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1. Retarded O-U Processes

Let H = H x L? = H x L*([—r,0]; H) and
L~27:o = L%,_-O(Q, F,P:'H) denote the family of all
Fivalued mappings ¢(w) = (do(w), é1(w)) de-
fined on (€2, F,P) such that both ¢g and ¢1(0)
are JFp-measurable for any 6 € [—r, 0] and sat-
isty

2 2 2
Ell6l13, = Ellgoll3; + Ellor]2, < oo.

We shall be concerned about the stochastic re-
tarded evolution equation on H,

dy(t) = [Ay<t>+ / : dn(0)y(0 + t)|dt + BdW (1),

—-r

£> 0.
y(0) = @0, yo = ¢1,
6 = (¢0,61) € L, (2, F, P, H),

(1.1)

where A generates some Cg-semigroup etA, B e
LK, H), W(t)isa K-valued Q-Wiener process
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on (2, F,P) and n is the Stieltjes measure given

by
m 0

() == X(—oo, —r(T)Ai = / Ag(0)do,
i=1 T

iHWhiChO<T1 < rg < --- <747n§f,a7 Az c
L(H), Ay(-) € L*([—r,0]; L(H)) and yo(6) =
y(0), 0 € |—r,0].



Definition 1.1. A stochastic processes y =
{y(t);t > —r} on (U, F,{Fi}i>0,P) is called
a mild solution of (1.1) if

(i) y(t, @) is adapted to Fy, t > 0, and the tra-
jectories of y(-, @) are almost surely Bochner
integrable such that for arbitrary ¢ > 0,

P{w ; /Ot ly ()% ds < oo} — 1,

(ii) for any ¢ > 0, we have

t 0
y(t) = etAgbo +/O elt—5)4 /_T dn(0)y(0 + s)ds

(1.2)

(i) y(0) = ¢, yo(-) = 1), ¢ = (dp, P1) €
L7 (O, F, P H).



For any t > 0, let

t
Qt—/O G(s)BQB*G*(s)ds

where GG(t) is the Green operator of (1.1). It was
shown [Liu (2006)] that for any ¢ = (¢q, ¢1) €
L%,_-O if for any ¢t > 0,

t
Tr [Q¢] = /O Tr [G(s)BQB*G(s)]ds < oo,
(1.3)

then there exists a unique mild solution (¢, ¢)

of (1.1).



2. Stationary Solutions

When ones try to investigate the stationary so-
lutions of stochastic retarded systems, one of
the major difficulties is that the solution, un-
like the systems without memory, would not be
Markovian any more.

Consequently, the important concepts of Marko-
vian transition functions, semigroups, invariant
measures etc. would not make sense for stochas-
tic retarded systems.

But we can still define stationary solutions.



Definition 2.1. A solution y = {y(t);t >
—r} of (1.1) is called strongly stationary, or
simply stationary, if the finite-dimensional dis-
tributions are invariant under time translations,
i.e.,

P{y(t+1t;) €Ty k=1, ,n}
=P{y(ty) €Ty, k=1,--- ,n}

for all t > 0, ¢, > —r and Borel sets I, €
BH),k=1,---,n.



We say that (1.1) has a stationary solution y if
there exists an initial ¢ = (¢, @1) € L-27:o such

that y(t,¢), t > 0, is a stationary solution of
(1.1) with y(0) = ¢o, yo = ¢1.

Definition 2.2. A stationary solution is said
to be uniquely determined it any two station-
ary solutions of (1.1) have the same finite di-
mensional distributions.



Existence of Stationary Solutions

In the sequel, we always suppose that the con-
dition (1.3) holds, i.e., for any ¢t > 0,

t
Tr Q4] = /O Tr [G(s)BQB*G*(s)]ds < oo,

which ensures the existence of mild solutions of

(1.1).

Theorem 2.1. For the equation (1.1), the
following (i), (ii), (iii) and (iv) are equiva-
lent:

(i) there exists a stationary mild solution y(t)

of (1.1);
(i1)

sup Tr|Qy]
>0

t
= sup/ Tr|G(s)BQB*G*(s)]ds < oo;
t>0J0
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(111) there exists a trace-class operator P in the
space L1 (H) of all symmetric nonnegative
operators on H, satisfying the Lyapunov
equation

2<PA*90(0>(3 p(0))
2P [ d©)0(6).000))

_, H
+{(BQB ¢(0),¢(0))g =0

for any ¢ € C(|—r,0]; H) with ©(0) €
D(A%);

(1v) the mild solution y(t,0) with null initial is
bounded in mean square.
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Uniqueness of Stationary Solutions

For each A € CL we define the densely defined
closed linear operator A(X, A, n) by

0
AN A n) = )\[—A—/ ewdn(ﬁ), AeCl

—7r

The retarded resolvent set p(A,n) is defined
as the set of all values X in C! for which the

operator A(A, A,n) has a bounded inverse on
H.

The retarded spectrum is defined to be

o(A,m) =C'\ p(A 7).

In particular, A € op(A,n), the retarded point
spectrum of (A, n), if and only if there exists a
nonzero x € D(A) such that

AN, A,n)x = 0.

The value A € op(A,n) is often called the char-
acteristic value of A(\, A, n).
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Let Lo(K, H) denote the space of all Hilbert-
Schmidt operators from K to H.

Theorem 2.2. If A generates a compact Cp-
SemMigroup etA, t >0,

ag=max{ReA: A€ op(A,n)} <0
and either
(1) TrQ) < oo, Be L(K,H), or
(2)Q =1, Be LK, H),
then

(a) there exists a unique stationary solution
y(t),t > —r, of (1.1) and it is a zero mean
Gaussian process with the covariance op-
erator K(-) given by

K(t) = /OOO G(t + s)BQB*G*(s)ds, t > 0;
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(b) let ¢ = (¢g, d1) € L%_-O be an initial process
and y(t, ) the corresponding solution, which

is monstationary in general, of (1.1), the
distribution of

{ylt+t1), -yt + 1)}

where n € N, 0 < t1 < t9 < -+ < tp,
are fized, tends fort — oo to a zero mean
normal distribution with covariance oper-

ator K = (K (t;,t;))1<i, j<n given by

O
K(ti,tj)—/o G(|ti—t;|+s)BQB*G™(s)ds;

(c) for any v € D(A), K(t)x € D(A) and
K (t)x 1s strongly differentiable such that
dK (t 0

dt( )x = AK(t)x + / dn(0)K (0 + t)z,

—r

for any t > 0.
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Examples

Consider the stochastic retarded partial differ-
ential equation

9, 0%y( .
ygf) =a a§2€ +Zazy —13,§) + b(§) Bt

t >0, £c (0,1),
y(t,0) =y(t,1) =0, ¢ >0
y<t7£> :Qﬁ(t,g), 0 S g S 17 —r S t S 07
where a > 0 and a; are real numbers, b(+), ©(t,-) €

L?(0,1) and By is a one dimensional real Brow-
nian motion.
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For the system it is easy to see that
op(A,1n)
m
= {)\ e Cl: A+ an’r’ — Zaie_)‘” = (
1=1

for some n =1, }

The condition ap < 0 in Theorem 2.2 is now

reduced to a verifiable one that

[ all Toots of the equations

has negative real parts.

It can be shown that this holds for all r; > 0 if
and only if

m

m
Z la;| < ar® and Zai < an’.
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