{|xu|>nn})}
u€Ty
= Ec(IXallyx,5m,)
< el 1)
< Oﬁé{%(umgi\:(mNn)l“).

As lim,, o % =[EInmg > 0 a.s., for a given constant §; satisfying 0 < §; < Elnmg and for

n large, In1l,, > dyn. Hence for n large,
K N,
_7l< ¢ ¥n 14X
Ee|L, — Ip| < G <1+IE£ n(lnN n)

Observe that for A > 3/2,

o0

Z

]E— (In N)' < o0

0o
1+)\ E
nA—

1
o2

3

Then it follows that

1 N,
Z Ee—(InN,)'™ <00 as
n=1
Hence a.s.
Be| Y (In—I,)| <Y Eell, — I| < o,
n=0 n=0

and it follows that Y ° (I,, — I,) is convergent a.s.
For the series >~ E¢ I/, we use the fact E¢ ,,I,, = 0. Then we have

Eq iﬂa&n[; iEm(I
n=0 n=0

And the a.s. convergence of the series Y E¢ 1}, follow.
Now we go to prove that

= B I <Y Eell, - I,| < oc.

oo

> (I}, = Eenly) < oo as. (3.5)
n=0

By the convergence of L? bounded martingale (see e.g. [10, P. 251, Ex. 4.9]), we only need to
show the convergence of the series: Y - E¢ (I}, — E¢ . I},)2.
Notice that for a positive constant ds,

2
1
Ee(l, ~Eeall)? = Ef(n Z(Xu—Eaan)

n ueT,



1
- Eg<nz > Een(X, —Eg,nX;F)

n u€Ty,

1 Lo ig
S o ¥ Bek? = B g )
" weT, "
_ g (X21 . 1% + X0 s )
= e\ Az <malix.<sy N[ Xn [ <Hn} T {|Xn|>62}
) oo —(1+X)
< 572+L]E5 Xalln(In1L,)
1L, IL, |Xn|(hl+ |Xn‘)_(1+)\)
9 > + | v 14+
. 572+E5|Xn\(ln | X0])

1L, (InIL,,)H+>

Then by the above arguments, we see that the series > - E¢(I), — E¢ ,,I])? < oo and the desired
convergence of (3.5) follows.
Combining the above arguments, we see that the martingale V,, converges to the limit V' =

Yoo (Va1 — Vo). O
3.3 Proof of the main theorem

By virtue of the decomposition (3.2), We shall divide the proof of the main theorem into the
following lemmas.

Lemma 3.2. Under the hypothesis of Theorem 2.1, a.s.
VA, 2=2550. (3.6)
Lemma 3.3. Under the hypothesis of Theorem 2.1, a.s.

VB, 2% SBag(Bof) H(1L- )6(OW — (Ead) o)V (37)

Lemma 3.4. Under the hypothesis of Theorem 2.1, a.s.
VnCp 22240 a.s. (3.8)

Now we go to prove the lemmas subsequently.

Proof of Lemma 3.2. For ease of the notations, we will use the following notations. For |u| = n, we
denote X, = Wik, (U, tn — Su) —Ee k,, Wo—k, (4, tn, —Sy). Then we see that | X, | < Wy,_g, +1.
We introduce the following notations:

1
Y;L = 5 Z Xn,U7
Zk" UETkn
Xn,u = Xn7u1{|Xn,u|<an}a
_ 1 _
Vo = — > Xouw
Zk" u€Tg,,

Using the fact that W, converges to W > 0 a.s., then to prove Lemma 3.2, we only need to prove
that
VY, 2220 as. (3.9)

We will use the extended Borel-Cantelli Lemma. We can obtain the required result once we prove
that Ve > 0,

> P, (IVnYa| > €) < . (3.10)

Notice that
€

Py, ( T

Yol > —=)



3

Jn

3

< Pp (Yo #Y) +Pe (Y — Eep Yol >
< P, (Yo #Ya) + Py, (| €kn Y| > NG

)+ Pr, (|E¢ g, | > —=).

We will proceed the proof in four steps.
Step 1 We first prove that

o0

> P, (Yu #Y5) < 0. (3.11)

n=1

We need the following result:
Lemma 3.5. ([19]) Assume that (2.1) and (2.2) hold, then

EW* +1)(In(W* +1))* < cc. (3.12)

Furthermore, for 3> + and {r,} with liminf, h;z;n >0,

o0

Z]E{(W* + 1)1{W*+12m}} < +o0. (3.13)

n=1

‘We observe that

Py, (Yo #Yn) < []E((Wn_kn + 1)1{Wn7kn+1m})} < [E((W* ¥ 1)1{W*+12m})}

rT,,:an Tn,:an

Notice that r, = Zj,, satisfies the condition liminf, h;# > 0, because Zy,, /7, — W >0 as.,
(ﬂ'n)% — exp{Elnmg} a.s. and k, ~ n”. From this and Lemma 3.5, we obtain that

[M]8

{E((W* + l)l{W*-HZm,})L _g, < too (3.14)

n=1

Then (3.11) follows.
Step 2. We next prove that Ve > 0,

g

Jn

(o9}

Zpknq?n - E£?n| > ) < oo. (3.15)
n=1

Observe that Yu € Ty, ,n > 1,

v 2
Ekn Xn,u

/ 233]P>kn(‘Xn,u‘ > x)dr = 2/ m]pkn(‘Xn,u‘]-{an,uKan} > x)dx
0 0
Lk, Ly,
< 2/ 2Pr, ([Wh—g, (u) + 1| > z)dz = 2/ 2P((Why—k, + 1] > x)dz
0 0
Zkn
< 2/ 2P(W* 4+ 1 > x)dx.
0

Then we have that

- 74 e €
Py (Y, —EY,|>—
2B (Vn ~ BVl > 2)
= iEknPé')k”( ?n - E&)kn?n| > i)
n=1 \/’E
<e Y By, (20 Y Bew Xou | =23 0|22 Y B
n=1 u€Tg,, n=1 u€Tk,,
2 N Zkn
<e” —_— 29P(|W* 4+ 1| > y)d
> . /0 yP(] | > y)dy



2 02—|—/ (Z 1y<z,, 3} ) 2yP(|W* + 1| >y)dy]
1 ’V

n=1

<e? {CQ +/ (Cs + ca(lny)?/ 1) (W= +1] > y)dy}
1

“2(e1 + cB(W* + 1)(In(W* +1))2/771)
(61 + C4E(W* + 1)( (W* + 1)) )

<e
<e

Step 3. First we see

Then we have

13
Py, <|]Ef,kn \/ﬁ>

n _ n

S %Ekn|E£,knYn| = %]Ekn — Z Egk Xnu
UeTkn

n 1

= %Ekn 7 > (—Ef,anmul{\Xn,u|zzkn})‘
- UGTkn
Vi 1
< 7 > Bi, Wk, (w) + Dlw, . (w152, )
kn u€Tk,
= \/>|: (Wn kn +1)1{Wn—kn+127nn}:|r =7
< L[ E(W +1)1{W*+12rn}} P
Tn=4%4ky

Tn=Zk,

—

n=

i [ n(W* + 1)1y +1>rn}}

< ; [ E(W* + 1) In/?(W* + 1)1{W*+1>7n}:| ra=Ze.
n=1 Tn=Zkn
< GEW*+ 1) In¥ (W +1) < ¢gE(W* + 1) In*(W* + 1) < oo.
Combining step 1-3, we obtain (3.10) and hence the lemma is proved. O
Proof of Lemma 3.5 . For ease of notation, set H(t) = (1 — t?)¢(t).
Observe that
where
(3) (3)
1 tn — Su My — M, tn — Su
Bnl = 5 E{,kn Wn—kn (u;tn - Su) - & 5 - 2 k;/QH 5 )
I weTy, 52 — 57 6(s — si,) 52 — s
1 tn — Sy
B - q><) o)
= 52 —s3.
MY - M tn— S
By = ot H| — | -H®) |;
o= 2 \ "\ e
MP —
By = Mo H(t) Wy, .

10



Then the lemma will be proved once we show that
VnBn =2 0; (

VB, 222 —(Eag)—%¢(t)v; (3.18
(

VB 222 1]Ea0(1an) SHOW.

Next we prove these results subsequently.
First, We go to prove (3.17). Here a key role will be played by the following result on the
asymptotic expansion of the distribution of the sum of independent random variables:

Proposition 3.6. Under the hypothesis of Theorem 2.1, for a.e. &,

g M~ v

_ n1/2 n—00
€, =N/ sup < 6(52 — Si )3/2 0
n

z€R 2

2 _
Sh Skn

Proof. Let X =0for0 <k <k,—1and X = Zk for k, < k < n—1. Then the random variables
{X}} are independent under P:. By virtue of the Markov inequality and Theorem 1 of Bai and
Zhao(1986,[4]), we obtain the following result:

n—173 (3) (3)
L My™ — M,
Mm<kmk§$>—ﬂ@—7l"H()
S

sup
R e 6052 — o7, )2
n
n—1 1 n—1 1
<Ke{ (2 —s3)72 S EelLj[* +n® sup kn+ > Eelvj(t)] + 5
j:kn Jj= =kn n
By our conditions on the environment, we know that
4 T4 2
lim n(sp, — i) Z Ee|Ly|* = E|Lo|*/Eo?. (3.21)
Jj=kn
11 Eo?
lim 6, = —-—2C. 22
P 128 Eayg (3.22)
Then for n large enough, 4, > & ]%ZO and hence by use of (2.4),
n
1 = 1 .
n® | sup — | Ky, + Z Eelo;(B)| | +=— | =o(n™2). (3.23)
s>T N =k 2n
The proposition comes from (3.21) and (3.23). O

From this proposition, it is easy to see that

n—oo

Vn|Bpi| < Wy, €n, —— 0.

Hence (3.17) is proved.
The next thing is to prove (3.18).
Observe that

|v/nBpa + (E03)7%¢(t)V| < Bpai + Braa + Bpas + Bpoa,

. 1 tn_Su _1
with Bnm:ﬁ Z \/ﬁ @() —(I)(t) +(E08) 2¢(t)Su 1{|Su,|§kn}7



NG tn — Su
=T S| === ) ()| 1ys. ks

u€Ty,, 52 — 57
_1
Buos = (Eog) 2 ¢(t)| Vi, — V],

_1 1
Bnas = (Eog) 2t~ D 1Sullgsuis k-

n u€Ty,,

By the choice of 8 < 1/2 and the conditions on the environment, we have that

e = sup Vi [@((s2 0 — 52 ) F (b —p)) - O(1)] + (Bad)Pot)y| =0 (3:29)
ly|<kn
Hence
Bn21 < Vk €n TL—>DO> 0. (325)

Next we go to prove that

Bpas —22250;  Bpog —250. (3.26)
This will follow from the facts:
1 n o0 1 n o0
. > 1Sulls, sk, 0 A Vi — > s sk 2 0 as. (3.27)
" UETkn kn’ uETkn

In order to prove (3.27), we firstly observe that

Z D 1Sullgs.iska

n=1 kn u€Ty,,

oo

%) kn—1 o N R
— ZIE|Sk L6, okny < Z FUES, T <Y kaf S EIL =Y ke FE|L)
n=1 n=1 7=0 n=1

Z\f Z 105,15k}

" u€Ty,,
kn—1
Zﬂﬂﬂs s} < ka "E|Sk, |"<ka“‘1 > B = Zn?k *EILo|"
7=0

The assumptions on (3, k, and 7 ensure that the series in the right hand side of the above two
expressions are convergent. Then

Z Z |S |1{|S >k} < OO, Zf Z 1{|S |>k,} < OO  a.s.,

kn uety,, kn uemy,

which deduce (3.27), and consequently, (3.26) is proved.
Due to Lemma 3.1, it is immediate that

n—oo

Byos —— 0 a.s. (328)

From (3.25) (3.26) and (3.28), we derive (3.18).
Now we turn to the proof of (3.19).
According to the hypothesis of Theorem 2.1, it follows from the Birkoff ergodic theorem that

3 _ p®
lim \/ﬁ—n kn L

3/2
n—oo * 6(s2 — s7 )3/2 6(EOO) Eas. (8:29)
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Notice that

1 tn — Sy
. > H<> — H(t)

2 _ 2
n u€Ty,, Sn — Sk,

Sy

2 ]- tn -
< 5 > 1susha to > H<22> = H()| 115, <k}
" ueTy,, ™ WET, \/ﬁ

The first term in the last expression above tends to 0 a.s. by (3.27), and the second one tends to

0 a.s. because
tn - n—oo
sup H<y> — H()| 222 0.

<k 2 _ o2
ly|<kn Sy Skn

Then combining the above facts, (3.19) is proved.
It remains to prove (3.20), which is an immediate consequence of (2.3) and (3.29).
Therefore, the proof of Lemma 3.3 is completed. O

Proof of Lemma 3.4. This lemma follows from the Borel-Cantelli Lemma and the following result
given by [15].

Proposition 3.7. Assume the condition (2.1). Then

W —W, =o(n™?) a.s.

Now the main theorem follows from the decomposition (3.2) and Lemmas 3.2~ 3.4.
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