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Abstract

By using probabilistic approaches, some uniform gradient estimates are obtained
for Dirichlet heat semigroups on a Riemannian manifold with boundary. As an ap-
plication, lower bound estimates of isoperimetric constants are presented in terms of
functional inequalities.
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1 Introduction

Let M be a connected complete Riemannian manifold of dimension d. Consider L := A+ 7,
where Z is a Cl-vector field. Assume that there is K > 0 such that

(Ric — (V.Z,"))(X,X) > ~K|X]>, X € TM. (1.1)

If M has no boundary then the semigroup F; of the L-diffusion process satisfies the gradient
estimate

IVPflloo < —=[1flloes € (0,1], f € By (M), (1.2)

<
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where C' > 0 is a constant depending only on K, and B; (M) stands for the set of all
nonnegative bounded measurable functions. When M has a convex boundary OM (i.e. the
second fundamental form of M is nonnegative), then (1.2) remains true for the Neumann
heat semigroup (i.e. the semigroup of the reflecting L-diffusion process). Indeed, if OM
is either empty or convex, then (1.1) implies |VP f| < eX!B|Vf| for all t > 0 and all
f € CH(M). This gradient estimate appeared first in Donnely and Li (1982) for L = A,
and was established in Elworthy (1992), Bakry and Ledoux (1996), Qian (1997), Wang
(1997) and some other references by different means. Then, as shown by the proof of
Lemma 4.2 in Bakry and Ledoux (1996), one has

K| f|1? K| f113
VP < > < v
IVPfll5 < 1 —e 2Kt = (1 —e 2Kt)(t A1)’

In particular, if K = 0 then || P,f|ls < ||f]loo/V/2t.

A remarkable application of the uniform gradient estimate was made by Ledoux (1994)
to obtain isoperimetric inequalities using Poincaré and log-Sobolev ones. It is well-known
that a Poincaré-Sobolev type inequality follows from the corresponding isoperimetric in-
equality (see e.g. Chavel (1984)). When Z = 0 Buser (1992) proved a converse result, i.e.,
he obtained a lower bound estimate of the Cheeger’s isoperimetric constant by using the
Poincaré inequality. His proof was considerably simplified by Ledoux through a gradient
estimate of type (1.2). Ledoux’s argument has been used in Wang (2000) and Hu (2002)
to obtain lower bounds of various isoperimetric constants from general Poincaré-Sobolev
inequalities.

The purpose of this paper is to establish (1.2) for the Dirichlet heat semigroup and then
apply the gradient estimate to isoperimetric inequalities. From now on, we assume that
OM # () and let P; be the Dirichlet semigroup generated by L, i.e.

t>0. (1.3)

Ptf(x) = Ef(xf)l{t<‘r“:}> f € B;(M%t > 07 (14)

where (z});>0 is the L-diffusion process starting from x, and 7% is the hitting time of the
process to the boundary.

The gradient estimate of the Dirichlet semigroup has been studied in Thalmaier and
Wang (1998) and Wang (1997, 1998). But in these references a uniform estimate is available
only on a domain with a positive distance to the boundary. Therefore, as far as we know,
(1.2) is still to be established in the present setting. In fact, for the Dirichlet semigroup,
the curvature condition (1.1) is no longer sufficient to imply (1.2): as shown by Examples
3.1 and 3.2 below, to derive (1.2) one has to make further assumptions on the boundary as
well as the vector field Z.

Let N be the inward normal unit vector field of OM. Define b : T,0M x T,0M — R by

b(fa 77) = _<V§N7 77)

which is symmetric and B(&,n) := b(§,n)N is known as the second fundamental form of
OM . We assume that there is ¢ > 0 such that



d—1

Trb = > b(&.6) > —o(d—1), {&.}i) € O(OM), (1.5)

i.e., the mean curvature of dM is bounded below by —o(d — 1), where O(OM) is the
orthonormal frame bundle of OM. Moreover, we assume that there exists § € R such that

|Z] <. (1.6)
Finally, let £ > 0 be such that

Ric(X,X) > —k(d—1)|X]*, X e€TM. (1.7)
Our main result is the following.

Theorem 1.1. Assume that (1.5),(1.6) and (1.7) hold. Let ¢ := (d — 1)[o V Vk] 4 6. Let
P, be defined by (1.4). For any f € B (M) with || f|l« > 0, we have

VP flloo < ( 3) n V2 (14 42341 4 5/21/3) . VI + 2173 (1 + 42/3)
—— c

4+ —
flls 4 (mt) 2v/mt (1.8)
=C(t), t>0
Consequently,
(1 o
s O o ”

If, i particular, k = 0 =6 = 0, then

f ooV + 2173 (1 4 4%/%)
2Vt ’

As an application of Theorem 1.1, we have the following result on isoperimetric con-
stants.

VP flleo < t>0,f€B (M). (1.10)

Theorem 1.2. Let Z = VV for some V. € C*(M) and let pu(dz) = eV®dz, where dx
stands for the volume element. Assume (1.5),(1.6) and (1.7).
(1) Let M := M\ oM. If

A = inf{u(|VfP) : f e Co (M), u(f*) = 1} >0, (1.11)
then
. Ha(0A) 1 —e Mt 1—e!
=W 2 ey v 2 oy VA, (1.12)



where and in the sequel, A runs over all bounded smooth domains in M, and pg(0A) is the
area of the boundary of A induced by p. If in particular k = o =06 =0, then

2\/ 7T/\1 1—e™
K > sup .
V123 (1442/3) r>0 /T
(2) Assume that k = 0 = 6 = 0. If there exists p > 1 such that the following Nash inequality
holds

p(fAP < Cu(| )P u((VFP), f € CR(M), (1.13)
where C > 0 is a constant. Then
i inf —H2OA) 2PV 2n . (1.14)
A pu(A)e=-1/p (1+2Y3)Cp (14 42/3)(p + 1)p+D)/p

(3) In general, (1.13) implies

!/

Kk, := inf o (04) > p
» =R (A7) A {u(A)D7) = A0(D(1 + p/2)0R((Cp) v V]

Remark. By Cheeger’s inequality one has A\; > %2. Next, it is well-known that (see e.g.
Chavel (1984))

p(IF IO < (Y fl), f € CRo(a)

Then, letting u(|f|) = 1 and using Holder’s inequalities, we obtain

M(fZ) — M(|f|2/(p+1)|f|2p/(p+1)) < M((f2)p/(p—1)>(p—1)/(p+1)
V F2|)\ »/(p+1) 2 p/(p+1)
< (ML < (2 vy

Kp

Therefore, (1.13) holds for

c=2
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Theorem 1.2 contains certain converses of the above classical results.

Theorem 1.1 is proved in the next section by using the coupling method developed by
Kendall (1986) and Cranston (1991). To obtain a uniform gradient estimate, the key step is
to estimate the joint distribution of the coupling time and the hitting time to the boundary.
In section 3, we present two examples to show that any of conditions (1.5) and (1.6) can
not be dropped from Theorem 1.1. Finally, we prove Theorem 1.2 in section 4 following
Ledoux’s argument. An extension of Theorem 1.2 is also presented (see Proposition 4.1

below).



2 Proof of Theorem 1.1

The main idea of the proof comes from Cranston (1991) where Kendall’s coupling was
refined and applied to the gradient estimate of bounded harmonic functions. To derive
uniform estimates of type (1.2), we need to estimate the joint distribution of the coupling
time and the hitting times to the boundary.

Let (2f,y!)i>0 be a coupling of the L-diffusion processes starting from x and y respec-
tively with absorbing boundary OM. Let 7{ and 73 denote, respectively, the hitting times
to OM of af and y;{. For R > p(x,y), the Riemannian distance between z and y, we put

S =1inf{t > 0: p(af,y!) > R}, T :=inf{t >0:27 =y/}.

As usual, we let 27 and y; move together since the coupling time 7%V,

For simplicity, from now on we remove the superscripts from notations of processes and
stopping times, but it is important to keep in mind the dependence on the starting points
x and y.

For any ¢ > 0 and any ¢ € (0,1), we have

{T/\Tl/\TQSgt}C{TSTl/\TQ/\t}U{Tl/\TQSgt,TZTl/\TQ}
C{TSTl/\TQ/\t}U{TlS(Et)/\T,TQ>t}U{T2§(€t)AT,Tl>t}U{T1VT2§t}.

It is clear that when T" < 7y A 5 At one has , = 75 and x; = ¥, and when 7 V 75 <t one
has 1<} = lyy<ry = 0. We obtain, for f € B (M)

[Pef (@) = Pf ()] < Elf () 1ge<ny = F(50) Lgp<nl
< Hf”oo{P<T/\7'1 N Ty > 8t> —l—P(n <et AT, 17> t) —|—IP’<7'2 <etANT, 7 > t)}

< ||f||oo{IF’<T/\ TL N Ty > »st) —|—IP’<7'1 < et A Sg,m > t)

—f—P(TQSZEt/\SR,Tl>t>+P<T/\7'1/\TQZSR>}, R>p($,y)

Therefore, for || f]|e > 0

1/ lloo vz P(T,Y)

—f-P(TQSgt/\SR,Tl >t> —|—]P<T/\7'1/\TQZSR>}, R > 0.

{]P(T/\Tl N Ty > 6t> —HP’(ﬁ < et NSg, > t)
(2.1)

Thus, to derive upper bounds of —”V”If)t”f oo

volved in (2.1). To this end, we present the following three lemmas.

, we need to estimate those probabilities in-



Lemma 2.1. Let (r,);>0 be the one-dimensional diffusion process generated by a< +b( )i
where a > 0 is a constant and b € C'(R). Let 1o > 0 and 1o := inf{t > 0:r, = 0} Let

£(r) = /0 exp [— é/o b(t)dt} ds, reR,

c(u) :== — sup / b(s)ds, u > 0.

We have

. 1 ec(®)
P(T0>t>S§(T0)Sl£§0{@+\/ﬁ}, t>0.

Proof. 1t is easy to see that a&” + b¢’ = 0. Then, by Ito’s formula,

dé(ry) = v2a€'(r)dB; = V2a€ 0 71 (¢(r1))d By,

where (B});>0 is the one-dimensional Brownian motion. Hence (£(r))s>0 is the one-dimensional
diffusion process on (0, £(00)) generated by a(&' o E71)%(r )dr2 Next, let

1t ds IRV PAVERCS
T(t) := %/0 E o (L) = %/0 exp {5/0 b(r)dr} ds, t>0.

Then the time-changed Brownian motion Br-1( is also generated by a({ o 5_1)2(7’);—7"22.
Therefore, letting By = £(ry) and
=inf{t >0: B, =0}, o,:=inf{t >0: B, >¢&u)}, u>ry,
we obtain (see e.g. Karatzas and Shreve (1998) for the distribution of 7’)
P(ro > t) < P(T(7') > t,7 < 0,) + P(7' > 0,) < P(7' > 2ate ™) + P(7' > 0,,)
ro)ec(®) a
/ (ro)e(™) /v/2at 2, . £(ro)
T Ver §(u)
<&
=40 (\/mr &( ))
[

To study the hitting time of the L-diffusion process to M, we need to estimate Lpgays,
where pgys is the Riemannian distance function to the boundary. Let Cut(0M) denote the
set of focal cut points of OM (see e.g. Chavel (1984)). We will use the following Laplacian
comparison theorem due to Kasue (1982), see Appendix below for a complete proof.



Theorem 2.2. (Kasue (1982)) Let x ¢ OM U cut(OM), let I. : [0, pap(x)] — M be
the minimal geodesic linking OM and x. Assume (1.5) holds for some o € R. Let R €
C10, par(x)] be such that

Ric(lI',I')(s) > —(d —1)R(s), s € [0, pan(x)]. (2.2)
If h € C?[0, par ()] is a strictly positive function satisfying
W'+ Rh =0, h(0)=1, }'(0)> o, (2.3)
then

(d — DI (por ()
h(pou(x))

Lemma 2.3. Under conditions (1.5),(1.6) and (1.7), we have

Apor(z) <

Loon(z) <6+ (d—1)oVVE =1¢, x¢dMUcut(dM). (2.4)
Proof. For x ¢ OM U cut(OM), let I5; be in Theorem 2.2. Below we simply denote p =
pom (). Let

o
h(t) := cosh\/Et—i-—sinh\/Et, tel0,p.
(t) 7 [0, p]

One has
h"(t) — kh(t) =0, h(0)=1, h'(0) =0,
where \/LE sinh vkt :=t for k = 0. By Theorem 2.2,
(d— )[\/Esmh\/_pjtacosh \/_p]
Ap <
cosh vVkp + % smh Vkp
Then the proof is completed since <Vp, 7)< |Z] <o. O

< (d—=1)[o Vv Vi

To apply (2.1), we let (x4,y;) with (zg,y0) = (z,y) be the coupling by reflection of
the L-diffusion processes constructed by Kendall (1986) and Cranston(1991), which is a
diffusion process on M x M up to the time 7y A 7, (see Proposition 1 in Cranston (1991));
if one of the process first hits 9M before the coupling time, then let it stay at the hitting
point and let the other move independently. For this coupling we have (see e.g. Chen and
Wang (1994) and Wang (1994))

dp(xs, y:) < 2V2dB; + 2[(d — 1)Vk + 6]dt < 2v2dB, + 2cdt, t <7 A . (2.5)

Let



C eCS
Hi{(u) := inf + )
1( ) s>u{2(1 —6_65/2) 2\/57Tt}

c e2cs
Hy(u) := inf { + }, u > 0.
s>u | 1 —e¢cs (1 —¢e)mt

Lemma 2.4. For the above coupling we have

IP’(T AT ATy > 515) < Hi(p(z,y))p(z,y), (2.6)
P<ﬁ < (et) A Spy 7o > t) +P(TQ < (et) A Spy 11 > t) <2H,(R)plz,y),  (2.7)

cp(r,y)

P(T/\Tl/\TQ>SR) Sm

(2.8)

for any z,y € M, any t >0 and any R > p(x,y)

Proof. (a) Let (r¢)¢>0 solve the stochastic differential equation

dry = 2V2dB, + 2cdt, t> 0,10 = p(z,y).
Let 79 :=inf{t > 0 : r, = 0}, where B, is in (2.5). By (2.5) we have r; > p(z¢,y:) up to the

time 7, A 7. Then

]P(T/\Tl/\TQ Z&t) §P<7'028t>.

Since (1¢)>0 is generated by 4;—:2 + 2cL, (2.6) follows from Lemma 2.1.

(b) Kendall (1987) established Ito’s formula for the distance of the Brownian motion to
a fixed point in M. It is easy to see that his argument works also for the distance of the
L-diffusion process to OM. Then we have

dponr () = V2dB, + 1y, gcuonny Lpom (ye)dt — ALy, ¢ < 7,

where B, is a Brownian motion on R, and (L;);>o is an increasing process with support
contained by {t > 0 : y; € cut(OM)}. Since cut(9M) is a zero volume set so that the
Lebesgue measure of {t : y; € cut(0M)} is zero, it follows from Lemma 2.3 that

dporr (ye) < V2dBy +cdt, t <.

Letting a = 1 and b(r) = ¢, it follows from Lemma 2.1 and a comparison theorem that for
any y € M

P(ry > (1= <)1) < - Halponr(y))(1 — 7). (2.9)

Since when 71 < (et) A 79 A Sk one has



p8M<y7'1> S p(xTUyTl) - p(le/\TQ/\(Et)J yTl/\Tg/\(Et)> S R?

letting IP* stand for the distribution of the L-diffusion process starting from z for any z € M,
we obtain by (2.9) with y replaced by y,,

]P’(Tl S (€t) VAN SR, T2 > t) S ]El{TIS(Et)/\TQASR}PyTI <7_2 > (1 o €)t)
Hs(R
< — c(_)E(l — exXP[—CpP(Tr, Aryn(et)s yTlM?A(gt))]),

Next, it follows from (2.5) and Ito’s formula that

d(1 — e~y < ceme@u) f23/24 B, + 2edt — dedt} < ce™*9)2y/2d B,

Then

E(l - eXP[_CP(iUnATg/\(st)7ynAmA(st))]) <1- e P@y) < cp(x,y).

Thus, P(Tl < (et) A Sg, 12 > t) < Hy(R)p(x,y). Similarly, the same estimate holds by

exchanging 7 and 7. Therefore, (2.7) holds.
(c) Let (r¢)i>0 solve

dr, = 2v/2dB, + 2cdt, 1o = p(z, 7).
Let 7/ :=inf{t > 0: 7, =r},r > 0. We have r; > p(z,y;) up to time 73 A 7. Then

p(z,y)
—cr/2]d
P(T/\Tl ATy > SR> < P(ry > 71R) = ) = expl—er/2]dr < cp(a:,y]l 5

o exp[—cr/2]dr 2(1 — e~efi/2)

[
Proof of Theorem 1.1. Combining (2.1) with (2.6), (2.7) and (2.8), we obtain
% §H1(0)+2H2(R)+2(1_—Z_CR/2), R>0. (2.10)
It is easy to see that for r,¢ > 0, the minimum of the function
h(s) := ] _Te_rs + %62”, s >0,

is reached at s with €™ =1+ /rt/2. Then



_ V2c+ clemt)t N (V24 e(ert) V4?2 V2c N 3¢ N 1
 2(emt)VA Ay/emt C(emt)V4 4 2\/emt
Similarly, letting R = Llog[1 + y/c/2 ((1 — &)mt)"/*], one obtains

2v/2¢ 3c 1
(=i 2 " A= amt

Moreover, letting a := 1+ /c/2 ((1 — )7t)*/*, we have

H,(0)

Hy(R) = Hy(0) =

c B c 1+ a?)a
2(1 —ecR/2) — 2(1 —a~12)  2(a—1)
ca V2c
<——=ct+——"—r.
a—1 (1 —&)mt)1/4

Therefore, it follows from (2.10) that

vatfHoo § \/2_C 5\/2_0 1 2
o <4 * 4>C+ /A T (A=) avemt | Aot

Then (1.8) follows by taking e = (1+4%/3)~1. This choice of ¢ is optimal for the summation
of the last two terms and hence is optimal for small time. m

3 Examples

In this section we present two examples to show that conditions (1.5) and (1.6) are somehow
essential for the uniform gradient estimate (1.2).

Example 3.1. Let M = {(x,y) € R* : & > 0}. Consider L = A+aya%—bya%, where a, b > 0
are two constant. Then & = o =0 and (1.1) holds for some K > 0, but ||VF;1| = oo for
all ¢ > 0.

Proof. Tt suffices to prove that ||V P;1]|o = co. The proof consists of two steps.
(a) Let (z¢,y:) be the L-diffusion process starting from (x,y) € R% For r > 0, let
T, :={t > 0:y <r}. We intend to prove

lim inf P(7, >¢t) =1, ¢>0. (3.1)
y—00 T

Observing that one may let (x4, y;) solve the stochastic differential equation

10



dz; =+/2dB} +aydt, =z =z,
dy: = V2dB} — by dt, yo =y,

where B} and B? are two independent Brownian motions on R. Thus, the motion of y; does
not depend on that of z;, and (y;):>0 is a diffusion process generated by Lo := % — bydiy.
Then P(7, > t) is independent of z.

Obviously, P(7, > t) is increasing in y. So, if (3.1) does not hold, there exists € € (0, 1)
such that

P(r, >t) < lim P(7, >t) <e, yeR
y—o00

Thus, by the Markovian property,

P(r, > 2t) = Bl s nEY 1, oy <eP(r,. > 1) <&°, y€eR,

where for a point z € R, E* stands for the expectation taking w.r.t. the distribution of the
Lo-diffusion process starting from z. Similarly, one has

P(r, >nt) <e", n>1, yeR.

Then

ETT:/ P(r, > s)ds <t+ Y P(r, >nt) <t+» " <oo. (3.2)
0

n=1 n=1

On the other hand, letting
G(s) = / exp[u2/2]du/ exp[—t?/2]dt, s € R,
one has LyGG = —1. Thus, for N >y > r,

G(N)P<7_r > TN) = EG(yTr/\TN) = G(y) o E(Tr A TN)' (33)
Moreover, let F(s) := [ exp[t?/2]dt, s € R. We have LyF' = 0 and hence

F(y) = BF (yrnry) = [F(N) = F(r)[P(7, > 7v) + F(r).
Thus,

]P)(Tr > TN> =

Combining this with (3.3) we arrive at

11



G(N)[F(y) — F(r)]
F(N) = F(r)

E(r. ANmy) = G(y) —

By letting first N T oo then y 1 oo, and noting that G(N)/F(N) — 0 as N — oo, we

obtain

sup E7, = G(o0) = o0,
y

which is contradictory to (3.2).

(b) Let 7 := inf{t > 0 : 2 = 0}. For any r > 1, by (3.1) we may choose y > r such that

P(7, > t) > 1. We have, up to the time 7,,

dz, = V2dB! + ay,dt > V2dB} + radt.

Let (z}):>0 solve the equation

dv} = V2dB} +ardt, 1y =z,

and let 7/ := inf{t > 0: 2, = 0}. We have 2z} <z, for ¢t < 7,, and hence

Pl(z,y) :=P(r >t) >P(r A7 >1t) > P(T' A7 > 1)

1
=P(r' > t)P(1, > t) > §P(7'/ > 1),
where we have used the fact that (2}):>0 and (y;):>0 are independent. Since

d(1 — exp[—arz})) = ar exp|—arz}]v/2d B}

is a martingale up to the time 7, one has (note that z; = x)

1 — exp[—arz| = F(1 — exp[—ar,,.]) < P(7' > t).
Then

Pl(z,y)

P(r >t 1
|V P10 > limsup — Pr>4
z|0 xz

= lim sup > ST

z|0 x

Since r > 1 is arbitrary, we have |[VP1|o = o0.

]

Example 3.2. Let M = {x € R?: |z| > ¢}, where d > 2. For L = A we have k = § = 0

but lim._¢ ||VP1|e = 0.

12



Proof. Let (x4);>0 be the diffusion process generated by A with zg = z, |x| > . We have
d—1

| 4]

up to the time 7 := inf{t > 0: |z;| = ¢}. For d > 2, it is easy to check that (|z;|>~%);> is a
martingale up to 7, we have

|x\2*d = E\xwt|2*d > 827(1/1?(7' <1).

Then
cd—2
P(T>t>:1_P(T§t)Zl—W.
Thus,
¥Rl i (2 T S =

which goes to oo as € — 0. For d = 2, (— log |z¢|)¢>0 is a martingale up to 7 and hence the
above argument leads to
loge — logr 1

Pl > i = 0.
IVEL =00 (—logr)(r—e) e(—loge) Teeasem

4 Isoperimetric inequalities: proof of Theorem 1.2
Proof of Theorem 1.2. By (1.9) we have (see formula (6) in Ledoux (1994))

u(|f = Bif]) <20() (VEV ) u(VE]), t>0.

For bounded smooth domain A C M, let f =14. Since P, is symmetric, we obtain

201 (VEV )115(04) = 2u(A) - 2u(LuPL1) = 20(A) — (Pl )®)  (41)
for all ¢ > 0. If Ay > 0, we have pu((P214)?) < e *11(A)?. Then

A=At A1
k> L-e L (VA v,

su >
=S O(K. ko) (Vivi) — C()
If, in particular, & = § = 0 = 0, then (1.10) holds. According to Ledoux (1994) we have

ullf = Pofl) <4/ (L +213) fm L+ PV ), t> 0.

13



Thus,

(L4 213) [ (L4 825V (0A) = 2u(A) — 2u((Pyj21a)?), ¢ > 0.

Therefore,

2V 1—e™
K > sup .
V1 213(14+423) >0 /T
Then the proof of Theorem 1.2 (1) is completed.
To prove (2), we note that (1.13) implies

Cp\ p/4
—p> ,  t>0.

[Pl 1 ()220 < <2t
If k=6 =0=0, by (4.2) we obtain

(14 213) 7 (1 + 423 tps(0A) > 2u(A) — 2(%)”%(@?

For € € (0,1), putting t = %(”(A))z/p we arrive at

€

pa(0A) - 2¢/21 (1 — ¢)el/P
pu(A)P=D/p = m(l +42/3)\/C’_p'

Therefore, (1.14) follows by minimizing the right-hand side in e.
Finally, by (4.1) and (4.3) we have

2001tV VD)o (04) = u(A) — (S2)" (a2,

2t
Taking t = <2(u(A)/e)?? for e € (0,1) we obtain
/ (1 — 8)5 b
K, 2 sup = o12)/ .
«0.1) (Cp) V/Cp  AC(Q)(1+ p/2)@+2/P[(Cp) vV /T

(4.2)

(4.3)

]

Note that the Nash inequality is a special case of the following general functional in-

equality introduced in Wang (2000):

u(f?) <rp(IVFP) + B £ r>0, f€CRM),

(4.4)

where 3 : (0,00) — (0,00) is a decreasing function with G(04+) = oo and f(c0) = 0.
The following is an extension of Theorem 1.2, which follows from (1.10) and the proof of

Theorem 3.4 (2) in Wang (2000).
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Proposition 4.1. Assume that K > 0 and k > 6. Then (4.4) implies

e Ho(0A) VB (1/An(A)]) 2\/m
A u(A) ~ V(1 +215)log3 (1 +42/4)

5 Appendix: the proof of Theorem 2.2

Theorem 2.2 appeared as Lemma (2.8) in Kasue (1982) without proof, since he believed that
the proof is similar to that of his Lemma (2.5). As far as [ understand, his proof of Lemma
(2.5) is presented for the case where the reference submanifold is a point. It is nontrivial
to modify his proof for the case where the reference submanifold is a hypersurface, because
in this case one has to check the following initial condition of reference vector fields:

Sy X — VX € (T,,0M)", (5.1)

where [. is the minimal geodesic linking M and a point z € M, and Sy X is the projection
of =VxN to T};,0M (recall that N is the inward unit normal vector field of M, one has
Iy, = N(lp)). Since we do not find out any explicit proof of Theorem 2.2, it might be helpful
to include a complete proof below for readers’ reference.

Proof of Theorem 2.2. In the situation of Theorem 2.2, simply denote p = pgps(x). Let
{E;}4=! be parallel vector fields along . such that {E;(0)}{=3 € O, (0M) are eigenvectors
of Sy. Write

Sl()Ei:O'iEi ng—]_
Let g € C*(R) such that 0 < g < 1,¢(s) = 1 for s < 1 and g(s) = 0 for s > 2. For any
e € (0,p/2), let
hic(s) = (14 0:8)g(s/e) + h(s)(1 —g(s/e)), i<d—-1, s€]0,p]

Then it is easy to see that h;.E;/h(p) satisfies (5.1). Now, let J; be the OM-Jacobi field
(i.e. a Jacobi field along I. satisfying (5.1)) with J;(p) = E;(p). By the second variational
formula and the index inequality (see e.g. (1.1) in Kasue (1982)), we obtain

Ap =S 100 1)(p) < S 1haeFs/h(p), b o/ () ()

(5.2)

Il
>
—
o
s
L
—N—
—
N
=<
=
—
:—/
s>
—~
(@]
SN—
S~
_|._
o\
N
m
ST
(L)
—~
»
SN—
€
+
oy
PN
VA
S~—
S“
m
—~
V)
S~—
o
(oW
VA
——

1 g ()2 2 (7 7!
F i L ) = B Rie( L]
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where —R;(s) is the sectional curvature of the plane containing I, and FE;(s). It is easy to
see that

IS

-1 d—1

(S, Ei(0), Ei(0)) = — 3 b(E(0), E,(0)) < (d - 1)o. (5.3)

™

I
—
.
Il
—

(2

Next, by (2.2) and (2.3) we have

/:[h'(s)2 — Ric(l,,I))h(s)?]ds < /p(hh’)(s)ds = h(p)l (p) — h(2e)h'(2¢). (5.4)

€ 2¢e

Finally, since R;h; . is bounded on [0, p] and since for s € [0, 2¢] one has (recall that A(0) = 1)

1 (3)] = [ougts/) + LD 1 005 — his)] + 1 (5)(1 — gls/2))

el
&

<o, 2|0i|5+2€sup|h'|> +sup || < D

[0,p] [0,p]

for some constant D > 0 and all ¢ < d — 1, it follows that

ti 3 [ (60 + Ri(9hac(s s =0 (55

i=1
Therefore, substituting (5.3)—(5.5) into (5.2) and letting ¢ — 0 (recall that h(0) = 1 and
h'(0) > o), we finish the proof. O
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