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x1 R  9 � R  9 #

L L � - } < ? ( � e ? ) h � < V K � N P � Z g 2 ( � y < ? @ � 0 � 1993)

h � z � Y ^ - � C E � K � F 7 � ] C � 7 �

� x � � D P $ ^ B X } ^ - W � 
 % S � y v ] U e } z ^ P

p
2 = 1:41421356� � �

� � = 3:14159265� � �. � S @ ] v W � ! ] v W # D e , p � G ( , x � � D � V P $

W i O � ^ e } 8 G � P W� � � �� # � W �

%  | Y � L X � x c � " � 0 & 7 ^ P g W $ � W x � � L d : 7 ^ P � 7 ^ P

g W $ � G � f p Z W ` n ^ � � y v M � R ` Y � G T d : y v N ) 7 f x � W y �

! < W � ; P �x � G �  | W ^ � W ` n �

� x W ^ - D l \ m ] W �

� O 1.1 [ W Z P � q P �u W Z P � q P * ' i � > | 7 ^ P �

7 ^ P (rational nuber) W � , v D � � a � P � D + D \raio" 
 � a � ( F L � $

F � 9 & 8 rational, f � M j . 8� 7 ^ � f � W 1 H � { - < I W [1](15 ' � \ o �

; P ").

• O ^ - 1.1 � y v % ^ B � z � + � � � P > | z ^ P � � M 2 v � \ z 7 ^ P +

D � z � + � � � P � � + � W � � y v W ^ - M 7 � f x � W � ^ � � M + 8 � t ^ - �

• s �+ D � z � + � � � P �W P 9 D : s P � �

y v \ � � ( � ( � L ] W x � � 5 N+ N ( � d [ Z P \ 8 W & � � 1 m 2 N+ ,

ak 2 f 0; 1; 2; 3; 4; 5; 6; 7; 8; 9g; k = 1; � � � ; m:

0 5 8 G e � y v � � % 0:a1; � � � ; am W P > | 7 � � P � ^ W ` D

a1

10
+ � � � +

am

10m
=

a1 � � � am

10m
:

y v � ] U �

1
3

= 0:333333� � � ; * � � ^ > | * 3 t � � @ W� z � � � � P � � 4 P

Y , } 0:_3. � x � � D P $ ^ B X } P W � � W �  S �+ � m 2 N+ e s M � 0:_3(&

M D

1
3) ` � 7 � � P

0:

m }

z }| {
3 � � � 3

M �f � � 7 � � P

0:

m }

z }| {
3 � � � 3 4
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� � X } ^ B D [ � W � % 
 � d : 0:_3 W X j B F ( � � � > � @ \ � M " ^ S d 7 ^

P g W � E W x � � � L y v M \ � O 7 ^ P g W $ � W ^ - � [ D 6 : y v � + R S

z � : s D z ^ P � & M D S � y v � * + Y [ ^ B \ z � + � � � P ", f � y v W ~

W M D % S � A : s D z ^ P � \ * y v � L b � L 7 ^ P W l r � S � �

� S ( S : s D 7 ^ P g �

1 A � B ` D + Y W & � ( 4 7 t \ & "). ' 7 ( } i O � > V d : A W  , ( }

A X ( 4 7 t \ A ") a, � V X } i O � 7 B h s ( ( } A X a0
; ^ d 2 � • s y v M S

X } i O D I A T B W 3 . � W 5 [ % ( } 1 w v } \ N ( 3 . � 1 T D & A T & B

W 3 . � a 2 A ( a } a M : A, 7 9 & � a 2 A � } A 3 a). � � V i O T, L B h •

} ; a d 2 W A a0
> } a L 3 . T � W � � , } T(a). 5 s � f T(a) : a 2 Ag ( A A

W ( � A W � W � d \ 8 W & � � 4 , t T(A), > } A L T � W � ( ! ` = ).

y v 5 Q N ( � d 7 ^ P \ 8 W & � �

� O 1.2 ( 7 ^ P g ) ' f D I N+ T Q W 3 . � O 7 f t P g � , | f = f f (n)g1
n=1 :

R � � & W 5 � ^ , � � % an ; bn X \ N ( f (n). & W * � P g S S \ � 8

(f (1); f (2); f (3); � � �):

p , � f W ` = f (N+ ) = f f (n) : n 2 N+ g ; P g f = f f (n)g1
n=1 D e � C � a % �

R f (n) � X : 1 9 � P g f = (1 ; 1; 1; � � �); Q f (N+ ) = f 1g D ( } b � P 1 t � A X W

P A X & �

� O 1.3( 7 ^ P g W $ � ) 1 f = f f (n)g1
n=1 D ( } 7 ^ P g �

(1) % 
 7 ( } 7 ^ P `, > V d :  , W k 2 N+ , w U V T nk 2 N+ , R n > n k

9 jf (n) � `j <
1
k

; • s � M S P g f G d T $ � `, , | lim
n!1

f (n) = `:

(2) % 
 d :  , W k 2 N+ , w U V T nk 2 N+ , > V R n > n k 9 f (n) > k , •

s � M S P g f h ) T $ � 1 ( a | [ z � ), , | lim
n!1

f (n) = 1 :

(3) % 
 d :  , W k 2 N+ , w U V T nk 2 N+ , > V R n > n k 9 f (n) < � k,

• s � M S P g f h ) T $ � �1 ( a | u z � ), , | lim
n!1

f (n) = �1 :

I ^ - 1.3 T T � f f (n)g1
n=1 G d T ` ; f f (n) � `g1

n=1 G d T 0 X 2 � & ; P g

fj f (n) � `jg1
n=1 G d T 0 X 2 �

S z ( � � 1 � �1 ` b D s � f + D P � Q t f m % � y v � ^ � d :  , W

P a,

�1 < a < 1 :
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! 1 u � P g f ng1
n=1 h ) T 1 .

! 2 1 q 2 Q; q > 0. P g f qng1
n=1 D y v L ] W � � ( ( � ( � ; � ( � W � )

t q W X � P g � � � �R q > 1 9

lim
n!1

qn = 1 :

f R 0 < q < 1 9

lim
n!1

qn = 0:

! 3 1 q 2 Q; 0 < q < 1. k sn =
nX

k=0

qk ; n 2 N+ : X } s � W , T D

nX

k=0

qk := 1 + q1 + � � � + qn :

y v 5 \:=" ( A X � 8 # W � $ D r � { # W s � W ^ - �

y v \ U 3 P g f sng1
n=1 W $ � � y v ] U �

sn =
1 � qn+1

1 � q
:

� �

0 <
1

1 � q
� sn =

qn+1

1 � q
; lim

n!1

1
1 � q

� sn = 0:

\ *

lim
n!1

sn =
1

1 � q
:

� O 1.4( " � g ) 1 f = f f (n)g1
n=1 D P g � % 
 d :  , W k 2 N+ , w U V T

nk 2 N+ , > V R m; n > n k 9 jf (m) � f (n)j <
1
k

; • s � M S P g f D " � g ( ! Cauchy

g ).(Cauchy, A.L., 1789|1857)

� � 1.1 G d P g " D " � g �

W 1 P g f G d T `. • s � + � k 2 N+ e M � w U V T nk 2 N+ , > V R n > n k

9 � jf (n) � `j <
1
2k

: : D �R m; n > n k 9 �

jf (m) � f (n)j < jf (m) � `j + j` � f (n)j <
1
k

:2

� O 1.5( t g ) 1 f � g ` D P g � g b � u � P ` �  | Q � ( d : ( � n 2 N+ ,

7 N+ 3 g(n) < g (n + 1) : • s �7 P g f f (g(n))g1
n=1 t f W t g � , ^ t f � g.
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i W Y S � t g M D I B P g h � < B R � � f @ z � e � \ 8 W P g �

� O 1.6 1 f � g ` D P g � % 
 lim
n!1

�
f (n) � g(n)

�
= 0 • s M S f � g X 2 �

� � � P g W X 2 � � P 7 k 2 � � d 7 � � C [ � � & M D S �  � P g f " ;

u * X 2 � ' f ; g X 2 � O g ; f X 2 � ' f ; g X 2 � � g ; h X 2 � O f ; h

X 2 �

� � 1.2 ' P g f 7 $ � `,( ` W * D 7 ^ P � W * D 1 & W * D �1 ), O  �

; ^ X 2 W P g & 7 $ � `.

^ ^ W \ z D 4 P W � m � �

� � 1.3 ' f D " � g � O ^ W t g ; ^ X 2 �

^ ^ W \ z D 4 P W � m � �

� � 1.4 ' f � g q ) G d T a � b, � c; d 2 Q, • s

lim
n!1

�
cf (n) + dg(n)

�
= ca+ db; lim

n!1

�
f (n)g(n)

�
= ab:

% 
 � ] b6= 0, • s

lim
n!1

f (n)
g(n)

=
a
b

:

p � 6 : b 6= 0, R n = q M 9 " 7 g(n)b > 0 8 b � \ *

f (n)
g(n) d : ( � M W n 7

^ - � • s � _ T ^ W $ � � w � � 7 � � > g(n) = 0 W m � + % �

^ ^ W \ z D 4 P W � m � �

z � y v � ^ � S ( } P g f f (n)g1
n=1 D 7 + C W � a W D J L ( } P a, > V d :

u } n 2 N+ ` 7 f (n) < a ; S ( } P g f f (n)g1
n=1 D 7 � C W � a W D J L ( } P b,

> V d : u } n 2 N+ ` 7 f (n) > b; S ( } P g f 7 C � a W D ^ - 7 + C 9 7 � C �

� � � $ � t 1 W P g z + C �f $ � t �1 W P g z � C � G d W P g D 7 C W ).
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x2 R  9 � G 9 � 4

� x y v I $ � W � \ d : 7 ^ P W 8 G + P e ( A � 4 7 t 8 G ( A � | ( }  

| W ` n �

� O 2.1 1 k 2 N+ ; ak 2 f 0; 1; � � � ; 9g; * � + � N e M �` J L k > N > V

ak < 9. 1 p 2 Z. 7 , �

p + 0:a1a2a3 � � � � � � (2:1)

t - � F 7 ( 4 7 t � P ), 7 p t ^ W Z - �

� O 2.2 1 p + 0:a1a2a3 � � � � � � D ( } 8 G � P � 4 , ^ t A. k

An = p + 0:a1 � � � an = p +
nX

k=1

ak

10k
n 2 N+ :

7 7 ^ P g

f Ang1
n=1 (2:2)

t S F 7 A � 
 
 7 " . ; ( } � P d X W P g > | � \ " .

' = 2.1 ' s g D " � g �

W 1 g = f p + f (n)g1
n=1 D ' s g � � h

f (n) = 0 :a1a2 � � � an ; n 2 N+ :

d :  ~ W k 2 N+ , R �; � 2 N+ � �; � > k 9 � � 7

jg(� ) � g(� )j = jf (� ) � f (� )j < 10� k <
1
k

:2

� O 2.3 1 m 2 N+ , a1; � � � ; am D m } + � t 9 W � ` : f 0; 1; � � � ; 9g W P v �

1 p 2 Z. � � P

p + 0:a1 � � � am a1 � � � am � � � � � � (2:3)

> | * a1 � � � am t � � @ W ( 8 G ) K � F 7 , 4 , ^ t

p + 0:_a1 � � � _am :

* P v 0 t � � @ W � P � m � � � � @ � M D Z ( : h S � W 7 � � P � % 0:2_0 = 0:2.

% 
 b1; � � � b� 2 f 0; 1; � � � ; 9g (� 2 N+ ), O & � � P

p + 0:b1 � � � b� a1 � � � ama1 � � � am � � � � � � (2:4)
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> | * a1 � � � am t � � @ W ( 8 G ) K � F 7 , 4 , ^ t

p + 0:b1 � � � b� _a1 � � � _am :

[ � ^ - 2.3, j ( } � � � P W * 7 + j W , i ( � + j W � � @ ). a % � P

0:01010101� � � � � �

- W * � 8 0:_0_1 & W * � 8 0:0_1_0. f � � 0:_2 � 0:_2_2 ( A j ( } P � Q z n % � � P

} P v 9 + W * D � � @ �

1 f Ang1
n=1 D ; � P (2.3) d X W P g � • s ^ W Z mn � t

Amn = p + (0 :a1 � � � am )(
n� 1X

k=0

1
10mk

):

I f �• O Z ( : a 3 ` n � W C ; � 7 ^ P g f Ang1
n=1 G d T � O $ � �

lim
n!1

An = lim
n!1

Amn = p +
0:a1 � � � am

1 � 1
10m

2 Q: (2:30)

j ^ � ; � P (2.4) d X W P g G d T

p + 0:b1 � � � b� +
0:a1 � � � am

(1 � 1
10m )10�

2 Q: (2:40)

� O 2.4 � � � � P (2.3) � (2.4) q ) > | ^ v \ d X W 7 ^ P g ( ' s g ) W $

� (2.30) � (2.40) W � P ( A �

' = 2.2 + j W � � � P \ ( A W 7 ^ P D + j W �

W 1 p + 0:c1c2c3 � � � � � � � q+ 0:d1d2d3 � � � � � � D e } ( � % (2.3) ! (2.4) W ) + j

W � � � P � f Cng1
n=1 � f Dng1

n=1 q ) D ; ^ v d X W 7 ^ P g �

% 
 p 6= q, z n ! t p > q, • s � y v W * U T | k 2 N+ k > 2 > V dk < 9. :

D R n > k 9 �

Cn � p; Dn � q+ 0:9� � � 9(dk + 1) � q+
10k � 1

10k
:

• s �R n > k 9

Cn � Dn � p � q � 1 +
1

10k
�

1
10k

:

I f

lim
n!1

Cn � lim
n!1

Dn +
1

10k
:
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1 p = q. • s J L ( } u � P `, > V c̀ 6= d` , � R u � P j < ` 9 cj = dj . z n !

t c̀ > d ` . • s � y v W * U T | k 2 N+ k > ` > V dk < 9. : D R n > k 9 �

Cn � p + 0:c1 � � � c̀ � � � ck ; Dn � p + 0:d1 � � � d` � � � (dk + 1) :

• s �R n > k 9

Cn � Dn �
1

10k
:

I f

lim
n!1

Cn � lim
n!1

Dn +
1

10k
:

\ ! � 2

I j ( m x \ S � y v 7 � O { c �

' = 2.3  , ( } 7 ^ P ` W * ( A 8 � % (2.3) ! (2.4) W 8 G � � � P �

W y v b � \ z u } [ W Y q P ` W * ( A 8 � % (2.3) ! (2.4) W 8 G � � �

P �

1 r = m
n D ( F q P � m; n 2 N+ ; m < n . • s �J L r1; m1 2 Z+ , q x

10m = r1n + m1 0 � r1 � 9; 0 � m1 < n:

j ^ �J L r2; m2 2 Z+ , q x

10m1 = r2n + m2 0 � r2 � 9; 0 � m2 < n:

. � � � � ( � Y V T r k ; mk 2 Z+ k 2 N+ , q x

10mk = r k+1 n + mk+1 0 � r k+1 � 9; 0 � mk+1 < n:

6 : 0 � mk < n , \ * L m1; � � � ; mn+1 X n + 1 } � : n W o u Z P h � c , 7 e } D

	 X W � & M D S � ( ^ J L ( } � 2 N+ ; � � n, > V m� +1 ; m1; � � � ; m� h W ( } P

	 j � 1 X } P D m� (� 2 f 1; � � � ; � g, * � o m1; � � � ; m� e e + j � : D y v V T

10� m = 10� � 1r1n + 10� � 1m1

= 10� � 1r1n + 10� � 2r2n + 10� � 2m2

= 10� � 1r1n + 10� � 2r2n + � � � + 10� � � r � n + m� :

6 G W 7

m
n

= 0:r1 � � � r � +
m�

10� n
: (2:5)
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y v ] U

10m� = r � +1 n + m� +1 ;

10m� +1 = r � +2 n + m� +2 ;
...

10m� = r � +1 n + m� +1 :

� � + 1 � � , } p, � r � + j , } aj , j = 1; � � � ; p. • s �

10pm� = 10p� 1a1n + � � � + 100apn + m� +1 :

& M D S

m�

n
= 0:a1 � � � ap +

m� +1

10pn
:

t 4 P �� � P 0:a1 � � � ap , } a. p , T m� = m� +1 , y v V T

m�

n
= a +

m�

n
1

10p
:

I f

m�

n
=

a
1 � 1

10p

: (2:6)

6 : m� < n , \ * a < 1 � 1
10p = 0:9� � � 9. X ( z � a1; � � � ; ap + W � � D 9. y v T T

m �

n D * a1 � � � ap t � � @ W 8 G � � � P �

� (2.6) N & (2.5) V

m
n

= 0:r1 � � � r � +
1

10�

a
1 � 1

10p

: (2:7)

• O (2.40), y v T T � 7 ^ P

m
n D * a1 � � � ap t � � @ W 8 G � � � P � 2

� { c 2.2 � { c 2.3 � � \ M V T � O ^ ^ �

� � ( � ^ - 2.4) u } 7 ^ P ` 7 s ( ( } � � � P t � ( A � u } � � � P & `

( A ( } 7 ^ P �

� G ^ ^ � y v � 7 ^ P ; � � P ( A X j T O � a % � ' a 2 Q, a W � P ( A D

p + 0:a1a2a3 � � � � � � , • s y v ,

a = p + 0:a1a2a3 � � � � � � : (2:8)

X ; y v L ? ) h � � � W ] < D ( $ W � � f � y v � L W ! < b z f ( , � / t y

v ] U f � � � � P \ ( A W 7 ^ P � D ; X } � � � P d X W ' s g W $ � � * � y

v � ; ( } 7 ^ P W � P ( A d X W ' s g � & > | ; X } 7 ^ P d X W ' s g �

9



1 (2.8) D 7 ^ P ( ( � � � P ). � ; ^ d X W ' s g , | f = f f (n)g1
n=1 . • s � f

D ( } P ] Q W P g ( ( � � + M : � � W P g ), * � d :  , W m; n 2 N+ , R m > n

9 �

f (n) � f (m) � f (n) +
1

10n
:

k m ! 1 , V T

f (n) � a = lim
m!1

f (m) � f (n) +
1
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p
2 + D 7 ^ P �

y v N M � � H � + Y
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y v W * � f + N Y Y @

p
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3 � � � : 6 : bn
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k+1 hn

k+2 � � � :
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R 0:q1q2q3 � � � + * 9 t � � @ 9 � u D ' s g �

' 0:q1q2q3 � � � * 9 t � � @ � O 7 e j W � � � ( D \ 7 W qk � - t 9, X 9 y v
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(a) f f (n) + g(n)g1
n=1 , f f (n)g(n)g1

n=1 � f� f (n)g1
n=1 ` D " � g �
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 J L N 2 N+ > V R n > N 9 � f (n) 6= 0, • s
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1
f

.

� ^

1
~f

=
g� 1
f

�
:

12



� O 3.3 ( ; P W M � ) ~ ^ ; P r = p + 0:a1a2a3 � � �, � h p 2 Z. % 
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u f ang1
n=1 y � d w { k � a y � d w { � t f c � s e b " > 0, � � a ` N 2 N+ ,

x a � � n > N (n 2 N+ ) h � jan � aj < "; n m h } { k f ang1
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n!1
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� � (
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n!1
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9
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n=1 D R h W " � g �� ; P f (n) � 8 8 G � P

f (n) = mn + 0:an
1an

2an
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= q " % g 8 D � ^ W - q � P g f sng1
n=1 D " � g � & M D S � 8" > 0 9 N 2 N+ >
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