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1. INTRODUCTION

A Cartan-Hadamard manifold is a complete, simply connected Riemann-
ian manifold with nonpositive sectional curvature. We fix a reference point
o € M once and for all. It is well known that the exponential map exp :
T,M — M from the tangent space T,M based at o is a diffeomorphism.
This defines a polar coordinate system (r,0) on M. Two geodesic rays
~v1 and 72 on M are called equivalent if there is a constant C' such that
d(1(t),v2(t)) < C for all t > 0. It can be shown that this is an equivalence
relation on the set of geodesic rays. The set of equivalence classes is the
sphere at infinity Soo(M). A basic fact of Cartan-Hadamard manifolds is

that M = M U Sy (M) with a properly defined topology (called the cone
topology) is a compactification of M. For each o € M, the sphere at infin-
ity Soo(M) can be identified homeomorphically with the unit sphere in the
tangent space T,M. If (r,0) are the polar coordinates based at o, then a
sequence of points z, € M converges to a boundary point 6y € Soo(M) if
and only if 7(2,) — oo and 0(z,) — 6y (see Bishop and O’Neill[6]).

Given a continuous function f on So (M), the Dirichlet problem at in-

—

finity is to find a function uy € C*°(M) N C(M) which is harmonic on M
and is equal to f on Soo(M). We say that the Dirichlet problem at infinity
is solvable for M if for every f € C(S(M)) there is a unique solution uy.
This property of a Cartan-Hadamard manifold can be obtained under cer-
tain conditions on the curvature of M and can be approached analytically
or probabilistically. For analytic methods see Anderson[3|, Choi[7], An-
derson and Schoen[4], Ancona[l], Borbely[5]; for probabilistic methods see
Pratt[16], Kifer[12], Pinsky[15], Sullivan[18], Kendall[10], Hsu and March[9],
Hsu and Kendall[10], Leclercq[14]. The more difficult problem of identify-
ing the Martin boundary with the boundary at infinity was discussed in
Anderson and Schoen[4] and Kifer[13]. We are mainly concerned with a
probabilistic approach to the problem, which involves basically proving the
angular convergence of transient Brownian motion.
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In this paper we will combine an improved version of the method used in
Hsu and March[9] and an idea from Lerclerq[14] to prove the solvability of the
Dirichlet problem at infinity under certain curvature growth conditions more
generous than previously known. We consider two typical situations. In the
first case, the sectional curvature is assumed to be bounded by a negative
constant: Sect, < —a?. In the second case, we assume that Sect, < —c/r2
(r = r(x) = d(z,0)). This second case is significant because it vanishes as
r — 00. Let’s now state our main theorems.

Theorem 1.1. Let M be a Cartan-Hadamard manifold. Suppose that there
exists a positive constant a and a positive and nonincreasing function h with
Jo S rh(r)dr < oo such that

—h(r)?e*™ <Ric, and Sect, < —a’.

Then the Dirichlet problem at infinity for M is solvable.

Aar

Early lower bounds of the form Ce*® were obtained in Bordely[5] with
A < 1/3 and Lerclercq[14] with A < 1/2. Our result represents a significant
improvement in this respect.

Theorem 1.2. Let M be a Cartan-Hadamard manifold. Suppose that there
exist positive constants ro, o > 2, and § < a — 2 such that
ala—1)

r2
for all r = r(x) > ro. Then the Dirichlet problem at infinity for M is
solvable.

Hsu and March[9] proved a lower bound of the form —r?® with g <
1 —2/a < 1. Our new result opens the possibility of 5 > 1.

The rest of this paper has three sections. In SECTION 2, we state some
preliminary results needed for the proof of our main theorems. In SECTIONS

3 and 4 we deal with the constant upper bound case and the vanishing upper
bound case, respectively.

—r?% < Ric, and Secty, < —

2. PRELIMINARY RESULTS

Let M be a Riemannian manifold and M = M U {A} its one-point com-
pactification. The path space W (M) based on M is the space of contin-
uous maps X € C([O,oo);M) with the following property: if X; = A
for some ¢t then Xy = A for all s > ¢. The lifetime e(X) is defined by
e(X) =inf{t: X; = A}. The path space W (M) is equipped with the stan-
dard filtration %, = {%:} and the lifetime e : W (M) — R is a B,-stopping
time. We use P, to denote the law of Brownian motion on M starting from
x. It is a probability measure on W (M).

Now let M be a Cartan-Hadamard manifold and M = M U Soc(M) its
compactification by the sphere at infinity. A Brownian motion X can be
decomposed into the radial process ry = r(X;) and the angular process
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0; = 6(X;). The probabilistic approach to the Dirichlet problem is based on
the following well known fact.

Theorem 2.1. Let M be a Cartan-Hadamard manifold. Suppose that for
any x € M we have

P, {Xe = lim X, ezists} =1
tTe

(in the topology of ]\//_7) and for any 0y € Soo(M) and any neighborhood U of
lim P, {X, € U} = 1.

z—0y

Then the Dirichlet problem at infinity for M is solvable. For any f €
C(Sx(M)), the function us(x) = E,f(Xe) is the unique solution of the
Dirichlet problem with boundary function f.

Proof. Since ug(x) = Eyug (X7,) for any relative compact open set D con-
taining x, where 7p is the first exit time of D, we see that u is harmonic
on M. For any € > 0 and 6y € S (M) choose a neighborhood U of y such
that |f(0) — f(0y)| < e for § € U. Then

lug(z) — f(6o)] <Ez|f(Xe) — f(60)]
<eP, {Xe S U} + 2||f||oo]P)m {Xe ¢ U} .

Letting z — 6 we have limsup,_q, |us(z) — f(00)| < e. This shows that
limg g, us(x) = f(6o), as desired.

To prove the uniqueness, let {D,,} be an exhaustion of M and u a solu-
tion of the Dirichlet problem at infinity with boundary function f. Then
{Uf(Xt/\TDn),t > O} is a uniformly bounded martingale under P, hence
u(r) = Equ(Xiarp, ). Letting ¢ T oo and then n T oo we have

u(z) = Eyu(Xe) = Ep f(Xe) = up(x).
]

Remark 2.2. Anconal2] constructed a Cartan-Hadamard manifold such
that Brownian motion converges to a single point on the boundary at infinity.
For such manifolds, the Dirichlet problem at infinity is clearly not solvable.

We end this section with a description of the general method for proving
angular convergence of Brownian motion. Define a sequence of stopping
times {7,} by 70 = 0 and

T = inf {t > 71 d(Xy, Xr, ) = 1}

Let A7, = 7, — Th—1 be the amount of time for the nth step. The angular
oscillation during the time interval [7,—1, 7] is

Af, = max Z(0(X,, ,),0(Xy)).

Tn—1<t<Tp
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Proposition 2.3. Let M be a Cartan-Hadamard manifold on which Brow-
nian motion 1s transient, i.e.,

Py {rt o0 astle}=1.

The Dirichlet problem at infinity is solvable if for any positive € and §, there
is an R such that for all z € M with r(z) > R,

(2.1) P, {Z A, < 5} >1—e
n=1

Proof. First we note that Z;;O:l AB,, < oo implies that lim;. X; = X, exists.
Let z € M and € > 0. Choose R > r(z) such that (2.1) holds (for § = 1,
say). Let 7p = inf {¢ : 7, = R}. Then

P, {Xe = lim X, exists} >P, Z A0,, < oo
tTe o
=E.Px., {Z Ab,, < oo}
n=1

>1 —e.

Since € is arbitrary, this shows that P, { X, = lim. X; exists} = 1.
Let 0y € Se(M) and U a neighborhood of 6y on S (M) containing 6.
There is a § > 0 such that

{0 € Soo(M) : £(0,60p) <20} C U.
We have

Z(00,0(Xe)) < Z(6o,0(X0)) + iAe’m
n=0

For any € > 0 choose R > 0 such that (2.1) holds. Then for all z € M such
that r(z) > R and Z(6(z),6p) < 6§, we have

P, {X, € U} > P, {£(6,0(X.)) < 20} > P, {f: Af,, < 5} .
n=0

This shows that
lim P, {X. €U} =1.

z—0y

By THEOREM 2.1, the Dirichlet problem at infinity for M is solvable. U

We use the following result to estimate the time the Brownian motion
spends for each step. Let

71 =1inf{t > 0:d(X:, Xo) =1}.
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Proposition 2.4. There are positive constants C1,Co such that if the Ricci
curvature on the geodesic ball B(x;1) of radius 1 centered at x is bounded
from below by a negative constant —L? < —1, then

C _
P, {71 < Ll} <e CoL

In fact we can take C1 = 1/8d and Cy = 1/2.

Proof. This is LEMMA 4 in Hsu and March[9]. We give a simpler proof here.
Let r, = d(X}, z) be the radial process. According to Kendall[11], there is a
Brownian motion § such that

1 t
ry = ﬁt =+ 2/ AT‘(XS)dS — Lt,
0

where L is nondecreasing and increases only when X; is on the cut locus of
o. By Ito’s formula we have

t
'rtQ = 2/ rsdrs + (1)
0

Hence
t t

(2.2) r2 < 2/ rsdfs +/ rsAr(Xs)ds + t.

0 0
By the Laplacian comparison theorem, we have for all z € B(z;1)

Ar(z) < (d —1)Lcoth Lr(z)
On the other hand, Icothl <1 +1 for all [ > 0. Hence if s < 71, we have
rsAr(Xs) < (d—1)Lrscoth Lry < (d —1)(1+ L).

We now let ¢t = 71 in (2.2) and obtain
T1
1< 2/ rsdfBs + 2dLTy.
0
From the above inequality we see that the event 7 < 1/8dL implies

T1 3
sdsZ*-
/or %2y

By Lévy’s criterion, there is a Brownian motion W such that
T1 T1 5 1
dps =W, = ds < ——.
/O Ts ﬁs 75 n /O rsas < RdL
Hence 7 < 1/8dL implies

max Wy>W, >
0<s<1/8dL

| w
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The random variable on the left side is distributed as /1/8dL|W;|. It
follows that

0

We will use the following geometric result to estimate the angle in a
Cartan-Hadamard manifold. It is essentially LEMMA 2 in Hsu and March|9],
but we include a complete proof to clarify a few points.

Lemma 2.5. Let M be a Cartan-Hadamard manifold. Suppose that there
are positive constants o > 1 and r9 > 1 such that

ala—1)
Sectx < 7W7 'I"($) > To-
Let x,y € M be such that

T(ZL’) > 2T07 T(y) > 27"(), d(.%',y) <1

Then there is a constant C independent of x and y such that the angle
between the geodesic rays to x and y satisfies

2(0(x),0()) < =

r(z)*

Proof. Without loss of generality we assume r(z) < r(y). Let
-1
K(r) =min — sup Sect,, 04(0472) .
r(z)<r "
Let G be the unique solution of the Jacobi equation
G"(r)— K(r)G(r) =0, G(0)=0, G'(0)=1.
Since K(r) = a(a — 1)/r? for r > rg, we have G(r) = c17% + cor' =, hence
!
(2.3) G(r) ~ e1re, Cg;((:)) ~ %, as r T oo

In particular, G(r) > C~'r® for some C and all » > 79. Now let N be the
rotationally symmetric manifold with the metric ds3, = dr? + G(r)2d6?. In
N consider the geodesic triangle AOB such that

d(0,4A) =r(x), d(O,B)=r(y), Z(0(A),0(B))=~L(0(z),0(y)).
By the Rauch comparison theorem, we have dy(A, B) < d(z,y). Hence
1 >dn(A,B) = G(r(z))£(6(A),6(B)) = G(r(z))£(0(x),0(y)).
This implies that Z(0(z),0(y)) < C/r(x)®. O

When the sectional curvature is bounded from above by a negative con-
stant we have the following analogue of the above lemma.
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Lemma 2.6. Let M be a Cartan-Hadamard manifold. Suppose that there
is a positive constant a such that Secty < —a?. Let .,y € M be such that
r(z) <r(y) and d(z,y) < 1. Then

a 1 —ar(x
£(6(z),6(y)) < sinh ar(z) = [r(x) —|—2a] e .

Proof. Let G(r) = sinhar/a and follow the proof of the preceding lemma.
O

3. CONSTANT UPPER BOUND

In this section we consider the case of a constant upper bound on the
sectional curvature of M. We first give an estimate on the probability that
Brownian motion starting at r(z) = R will ever return to r = R < r(x).

Lemma 3.1. Suppose that Sect, < —a?. For any R > 0 we have for

r(z) > R,
(3.1) P, {r; < R for some t > 0} < cosh!~%a(r — R).

Proof. There is a Brownian motion § such that

1 t
Tt:T0—|—ﬁt—|—2/A7’(Xt)dt.
0

By the Laplacian comparison theorem we have Ar > (d — 1)a coth ar. If we
define r* by

X d—1 [t .
ry =10+ Bt + 5 acothargds,
0
then a comparison theorem for stochastic differential equations shows that
r¢y > ry. Thus it is enough to prove the estimate for r*.
The following argument is well known. Let

I(r)= /oo(sinh au)~du

and op = inf{t:rf = R}. If r(z) > R, then {I(r}\,.)} is a uniformly
bounded martingale. Letting ¢ T co we have

1(r) = Eel (rfngy) = ((R)Py {or < c0}.

Hence

Px{TfSRfOFSOmetEO}:IPx{gR<OO}:ll((;)).
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On the other hand,

< 1-d
1(r(z)) /T (sinhau) ™ “du

H(R) _/OO (sinh aw)?~t du
R

< sup
u>R

<cosh!'~a(r — R).

sinha(u +r — R) 1-d
sinh au

In the last step we have used

sinh(z +vy)  sinhz coshy + cosh zsinh y
; = - > coshy.
sinh z sinh z

The result follows. O

Next we consider the rate of escape for Brownian motion.
Lemma 3.2. Suppose that Sect, < —a?. For any A < (d — 1)a/2 we have

lim P, {r: > max{\t,r(x)/2}, Vt >0} = 1.

r(x)—o0

Proof. Again it is enough to show the result for the 7} in the proof of the
preceding lemma. Fix a A\; € (A, (d — 1)a/2) and take R such that

[(d—1)a/2] cothar > A, r> R/2.

Suppose that € > 0. By LEMMA 3.1, we can take R even larger such that
for all x € M with r(z) > R,

(3.2) P, {rf >r(x)/2, Vt >0} > 1 —e.
By the law of iterated logarithm,

lim inf i

ttoo +/2tloglogt T

Hence there is an even larger R (independent of ) such that

(3.3) P, {3 >-A=XM)t—R, Vt>0}>1—c¢.
If the events in (3.2) and (3.3) happen simultaneously, then
ri =15+ b+ % tacothar;fds
ZR—(/\l—)\)t—}%—i—)\lt

= At
It follows that for all z € M with that r(x) > R we have
P, {r; > max {\it,r(z)/2}, Vt >0} > 1 — 2e.

This proves the lemma. O
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We now estimate the total angular variation. Suppose that r, > r(z)/2
for all t > 0 with large r(z). Recall that in SECTION 2 we have defined

o =inf {t > 7,1 : d(Xs, X7, ,) = 1}, (10 =0)
ATy =Ty — Tn—1,
Af, = max Z(0(X;, ,),0(Xy)).

Tn—1<t<Tp

From LEMMA 2.6 we have Af,, < Ce™ %™ hence

i Ab, <C i e .,
n=1 n=1

Next, let Ji be the total number of steps in the geodesic ball of radius k,
ie.,

Je=#{n:r, <k}.
We have

(3.4) f: Ab, < Cy i Jpe ok,
n=1 k=1

Thus the problem is reduced to finding a good estimate for Jy.
Remark 3.3. The idea of studying Jj is due to Lerclerq[14].

Theorem 3.4. Let M be a Cartan-Hadamard manifold whose sectional cur-
vature is bounded from above by —a?. Suppose that the Ricci curvature sat-
isfies the lower bound

Ric, > —h(r)?e?,

where h is a positive and nonincreasing function such that fooo rh(r)dr < oco.
Then the Dirichlet problem at infinity for M is solvable.

Proof. Fix a constant A < (d — 1)a/2 and let
A = {ry > max {,r(z)/2}, Vt > 0}.
By LEMMA 3.2, there is an R such that for r(z) > R,
P, {A} >1— %

Let 7, be the Ith time such that 70, <k —1. Then

{Tnl S t} = {Z I{rfngk—l,-rngt} Z l} )

n=1

from which it is clear that 7, a stopping time.
For a fixed k, denote for the time being

(k + 1)Lk_

Li = Cih(k)e®™, N, =
k 1h(k)e”, k Yel
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Without loss of generality we may assume that h(k) > e~ /2 (otherwise
just add e=*/2 to h(r)) and Lj, > 1. Consider the length of time Ar,, for
the next step. Let

Cy
BZZ{ATnZSLk, Tnl<oo}, CNkZBlLJBQ---UBNk.
By PROPOSITION 2.4 and the fact that 7, is a stopping time,

C
(35) ]P)zBl = Ex {PXTnl |:7'1 < L1:| s Ty < OO} < €_C2Lk,
k

Recall that Ji_; is the total number of steps such that ., < k—1. We have
{Jk—1 > Ny} = {TnNk < oo} Now

(3.6) {Jp_1 > N JNA = {TnNk < OO}ﬁAﬁCNk—l-{TnNk < oo}ﬂAﬁCka.

On A we have r; > At for all ¢ > 0. This means that

k
Ht:rtgk}’gx.

But on {TnNk < oo} NCx,

N
_ C1 k+1
]{t.rtgk}\z;:lArmsz.Lk_/\ :

This shows that {TnNk < oo} NANCE, = () and we have from (3.6)
{Jk,1 ZNk}ﬂAQCNk ZBlLJBQ-“UBNk.

By (3.5),

ak/2

Py {Jk—l > N].;,A} < Nke_C2Lk < C3keak—026

Using the definition of Lj we see that from the above inequality that for any
€ > 0, there is a sufficiently large R such that for r(z) > R,

3 P, { Jp > Cukh(k)e®*, A} < <.
k}(;w {’“ 4 } 2

On A we have r; > r(x)/2 for all t. This means that Ji = 0 for k& < r(x)/2.
It follows that for r(z) > R,

Pw{Jk —0,k < T(;);Jk < Cukh(k)e™ | > 74(?} >P,A— % >1—e

If the event in the above inequality holds, then by (3.4)

imn <Cy > kh(k).
n=1

r(z)
k>=5=



DIRICHLET PROBLEM AT INFINITY 11

This can be made arbitrarily small because the Y 7, kh(k) converges by
hypothesis. Therefore we have shown that for any positive € and §, there is
an R such that for all x € M with r(z) > R,

Px{ZMn gé} >1—e
n=1

By PropoOsITION 2.3, this implies the solvability of the Dirichlet problem
at infinity for M. O

4. VANISHING UPPER BOUND

In this section we assume that M is a Cartan-Hadamard manifold whose
curvature satisfies the following condition: there are positive constant rg,
a > 2 and f < a — 2 such that for all r(x) > ro,

ala—1)

r(z)?
The proof for this case is completely parallel to that in the previous section,
so we will be brief.

Lemma 4.1. There is a constant C' such that for all R > 1 and x € M with
r(z) > R,

—r(a:)w < Ric, and Sect, < —

R (d—1)a—1
P, {ri < R for somet >0} <C {]
r(z)

Proof. Define the function G as in the proof of LEMMA 2.5. As before we may
assume that M is rotationally symmetric with metric ds? = dr? + G(r)2d6>.
In this case, by the same argument as in LEMMA 3.1 we have

/ G(s)ds
r(z) '

/ G(s)'ds
R

The result follows immediately from the fact that G(r) ~ cir® asr T co. O

P, {r: < R for some t > 0} =

In the proof of the next lemma, we need the following fact (see Shiga and
Watanabe[17]): let Y* be the Bessel process of index ¢ > 1 from a > 0:

g [tds

4.1 Ye = 4 -2
( ) t a+ﬁt+2 0 Y;a’

where (3 is a one-dimensional Brownian motion. Then for any A > 0 we have
o ye

Note that Y;* < Y? if a < b.
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Lemma 4.2. For any A > 0 we have

lim P, {rt > max {t,r(z)}/*, vt > ()} =1.

r(x)—o0

Proof. Again it is enough to assume that M is rotationally symmetric, as in
LEMMA 4.1. The radial process is given by

d—1 Y G'(ry)
= ds.
re =10+ [t + 2 )y Grs) s
Now take a ¢ € (1,(d — 1)a). By (2.3) there is an r; > 1 such that
G'(r) _ g
—1)- > = >r.
(d ) G(T) = 7“7 r=2mn

Let Y be the Bessel process of index ¢ defined by (4.1). If r(z) > 7y, then
we have

Tt Z }/Z‘(m) Z }/tTl 2 )/;17 t S UT17

where o, is the first time r; reaches ri. For any € > 0, there is a R > 7
(independent of ) such that

P, {Ytl > 1270y > R} >1—e
> R

Hence, using LEMMA 4.1 we have for r(x) 1

v

P, {rt > max {t,r(z)}"/* vt > 0}
> P, {rt > 1272wt > r(:r)} - P, {rt < r(a:)l/2_>‘, for some t > 0}
> P, {Ytl > 1270y > R} _ Cr(x)f()\Jrl/Z)[(dfl)afl]
> 11— € — Cr(z)~OH/2ld-Da=1],
It follows that for all sufficiently large r(x) we have
P, {rt > max {t,r(z)}/* vt > 0} >1—2e.
(]

Theorem 4.3. Suppose that M is a Cartan-Hadamard manifold. Suppose
that there exist positive constants ro, o > 2, and 6 < a — 2 such that

ala—1)
r(z)?

Then the Dirichlet problem at infinity is solvable for M.

—r(m)w < Ric, and Sect, < — for r>nrg.

Proof. We define 7, A7y, Aby, T, and Jj, as in the previous section. Under
the current upper bound of the sectional curvature, we have A6, < C/rg
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by LEMMA 2.5. Hence

(4.3) Z A, <CoJi + Co Z J’““

J
<CoJy +C Z kTL + Colim inf T
k=1

We will now estimate the size of Ji. By PROPOSITION 2.4 we have
P, {ATnl < C’lk_ﬁ,ml < oo} < e_Clkg.

Choose a positive A such that 5+ 2/(1 — 2)\) < a. Let
A= {rt > max {t,r(z)}/*, vt > O} .

Fix an arbitrary ¢ > 0. By LEMMA 4.2 P, A > 1 — ¢/2 for sufficiently large
r(z). By the same argument as in THEOREM 3.4 we have

P, { Ty > (Cy + 1)EB+2/(0-20), A} < OykB+2/(1=20) = Cak”

On A, we have [{t:r, <k}| < k¥0=2Y and J, = 0 for k < r(z)'/2
Hence as in the proof THEOREM 3.4 we have for sufficiently large r(z),

P, {Jk = O,k‘ < T‘([L-)l/2f)\; Jp < C4kﬁ+2/(172)\)7k > T‘(:C)l/zfA}
>P.A—Cs Z [B+2/(1=2)) ,—Cak?

kzr(:p)l/z*)‘
>1 —e.

If the event in the above inequality is true, then Ji/k® — 0 as k | oo and
by (4.3),

Z AG,, <Cy Z L~ (et 1)+6+2/(1-2))
= kZT(a:)l/2*>\
<Csr(z) (@ AA=20/2+1

By our choice of A, the exponent is negative. Hence we have shown that for
any positive € and ¢, there is an R such that for r(z) > R,

Px{iAﬁngé} >1-—e

n=1

The theorem now follows from PROPOSITION 2.3. O

Remark 4.4. For the Bessel process Y in (4.1) we have

P{hm_)érolf \[1:( D > 1} =1
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oo
if 9 is a positive nonincreasing function such that / Y(t)171dt < co. Using
0

this rate instead of t'/2~* in (4.2), we can improve the lower bound in the
above theorem. For example, it can be shown that the Dirichlet problem is

solvable if the Ricci curvature is bounded from below by —r2(@=2)/(Inr

)2[

for I > (da —a+1)/(do — a —1).
Added in the revised version. The author gratefully acknowledges the anony-
mous referee’s careful reading of the paper.
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