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A CENTRAL LIMIT THEOREM FOR SUPER-BROWNIAN
MOTION WITH SUPER-BROWNIAN IMMIGRATION!
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Abstract. We prove a central limit theorem for the super-Brownian motion
with immigration governed by another super-Brownian. The limit theorem
leads to Gaussian random fields in dimensions d > 3. For d = 3 the field is
spatially uniform; for d > 5 its covariance is given by the potential operator
of the underlying Brownian motion; and for d = 4 it involves a mixture of
the two kinds of fluctuations.
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Measure-valued branching processes with immigration (MBI-processes) have been con-
sidered by several authors; see e.g. [1, 3, 5, 6, 7]. A central limit theorem for super
Brownian motion with immigration was given in Li and Shiga [9], where the immigration
is governed by a deterministic measure; see also [8]. In the recurrent underlying motion
case, the Gaussian field obtained in [9] is spatially uniform. In the transient case, its
covariance kernel is given by the potential kernel of the underlying motion.

In this paper, we prove a central limit theorem for a super-Brownian motion with
immigration in a random medium. We consider the situation where the immigration
measure is given by the trajectory of another super-Brownian. We call the process un-
der consideration a super-Brownian motion with super-Brownian immigration (SBMSBI).
The investigation has been stimulated by the work of Dawson and Fleischmann [2], who
studied the super-Brownian motion with random branching mechanism governed by an-
other super-Brownian motion. We shall see that the randomization of the immigration
measure causes some changes in the asymptotic behavior of the immigration process. Our
limit theorem leads to Gaussian random fields for underlying dimension numbers d > 3.
For d = 3 the field is spatially uniform; for d > 5 its covariance is given by the potential
operator of the underlying Brownian motion; and for d = 4 it involves a mixture of the two
kinds of fluctuations, which seems to be a new phenomenon in the asymptotic behavior
of measure-valued processes.
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Let C(IR?) denote the space of continuous bounded functions on R?. We fix a con-
stant p > d and let ¢,(z) := (1 + |2[*)77/2 for x € R* and C,(R?) := {f € C(RR?) :
| f(x)| <comst-¢,(z)}. Let M,(IR?) be the space of Radon measures p on IR? such that
{, f) == [ f(x)u(dx) < oo for all f € C,(IR?). We endow M,(IR?) with the p-vague
topology, that is, uy — g if and only if {uy, f) — {(u, f) for all f € C,(IR?). Throughout
the paper, A denotes the Lebesgue measure on IR?.

Suppose that W = (w;, P,,) is a standard Brownian motion in IR? with semigroup
(P))t>0, where P, , denote the conditional law of {w; : ¢t > r} given w, = a. A super-
Brownian motion X = (X;,Q,,) is an M,(IR")-valued Markov process with transition
probabilities given by

Qﬁu eXp{_<Xt7 f>} = exp{—(p,v(r,t, )>}7 f € C;(Bd)v (1)

where v(+, -, ) is the unique solution of the evolution equation
t
v(r,t,a) = Prof(w) — / P, 0% (s, t,wy)ds, t>r>0. (2)

Let {g:(-) : t > 0} be a continuous C;- (IR")-valued path such that for each a > 0 there is
a constant C, > 0 such that ¢; < C,¢, for all t € [0,a]. The weighted occupation time of
the super-Brownian motion may be determined by

t
Qruexp { = [(Xgds ) = exp{—(uurt, )}, f € G (RY), (3
where v(-, -, ) is the unique solution of

t t
u(r,t,a) = / P, .9s(ws)ds —/ P, u*(s, t,wy)ds, t>1>0. (4)
See e.g. Dawson [1] or Iscoe [4].
Suppose that {v,,t > 0} is an M,(IR?)-valued continuous path. A super-Brownian
motion with immigration determined by {7, t > 0} is an M, (IR")-valued Markov process
X7 = (X/,Q7,) with transition probabilities given by

Ql,u exp{—(Xt”,f>} = exp{ - <Mav(r7t7 >> - /0t<7870<3>t7 )>d$}> f € O;_(Rd)’ (5)

where v(-, -, ) is given by (2); see e.g. Dawson [1], Dynkin [3] and Li [6].

Based on (3) and (5) it is not difficult to construct a probability space (€2, F, Q) on
which the processes {o; : t > 0} and {Y; : t > 0} are defined, where {g, : ¢ > 0} is a
super-Brownian motion with g9 = A, and given {g; : t > 0} the process {Y; : t > 0} is a
super-Brownian motion with immigration determined by {g; : t > 0} and Y, = 0. By (3)
and (5) we have

QeXp{_G/t, f>} = exp{—()\, U(O, t, )>} (6)



where u(+, -, -) is the solution of the equation
t t
u(r,t,a) = / P, v(s,t,ws)ds —/ P, u?(s,t,ws)ds, t>1r>0. (7)

The process {Y; : t > 0} is what we call an SBMSBI. Let S(IR%) be the space of rapidly
decreasing, infinitely differentiable functions on IR? whose all partial derivatives are also
rapidly decreasing, and let S'(IR?) be the dual space of S(IR?). We define the S'(IRY)-
valued process {Z; : t > 0} by

(Z, [) = aat) T [(Ye, f) =t )], f € S(RY), (8)
where ay(t) = t, as(t) = t3* and a4(t) = t'/? for d > 4. Then we have

Theorem 1. For d > 3, Z; converges in distribution to a centered Gaussian random
variable Z,, in S'(IR") with covariance

A )N g) /672,
Cov(Zu, [):(Zoo:9)) = § (N F)(X 9)/87° + (X, fGyg)/2,
(A fGyg)/2,

where G denotes the potential operator of the Brownian motion.
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An immediate consequence of Theorem 1 is the following
Corollary 2. For d > 3 we have t~'Y, — \ in probability.
Now we proceed to the proof of Theorem 1. We shall need the following two lemmas.

Lemma 3. For f € S(IRY)* let

Au(t, f) : /ds/dr/PHf

Then we have

| 0, d=23,
E&Ad(t’f)_{ N FGF)/2, d> 4

Proof. In this and the following proofs, C' will denote a constant which may take
different values in different lines. Then for any f € S(IRY)* we have

IRl < C-(LAs™2). (10)
It follows that

lim Ay(t, f) = Jim ¢ 2/ ds/ dr/Pf b))2db

= lim¢ 1/ dr/(Prf(b))%lb
< C-limt 1\ f)/o(l/\r_l)dr

= 0.



Similarly, one may check that lim; .., As(t, f) = 0. When d > 4, we use I'Hospital’s rule
to get

lim Aq(t,f) = lim t‘l/t ds/S dr/ (P, f(b))2db

t—o0

- / dr/Pf
— (N fGF)/2,

as desired. O

Lemma 4. For f € S(IRY)* let

Balt, f) = aq(t)2 /O O / (P f)dr))ds

Then we have

<>‘7 f>2/87T7 d= 27

. ) G fPerd? d=3,
B Ba(t ) =94 0\ Peere, d=4
0, d>5.

Proof. We first observe that
t
Bult.f) = ait) [ SO0 (P.f)ds

/ st/ / p(2s,y, z)dydz.
R? JR?

For d = 2 we may set s = t!™" to get

(y—=2)2

= f(y)f(2)dydz

(y—=2)2

= (47r)_1tlir£10 /01 t~*"logt dr /R4 efftli—rf(y)f(z)dydz
= (87N

Setting s = tr for d = 3 we get

t
lim By(t, f) = lim t*Z/ s%- (471'8)71618/ e
t—o00 1 R4

t—o0

t y—z)>
Yim By(t.f) = lim 12 [ (ams)2ds | e () ] (2)ddz
(w—2)°

1
= (47)7*? lim rl/QdT/ e
0 RS

t—oo

= (X f)?/127%2,

w f(y)f(z)dydz



Similarly, one can show lim;_,, By(t, f) = (A, f)?/1672. When d > 5 we have

t t
Ba(t, f) =7 [ SO (Pf)ds < C-M 0 f) [ 62+ (1ns~2)as,
0 0
which goes to zero as t — oco. O

Proof of Theorem 1. Let f; := aq(t)"'f. By (2), (7) and (8) we get the Laplace
functional

Qexp{—(Z, ) :exp{/otds/: dr/v(r,t,b)zdb+/()t ar [ulrt b)de} (11)

where v(-, -, -) and u(-, -, -) is the solution of (2) and (8), respectively, with f being replaced
by f;. By (2) we get

(P D) = @0 = 2P fid) [ Poslos, ) 0)ds
< 2P 40) [ P (P 0)ds
It follows that
[as [ar [P0 = (o0
< Q/tds/tdr/ {Pt_rft 0 /t Py Pt_hft)z)(b)dh]db
< Cay(t) /ds/ dr/ (P f(0))2db - aq(t) ™ Tt(l/\(t—h)d/z)dh
< Cay(t) )\f/ds/ LA (t—7)"2)dr - /Tt(lA(t—h)‘d/Q)dh,

where we have used (10) for two times. It is easy to check that the last value goes to zero
as t — oo if d > 3. Combining this with Lemma 3 we obtain

hm/ds/ ar [ v(r,t.0) db—{ O 1Ga /2. Z;i

On the other hand, observe that
(/ P, Sftdr>2 —u(s,t)? = [(/ P, Sﬁdr) — </St P._su(r, t)dr)?
K/S P,_svu(r, t)dr)2 — u(s,t)ﬂ.

By a similar deduction as the above we get

/Ot <)\, (/t Prsarftdr>2 _ (/t P u(r, t)dr>2>ds
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and

IA

/Ot </\72/: Py fedr /St Prs[/: Phr(Pthft>2dh]dT‘>dS

Cag(t)™ /Ot<)\, (/t Pt_sfdr>2>ds . /Ot(1 At — B)Y2)dh

IN

< Caut) [ = PN (=) s
< Caut) [ POA (=5 )ds,

/Ot <)\, (/st P._su(r, t)dr>2 — u(s, t)2>ds

/Ot<A,2/: Po_o(r, t)dr /: P u(ulr, t)Q)dr>ds
2/0t</\,/: P fudr /: PT_S{/: Ph_T(Pt_hft)dhrdr>ds
2a4(t) | t<)\, (=Pt [ ‘PP, f)?(t—r)dr>ds
< Cag(t)? /Ot<)\, (t—s)PtSf/:(l/\ (t—r)ld)dr>ds

< Cag®)™ [ NA (= 5) s,

t
0

IN

IN

IA

Both values go to zero as t — oo if d > 3. Then combining those with Lemma 4, we get

<)\7 f>2/].27'('3/2, d= 37

t
tlim/ dr/u(r,t,b)de: O, FY2/1672,  d =4, (12)
w0 0, d> 4.

Returning to (11) we obtain the desired result. O

References

1

Dawson, D.A. (1993), Measure-valued Markov processes, In: Lect. Notes. Math. 1541,
1-260. Springer-Verlag, Berlin.

Dawson, D.A. and Fleischmann, K. (1997), A continuous super-Brownian motion in a
super-Brownian medium. J. Th. Probab. 10 213-276.

Dynkin, E.B. (1991), Branching particle systems and superprocesses, Ann. Probab. 19,
1157-1194.

Iscoe, 1. (1986), A weighted occupation time for a class of measure-valued critical branching
Brownian motion, Probab. Th. Rel Fields 71, 85-116.

Konno, N. and Shiga, T. (1988), Stochastic partial differential equations for some measure-
valued diffusions, Probab. Th. Rel. Fields 79, 34-51.



Li, Z.H. (1992), Measure-valued branching processes with immigration, Stochastic Process.
Appl. 43, 249-264.

Li, Z.H. (1996), Immigration structures associated with Dawson-Watanabe superpro-
cesses, Stochastic Process. Appl. 62, 73-86.

Li, Z.H. (1999): Some central limit theorems for super Brownian motions, Act. Math.
Sci. (Ser. A), to appear.

Li, Z.H. and Shiga, T. (1995), Measure-valued branching diffusions: immigrations, excur-
sions and limit theorems, J. Math. Kyoto Univ. 35, 233-274.



