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§1 R 9�R 9#LL�-}<?(�e?)h�<VK�NP�Zg2 ( �y<?��0� 1993)h�z�Y^-� CE�K�F7�℄C�7��x��DP$^BX}^-W�
%S�yv℄Ue}z^P √
2 = 1.41421356 · · ·� π = 3.14159265 · · ·. �S�℄vW�!℄vW#De,p�G(,x��D�VP$WiO�^e}8G�PW�����#�W�% |Y�LX�x
�"�0&7^PgW$�Wx�ÆLd:7^P�7^PgW$�G�fpZW`n^��yvM�R`Y�GTd:yvN)7fx�Wy�!<W�;P�x�G� |W^�W`n��xW^-Dl\m℄WÆÆO 1.1 [WZP�qP�uWZP�qP*'i�>|7^PÆ7^P (rational nuber) W�,vD��a�PÆD+D “raio”
�a�(FL�$F�9&8 rational, f�Mj.8�7^�f�W1H�{-<IW [1](15 '� “o�;P”).�O^- 1.1 �yv%^B�z�+���P>|z^P��M2v�\z7^P+D�z�+���P�Æ+�W��yvW^-M7�fx�W�^��M+8�t^-Æ�s�+D�z�+���P�WP9D:sP��yv\��(�(�L℄Wx�Æ5 N+ N(�d[ZP\8W&�Æ1 m ∈ N+,

ak ∈ {0, 1, 2, 3, 4, 5, 6, 7, 8, 9}, k = 1, · · · , m.058Ge�yv��% 0.a1, · · · , am WP>|7��P�^W`D
a1

10
+ · · ·+ am

10m
=

a1 · · ·am

10m
.yv�℄U� 1

3
= 0.333333 · · · , *��^>|* 3 t���W�z����P��4PY,} 0.3̇. �x��DP$^BX}PW��W� S�+� m ∈ N+ esM� 0.3̇(&MD 1

3
) `�7��P

0.

m}︷ ︸︸ ︷
3 · · ·3M�f��7��P

0.

m}︷ ︸︸ ︷
3 · · ·3 4
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�ÆX}^BD[�WÆ%
�d: 0.3̇ WXjBF(���>��\�M"^Sd7^PgW �E Wx�Æ�LyvM\�O7^PgW$�W^-Æ[D6:yv�+RSz�:sDz^P�&MDS�yv�*+Y[^B “z�+���P”, f�yvW~WMD%S�A:sDz^P�\*yv�Lb�L7^PWlr�S�Æ�S(S:sD7^PgÆ1 A � B `D+YW&� (47t “&”). '7(}iO�>Vd: A W ,(}AX (47t “A”)a, �VX}iO�7 B hs((}AX a′ ;^d2��syvMSX}iODI A T B W3.ÆW5[%(}1wv}\N(3.Æ1 T D& A T& BW3.� a ∈ A (a} a M: A, 79&� a ∈ A �} A ∋ a). ��ViO T , L B h�}; a d2WA a′ >} a L3. T �W��,} T (a). 5s� {T (a) : a ∈ A} (A AW(�AW�W�d\8W&��4,t T (A), >} A L T �W� (!`=).yv5 Q N(�d7^P\8W&��ÆO 1.2 (7^Pg) ' f DI N+TQW3.�O7 f tPg�,| f = {f(n)}∞n=1.R��&W5�^,��% an, bn X\N( f(n). &W*�PgSS\�8
(f(1), f(2), f(3), · · ·).p,�f W`= f(N+) = {f(n) : n ∈ N+} ;Pg f = {f(n)}∞n=1 De�CÆa%�R f(n) �X: 1 9�Pg f = (1, 1, 1, · · ·), Q f(N+) = {1} D(}b�P 1 t�AXWPAX&ÆÆO 1.3(7^PgW$�) 1 f = {f(n)}∞n=1 D(}7^PgÆ

(1) %
7(}7^P ℓ, >Vd: ,W k ∈ N+, wUVT nk ∈ N+, R n > nk9 |f(n) − ℓ| <
1

k
, �s�MSPg f GdT$� ℓ, ,| lim

n→∞

f(n) = ℓ.

(2) %
d: ,W k ∈ N+, wUVT nk ∈ N+, >VR n > nk 9 f(n) > k, �s�MSPg f h)T$� ∞(a|[z�), ,| lim
n→∞

f(n) = ∞.

(3) %
d: ,W k ∈ N+, wUVT nk ∈ N+, >VR n > nk 9 f(n) < −k,�s�MSPg f h)T$� −∞(a|uz�), ,| lim
n→∞

f(n) = −∞.I^- 1.3 TT� {f(n)}∞n=1 GdT ℓ ; {f(n) − ℓ}∞n=1 GdT 0 X2�&;Pg
{|f(n) − ℓ|}∞n=1 GdT 0 X2ÆSz(�� ∞ � −∞ `bDs�f+DPÆQtfm%�yv�^�d: ,WP a,

−∞ < a < ∞.
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! 1 u�Pg {n}∞n=1 h)T ∞.! 2 1 q ∈ Q, q > 0. Pg {qn}∞n=1 DyvL℄W�� ((�(�;�(�W�)t q WX�PgÆ���R q > 1 9
lim

n→∞

qn = ∞.fR 0 < q < 1 9
lim

n→∞

qn = 0.! 3 1 q ∈ Q, 0 < q < 1. k sn =
n∑

k=0

qk, n ∈ N+. X}s�W,TD
n∑

k=0

qk := 1 + q1 + · · ·+ qn.yv5 “:=” (AX�8#W�$Dr�{#Ws�W^-Æyv\U3Pg {sn}∞n=1 W$�Æyv℄U�
sn =

1 − qn+1

1 − q
.��

0 <
1

1 − q
− sn =

qn+1

1 − q
, lim

n→∞

1

1 − q
− sn = 0.\*

lim
n→∞

sn =
1

1 − q
.ÆO 1.4("�g) 1 f = {f(n)}∞n=1 DPgÆ%
d: ,W k ∈ N+, wUVT

nk ∈ N+,>VR m, n > nk 9 |f(m) − f(n)| <
1

k
,�s�MSPg f D"�g (! Cauchyg).(Cauchy, A.L., 1789—1857)Æ� 1.1 GdPg"D"�gÆW 1Pg f GdT ℓ. �s�+� k ∈ N+ eM�wUVT nk ∈ N+, >VR n > nk9� |f(n) − ℓ| <

1

2k
. :D�R m, n > nk 9�
|f(m) − f(n)| < |f(m) − ℓ| + |ℓ − f(n)| <

1

k
.2ÆO 1.5(tg) 1 f � g `DPg�g b�u�P`� |Q�(d:(� n ∈ N+,7 N+ ∋ g(n) < g(n + 1). �s�7Pg {f(g(n))}∞n=1 t f Wtg�,^t f ◦ g.
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iWYS�tgMDIBPgh�<BR��f�z�e�\8WPgÆÆO 1.6 1 f � g `DPgÆ%
 lim
n→∞

(
f(n) − g(n)

)
= 0 �sMS f � g X2Æ���PgWX2��P7k2��d7��C[�Æ&MDS� �Pg f ";u*X2�' f ; g X2�O g ; f X2�' f ; g X2�� g ; h X2�O f ; hX2ÆÆ� 1.2 'Pg f 7$� ℓ,( ℓ W*D7^P�W*D ∞ &W*D −∞), O �;^X2WPg&7$� ℓ.^^W\zD4PW�m�ÆÆ� 1.3 ' f D"�g�O^Wtg;^X2Æ^^W\zD4PW�m�ÆÆ� 1.4 ' f � g q)GdT a � b, � c, d ∈ Q, �s

lim
n→∞

(
cf(n) + dg(n)

)
= ca + db, lim

n→∞

(
f(n)g(n)

)
= ab.%
�℄ b 6= 0, �s

lim
n→∞

f(n)

g(n)
=

a

b
.pÆ 6: b 6= 0, R n =qM9"7 g(n)b > 0 8b�\* f(n)

g(n)
d:(�MW n 7^-Æ�s�_T^W$��w��7��> g(n) = 0 Wm�+%Æ^^W\zD4PW�m�Æz�yv�^�S(}Pg {f(n)}∞n=1 D7+CW�aWDJL(}P a, >Vd:u} n ∈ N+ `7 f(n) < a; S(}Pg {f(n)}∞n=1 D7�CW�aWDJL(}P b,>Vd:u} n ∈ N+ `7 f(n) > b; S(}Pg f 7C�aWD^-7+C97�CÆ���$�t ∞ WPgz+C�f$�t −∞ WPgz�CÆGdWPgD7CW).
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§2 R 9�G9�4�xyvI$�W�\d:7^PW8G+Pe(A�47t8G(A�|(} |W`nÆÆO 2.1 1 k ∈ N+, ak ∈ {0, 1, · · · , 9}, *�+� N eM�`JL k > N >V
ak < 9. 1 p ∈ Z. 7,�

p + 0.a1a2a3 · · · · · · (2.1)t -�F7(47t�P), 7 p t^WZ-ÆÆO 2.2 1 p + 0.a1a2a3 · · · · · · D(}8G�P�4,^t A. k
An = p + 0.a1 · · ·an = p +

n∑

k=1

ak

10k
n ∈ N+.77^Pg

{An}∞n=1 (2.2)t SF7 A �

7". ;(}�PdXWPg>| �\".'= 2.1 'sgD"�gÆW 1 g = {p + f(n)}∞n=1 D'sg��h
f(n) = 0.a1a2 · · ·an, n ∈ N+.d: ~W k ∈ N+, R µ, ν ∈ N+ � µ, ν > k 9��7

|g(µ) − g(ν)| = |f(µ) − f(ν)| < 10−k <
1

k
.2ÆO 2.3 1 m ∈ N+, a1, · · · , am D m }+�t 9 W�`: {0, 1, · · · , 9} WPvÆ1 p ∈ Z. ��P

p + 0.a1 · · ·ama1 · · ·am · · · · · · (2.3)>|* a1 · · ·am t���W (8G)K�F7, 4,^t
p + 0.ȧ1 · · · ȧm.*Pv 0 t���W�P�m������MDZ(:hSÆW7��P�% 0.20̇ = 0.2.%
 b1, · · · bµ ∈ {0, 1, · · · , 9} (µ ∈ N+), O&��P

p + 0.b1 · · · bµa1 · · ·ama1 · · ·am · · · · · · (2.4)
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>|* a1 · · ·am t���W (8G)K�F7, 4,^t
p + 0.b1 · · · bµȧ1 · · · ȧm.[ �^- 2.3, j(}���PW*7+jW,i (�+jW���). a%�P

0.01010101 · · · · · ·-W*�8 0.0̇1̇ &W*�8 0.01̇0̇. f�� 0.2̇ � 0.2̇2̇ (Aj(}PÆQzn%��P}Pv 9 +W*D���Æ1 {An}∞n=1 D;�P (2.3) dXWPgÆ�s^WZ mn �t
Amn = p + (0.a1 · · ·am)(

n−1∑

k=0

1

10mk
).If��OZ(:a 3 `nÆWC;�7^Pg {An}∞n=1 GdT�O$��

lim
n→∞

An = lim
n→∞

Amn = p +
0.a1 · · ·am

1 − 1
10m

∈ Q. (2.3′)j^�;�P (2.4) dXWPgGdT
p + 0.b1 · · · bµ +

0.a1 · · ·am

(1 − 1
10m )10µ

∈ Q. (2.4′)ÆO 2.4 ����P (2.3) � (2.4) q)>|^v\dXW7^Pg ('sg) W$� (2.3′) � (2.4′) W�P(AÆ'= 2.2 +jW���P\(AW7^PD+jWÆW 1 p + 0.c1c2c3 · · · · · · � q + 0.d1d2d3 · · · · · · De} (�% (2.3) ! (2.4) W) +jW���P� {Cn}∞n=1 � {Dn}∞n=1 q)D;^vdXW7^PgÆ%
 p 6= q, zn!t p > q, �s�yvW*UT| k ∈ N+ k > 2 >V dk < 9. :DR n > k 9�
Cn ≥ p, Dn ≤ q + 0.9 · · ·9(dk + 1) ≤ q +

10k − 1

10k
.�s�R n > k 9

Cn − Dn ≥ p − q − 1 +
1

10k
≥ 1

10k
.If

lim
n→∞

Cn ≥ lim
n→∞

Dn +
1

10k
.
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1 p = q. �sJL(}u�P ℓ, >V cℓ 6= dℓ, �Ru�P j < ℓ 9 cj = dj. zn!t cℓ > dℓ. �s�yvW*UT| k ∈ N+ k > ℓ >V dk < 9. :DR n > k 9�
Cn ≥ p + 0.c1 · · · cℓ · · · ck, Dn ≤ p + 0.d1 · · · dℓ · · · (dk + 1).�s�R n > k 9

Cn − Dn ≥ 1

10k
.If

lim
n→∞

Cn ≥ lim
n→∞

Dn +
1

10k
.\!Æ 2Ij(mx\S�yv7�O{
Æ'= 2.3  ,(}7^P`W*(A8�% (2.3) ! (2.4) W8G���PÆW yvb�\zu}[WYqP`W*(A8�% (2.3) ! (2.4) W8G���PÆ1 r = m

n
D(FqP� m, n ∈ N+, m < n. �s�JL r1, m1 ∈ Z+, qx

10m = r1n + m1 0 ≤ r1 ≤ 9, 0 ≤ m1 < n.j^�JL r2, m2 ∈ Z+, qx
10m1 = r2n + m2 0 ≤ r2 ≤ 9, 0 ≤ m2 < n..����(�YVT rk, mk ∈ Z+ k ∈ N+, qx

10mk = rk+1n + mk+1 0 ≤ rk+1 ≤ 9, 0 ≤ mk+1 < n.6: 0 ≤ mk < n, \*L m1, · · · , mn+1 X n + 1 }�: n WouZPh�
,7e}D	XWÆ&MDS�(^JL(} ν ∈ N+, ν ≤ n, >V mν+1 ; m1, · · · , mν hW(}P	j�1X}PD mµ (µ ∈ {1, · · · , ν}, *�o m1, · · · , mν ee+jÆ:DyvVT
10µm = 10µ−1r1n + 10µ−1m1

= 10µ−1r1n + 10µ−2r2n + 10µ−2m2

= 10µ−1r1n + 10µ−2r2n + · · ·+ 10µ−µrµn + mµ.6GW7
m

n
= 0.r1 · · · rµ +

mµ

10µn
. (2.5)
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yv℄U
10mµ = rµ+1n + mµ+1,

10mµ+1 = rµ+2n + mµ+2,

...

10mν = rν+1n + mν+1.� ν + 1 − µ ,} p, � rµ+j ,} aj , j = 1, · · · , p. �s�
10pmµ = 10p−1a1n + · · ·+ 100apn + mν+1.&MDS

mµ

n
= 0.a1 · · ·ap +

mν+1

10pn
.t4P���P 0.a1 · · ·ap ,} a. p,T mµ = mν+1, yvVT

mµ

n
= a +

mµ

n

1

10p
.If

mµ

n
=

a

1 − 1
10p

. (2.6)6: mµ < n, \* a < 1 − 1
10p = 0.9 · · ·9. X(z� a1, · · · , ap +W��D 9. yvTT

mµ

n
D* a1 · · ·ap t���W8G���PÆ� (2.6) N& (2.5) V

m

n
= 0.r1 · · · rµ +

1

10µ

a

1 − 1
10p

. (2.7)�O (2.4′), yvTT�7^P m
n
D* a1 · · ·ap t���W8G���PÆ 2�{
 2.2 �{
 2.3 ��\MVT�O^^ÆÆ� (�^- 2.4) u}7^P`7s((}���Pt�(A�u}���P&`(A(}7^PÆ�G^^�yv�7^P;��P(AXjTOÆa%�' a ∈ Q, a W�P(AD

p + 0.a1a2a3 · · · · · ·, �syv,
a = p + 0.a1a2a3 · · · · · · . (2.8)X;yvL?)h��ÆW℄<D($WÆ�f�yv�LW!<bzf(,�/tyv℄Uf����P\(AW7^P�D;X}���PdXW'sgW$�Æ*�yv�;(}7^PW�P(AdXW'sg�&>|;X}7^PdXW'sgÆ
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1 (2.8) D7^P ((���P). �;^dXW'sg,| f = {f(n)}∞n=1. �s� fD(}P℄QWPg ((��+M:��WPg), *�d: ,W m, n ∈ N+, R m > n9�
f(n) ≤ f(m) ≤ f(n) +

1

10n
.k m → ∞, VT

f(n) ≤ a = lim
m→∞

f(m) ≤ f(n) +
1

10n
. (2.9)X}�t~�f7^P�;^dXW'sgWZ n �W�4Æ

§3 29�.�Y�4">5�	fW8Ge+Pi (Z�gGe�4P).yv℄U�#5t 1 W[m�Wd;�W5b √
2 +D7^PÆyvNM�ÆH�+Y √

2 WS�miÆX}YiWB^D��
(10a + b)2 = 100a2 + 20ab + b2.yvW*�f+NYY� √
2 WJ�T�P\�Z|vW�PHV`�(

1.41421 <
√

2 < 1.41422.IBO+\S�yvW*iÆHY�J�bbzT�P\� ,WvPÆ&MDS�yvW*YV(}'sg�̂ W$�MD √
2. �Q�S�yvW*VT √

2 W�P(A (M� §2 ^- 2.4 �^W�$), R��X}�P+D���PÆ+ObD58G�P(Az^PW(}aaÆ�Lyv[�0&;PW^-ÆÆO 3.1(;P) ^- 2.1 hW8G�P>| 07. �d;P\8W&�,| R. ;PhW+���P (7^- 2.3) >| C�7. %
 {f(n)}∞n=1 D(}'sg�yvM�;^dXW;P,} f̃ .L §2 h�yv)TT�(}���P;^\(AW7^PDXjWÆ\*L^- 3.1h+"K�^7^PÆX}^-;yvL�TSl\SW�?hg�)WX�h�OÆWD($WÆQ*�yv+℄U� M�-�F7:�3
07�(5SU�F7�

�\"
�EÆL
§2 hyv)d:���P\zfX(\ÆIf>Vyvd:7^PW�P(AW!<�7f(}�fWbzÆ�LyvxhWx
D�k(Y\\zX}AnÆX/�>yvd:;PW!<I�f+KTp*W:bÆrOyvW!<9glL?XWQ�+Æ
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yv�℄(��'sg;;P^3��VZg�^-WdX��D((d2WÆ/GW9gWXjTOÆÆ� 3.1  ~(}7^PW"�g�JLs((}'sg;^X2ÆW 1 f = {f(n)}∞n=1 D"�gÆ�7^P f(n) �88G (��) �P� f(n) = pn +0.an
1a

2
2a

n
3 · · ·, �h pn ∈ Z+, an

k ∈
{0, 1, · · · , 9} k ∈ N+. ���{pn}∞n=1 D6ouZPy8W7CPgÆ\*�"JLouZP p,^LGPgh��z�HÆ�>V pn = pW� f(n)RH��\�8Pg {f1(n)}∞n=1.^D f Wtg��7�P(A f1(n) = p + 0.bn

1b
n
2b

n
3 · · · . 6: bn

1 ∈ {0, 1, · · · , 9}, \*JL
q1 ∈ {0, 1, · · · , 9}, ^LPg {bn

1}∞n=1 h��z�HÆ�GPgh> bn
1 = q1 W�RH��\�8Pg {f2(n)}∞n=1. ^D f1 Wtg��7�P(A f2(n) = m + 0.q1c

n
2c

n
3 · · · .z�YktX(,n�VT(DPg fk = {fk(n)}∞n=1, k ∈ N+. �h f1 D f Wtg� f2 D f1 Wtg� fk+1 D fk Wtg (k ∈ N+), *� fk+1 WZ n }AW�8%��rW8G�P�

fk+1(n) = p + 0.q1 · · · qkh
n
k+1h

n
k+2 · · · .k u(n) = p + 0.q1 · · · qn, n ∈ N+. �s

0 ≤ fn+1(n) − u(n) ≤ 10−n.IfPg u := {u(n)}∞n=1 D; f X2W"�gÆR 0.q1q2q3 · · · +* 9 t���9� u D'sgÆ' 0.q1q2q3 · · · * 9 t����O7ejW��Æ(D\7W qk �-t 9, X9yv^-Pg v(n) = p + 1, n ∈ N+. j(jW�W�ZD�JL N ∈ N+, >V q
N

< 9 fR
k > N 9�7 qk = 9. LXj�Z��^-�

hk =





qk R 1 ≤ k < N 9,

q
N

+ 1 R k = N 9,

0 R k > N 9.*^- v(n) = p + 0.h1 · · ·hn. �s�L ��Z�� v = {v(n)}∞n=1 `D'sg�*�
|u(n) − v(n)| < 10−n.If� v ; u X2Æ�O^^ 1.3, v ; f X2Æjo�$+T��+	jWe}'sgD+W�X2W (1H §2 {
 2.2 W\z).2Æ� 3.2  ~'sg {f(n)}∞n=1, {g(n)}∞n=1. �s
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(a) {f(n) + g(n)}∞n=1, {f(n)g(n)}∞n=1 � {−f(n)}∞n=1 `D"�gÆ
(b) %
JL N ∈ N+ >VR n > N 9� f(n) 6= 0, �s {

1

f(n + N)

}
∞

n=1

&D"�gÆW An (a) Dz�WÆyv\\An (b).1 f(n) = p +0.a1a2a3 · · ·an, �h� p ∈ Z, 0.a1a2a3 · · · D+* 9 t���W�PÆ*1 f(N) 6= 0. ' f(N) > 0 OR n > N 9�
f(n) ≥ f(N) > 0.' f(N) < 0 O"7 p < 0 � f(n) ≤ −1 + 0.a1 · · ·an. 6:o ak +�t 9, W1 aℓ < 9.�sR n > ℓ 9�

f(n) ≤ f(ℓ) + 10−ℓ ≤ −10−ℓ.If�
|f(n)| ≥ 10−ℓ.w^�L ��Z��`JL[P δ ∈ Q *' ℓ ∈ N+, >VR n > ℓ 9
|f(n)| ≥ δ.�s�R µ, ν > ℓ + N 9

| 1

f(µ)
− 1

f(ν)
| ≤ δ−2|f(µ) − f(ν)|.6GW7�An (b) 8bÆ 2ÆO 3.2 (;PWUOIY) 1 f, g `D'sgÆ�; {f(n)+ g(n)}∞n=1 X2W'sg,| f + g; �; {f(n)g(n)}∞n=1 X2W'sg,| fg. �^;P f̃ ;;P g̃ W�;9#%��

f̃ + g̃ = f̃ + g; f̃ g̃ = f̃ g.*�; {−f(n)}∞n=1 X2W'sg,| −f , �s;'sg −f dXW;Pt −̃f . � −1; f̃ W9#�^t −f̃ = −̃f . � f̃ + (−g̃) >| f̃ ; g̃ W4�,| f̃ − g̃. %
JL
N ∈ N+ >VR n > N 9� f(n) 6= 0, �s�; { 1

f(n + N)
}∞n=1 X2W'sg,| 1

f
.�^

1

f̃
=

(̃
1

f

)
.

12



ÆO 3.3 (;PWM�) ~^;P r = p + 0.a1a2a3 · · ·, �h p ∈ Z. %
 p ≥ 0 f p*'o an +�Di�O7 r t[P�,| r > 0; %
 p *'o an �Di�O7 r ti�,| r = 0; %
 p < 0, O7 r tuP�,| r < 0. ';P a, b qx a− b > 0, OS
a M: b ,| a > b, !S b �: a ,| b < a. ��+M:�,|� ≤ ���+�:�,|� ≥ �Æ! 1 1;P

α = 0.a1a2a3 · · · , β = 0.b1b2b3 · · · .%
JL(}P k ∈ N+, >V ak < bk, fR j < k 9 aj = bj . �s α < β.W 1
γn = 0.b1 · · · bn − 0.a1 · · ·an, γ = {γn}∞n=1.�O^-�;P β − α X:;"�g γ X2W'sg\dXW;PÆ6:"7| m > k>V am ≤ 8, \*R n ≥ m 9�
γn ≥ 0.b1 · · · bn − 0.a1 · · ·an · · ·am ≥ 10−m.I^^ 3.1 W\zW*TT�%
(}"�gWZ n ��R n ≥ m 9`+�: 10−m, �s;^X2W'sgWZ n ��R n ≥ m 9&`+�: 10−m. If^\dXW;PM:iÆ( α < β. 2! 2 �Oa 1 �%
;P

α = 0.

n }︷ ︸︸ ︷
0 · · ·0 an+1an+2 · · ·�s 0 ≤ α < 10−n.[ 1 ^- 3.2 �^WIY�d:7^P^3WIY�;yvL℄W�OD(dWÆXD/t�u}7^P`D;(A^W���PdXW'sgW$�Æ[ 2 ^- 3.3 �^WM����d:7^P^3W�=�&; Q hL℄WM���p�($Æyv℄U�L7^PgW$�W^-h�b/'T7^P3W15IY�M��=

(7Z(�). �Lyv)^-f;PW15IY�M��=�^��f�:7^PW15IY�M��=t�aaÆ\*Z(��:Pg$�W^-W*B$n
T;PgW��Æ&MDS� §1 hL7^P& Q hG�W�:PgW(�`n�L;P& R h�-E5Æa%�yvW*�;PgGdW^-�O%�Æ
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u {an}∞n=1 y�dw{k�a y�dw{Ætf
�seb ε > 0,��a` N ∈ N+,xa�� n > N(n ∈ N+) h� |an − a| < ε, nmh}{k {an}∞n=1 zj` a, g	
lim

n→∞

an = a.L;Plr��}t^-�(}Pg%
+Gd�M>|Dh)WÆI�LS?�yvW`n9p�L;P& R hG�Æ�O^^DyvW�
~'ÆÆ� 3.3 1 {f(n)}∞n=1 D(} (7^PW) 'sgÆ�s;P f̃ DX}PgW$��(
f̃ = lim

n→∞

f(n).W 1
f(n) = p + 0.a1 · · ·an n ∈ N+.�Sz���xW�^�7^P f(n) = f̃(n). , δn = f̃ − f(n). �O^- 3.2, R n > 29

f̃ − f(n) = 0.0 · · ·0an+1an+2 · · · · · · .:D�Oa 2 � 0 ≤ δn ≤ 10−n. :Dyv
^
lim

n→∞

δn = 0.&MDS
lim

n→∞

f(n) = f̃ . 2; §2 W (2.9) ($�d:(}'sg f = {f(n)}∞n=1, 7%��+�
∀n ∈ N+ f(n) ≤ f̃ ≤ f(n) +

1

10n
.�hs� ∀ (A “d:(�”.�OX}+X��yvd:z��Pp�W*�7��P ((* 0 t���Wz��P) �$G�UOIYÆa%yvW*_ Y�

√
2π = (1.414213 · · ·)(3.141592 · · ·) = 4.44288 · · · ,

4 − π = 0.858407 · · · ,
−π = −4 + 0.858407 · · · .
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Æ� 3.4 R Dp�W�MDS� R hW"�g(^GdÆW 1 f = {f(n)}∞n=1 D R hW"�gÆ�;P f(n) �88G�P
f(n) = mn + 0.an

1a
n
2a

n
3 · · · , mn ∈ Z, an

k ∈ {0, 1 · · · , 9}, k ∈ N+.k7^P
g(n) = mn + 0.an

1a
n
2a

n
3 · · ·an

n, n ∈ N+.�^- 3.2 �^- 3.3,

0 ≤ f(n) − g(n) < 10−n.:D�7^Pg g = {g(n)}∞n=1 ;Pg f X2Æ�; g X2W'sg,| h = {h(n)}∞n=1,�; h dXW;P,t h̃. �O^^ 3.3

lim
n→∞

h(n) = h̃.If�; h X2W;Pg f GdT h̃ ∈ R. 2�O^^ 3.4 ' §1 W^^ 1.1(yvK�℄(�� §1 W�$��-E5:;Pg), (}PgGdW=q"%g8D^D"�gÆXMDL;P=hPgGdW Cauchy sO
(yv>5f “=” X}NP�WN<�'M+�?JM�^w8 “&” v).yvLh�X�hNM℄U�)P�X}N<fÆ�9yv>TÆX4)P�X�)PÆyv�Lt�(�Æ1 {an}∞n=1 D(}PgÆyv�(K�

∞∑

k=1

an (S)>} �7. k
sn = a1 + · · ·+ an =

n∑

k=1

n ∈ N+.7 sn t)P (S) WZ n -q� ((� n �W�). %

lim

n→∞

sn = s,�h s !t;P�!t ∞ !t −∞, yvM�
∞∑

k=1

an = s.
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�h�R s ∈ R 9�S)P (S) GdÆ�OPgGdW Cauchy sO�)P (S) GdW=q"%g8D�^W-q�Pg {sn}∞n=1 D"�g�&MDS� ∀ε > 0 ∃ N ∈ N+ >VR m > n ≥ N 9
∣∣∣

m∑

k=n

an

∣∣∣ < ε.�hs� ∃ N( “JL	2W”.}tGd)PWz4PWatD��WRd` (M:i) �: 1 WX�)P�(R
0 < |x| < 1 9

∞∑

k=0

xk =
1

1 − x
.tfm%�yv�^�+� x Drti�4D!t x0 = 1. �s+xWX�d: x = 0 &8bÆÆO 3.4 (;PW)P(A) 1;P r t8G�P

p + 0.a1a2a3 · · · .�s�O^^ 3.3, lim
n→∞

p + 0.a1 · · ·an = r. ,�
r = p +

∞∑

k=1

ak10−k>| r W8G)P(AÆ�LW*S�yvd:Slb�Wx
)|�fpqW�L�d:?hg�)�TW�z�+���P�i:7fm6W^BÆyv\|W��
bDo%+WuC�SÆQLP�WhS=+�X}�uC�S��T}D�P�q~W w��W�$^(�D�pf(�P�0W�FWÆ

16


