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Abstract

Let S 1 .= {(xl, coLzg) ERY 24 -—l—xﬁ = 1} be the unit sphere of the d-dimensional
Euclidean space R? equipped with the usual rotation invariant measure do(z). The thesis
concerns mainly with the following three problems on the approximation of functions on
S4=1: the asymptotic orders of the Kolmogorov and the linear widths of some function
classes on SY~'; the realizations of the K-functionals on S¢~'; the strong approximation
by the Cesaro means of the Fourier-Laplace series. It is divided into four chapters.

Chapter 1 deals mainly with the orders of the Kolmogorov widths of some
function classes. T'wo main results are obtained in this chapter. Their proofs are based
on two important inequalities, which seem to us to be of independent interest.

Statement of the first main result. Given r > 0, let B, denote the class of functions f

on S¢! representable in the form

f@) = [ ewFendot), ol <1

where - io io
F ) (k4 &£ d—2
R R sl U VL TP)
k=1 272
d—2
and the C’,E 2 )’s are the ultraspherical polynomials. For 1 < p,q < oo, let dy(B,, L)

denote the Kolmogorov N-width of B in L?. The asymptotic orders of dy (B}, L?) for
1<p<g<2andforl<p=¢q < oo were found by Kamzolov [Kal]-[Ka3] in 1982-1989.

Since then very few results in this direction had been obtained. Our result is

Theorem 0.0.1. For r > 2(d — 1)2,

_( r _l_i_l) .
N ta-tp e if 1<p<2<q<oo,
NT7T, if 2<p<q<oo.
(The condition on r may be weakened somewhat, but at the cost of greatly increased com-

putation.)
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This result extends the well known Kashin theorem on the asymptotic orders of the
Kolmogorov widths of the Sobolev classes in one variable.

Statement of the second main result. The second result is on the orders of the Kol-
mogorov widths of the function class B) on the product spheres Sl Given a positive
integer n, let ST = S?1 x ... x S9! (n times) denote the product space equipped
with the usual Lebesgue measure do(z) = do(z1) - - do(zy). For a vector r = (rq,- -+ ,7),

let B} (1 < p < oo) be the class of functions representable in the form

f(zla"' 7zn) = _/Sdl (P(yla"' 7yn)FI'(z1y17"' 7znyn) dg(yl)a"' 7d0(yn)7 ||‘;0||P < 17

where

TRy + 52 52
Fr(zlyla"' 7znyn = Z H k +2>‘ QJ - JQ - C]EjQ )(z]y]),
KEZDj=1 2m>
and zj,y; € Sl j=1,---,n. We assume
O<r=ri=-=ry<ryp <---<rp.

For 1 < p,q < oo, as before, denote by du(By, L?) the Kolmogorov M-width of By in

L7(S%=11), With these notations, our next result can be stated as follows.
Theorem 0.0.2. Let 1 <p<2<q<ooandr > (d—1)%. Then
_or 411 v—1
dn(BE, LY < M@ 1%5 2 (logM> .

In the case d = 2, Theorem 0.0.2 was due to Temlyakov [Tem, 1986].

Statements of the two important inequalities. The proofs of Theorems 0.0.1 and 0.0.2
are based on the following two types of inequalities: the weighted Marcinkiewitz-Zygmund
inequality for the spherical harmonics; the weighted Kashin type inequality for the Kol-
mogorov widths of the unit Euclidean ball. These inequalities are of independent interest.

For a non-negative integer k, let II denote the set consisting of the restriction to S?—!
of all algebraic polynomials in d variables of total degree not exceeding k. The first type

of inequality ( M-Z inequality) can be stated as follows.

Theorem 0.0.3. ( M-Z inequality.) There exist my = (4N + 1)(2N)%2? points
£N,1,£N,2, ce ,f’N,mN on S such that for any f € llyn

f(z)do :—Zkangk

sd-1



where the weights {wN,k} satisfy the following two conditions:

-1 d—2)?,
0<wy, <1, w < C’dN( ) ;

Ca, if t> _di27
1 Z””V t
my 1 ’ d—2

CuN—(=271 0 g g < L

Furthermore, if f € Uy and 1 < p < o0, then

v P (LA N\
([, 1P dota) A(meZ:lwmf €l)”.

An incorrect proof of the M-Z inequality was presented in [Ku, 2000].

To state the second type of inequality, we have to introduce some necessary notations.

For a vector w = (w1, ,wy,), denote by ¢y, the m-dimensional space of vectors z =
(1, , %) with the norm
m 1
oy = (_Zl i), 1< p < 00, (17l = max i,
1=
Let

by, = Az € £, o |lwllpw < 1}

be the unit ball of 7!, and d,, (b}, ¢7",) the Kolmogorov n-widths of b}, in the metric

bty We say a vector w = {w;}* is with the Kashin type property if it satisfies the

following two conditions simultaneously:

0<w; <1, w;'<Cm® i=1,---,m (0.0.1)

1 m
— Z(wk)t < Cy, foranyt > —a, (0.0.2)
k=1

where a and « are some positive constants, C; > 0 is independent of m. Let us call the
infimum over the constants C; on the right-hand side of (0.0.1) and (0.0.2) the Kashin
constant of w.

Now the second type of inequality can be stated as follows.
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Theorem 0.0.4. ( Weighted Kashin type inequality.) Suppose w is a vector with
the Kashin type property. Then for 1 <n <m,

0 1
m\ 3ia=9) m\ sa=e)
d( gfw, my < CQ(g) 2(1 o)nfé(l—i—log g) 2(1 9),

where 6 = H—La € (0,1) and the constant Cy > 0 depends only on the Kashin constant of

w rather than on the vector w itself.

Obviously, the well known Kashin inequality corresponds to the limiting case a = oo
of Theorem 0.0.4.

Organization of Chapter 1. In Section 1.1, we give two counterexamples, which
state that the Marcinkiewicz-Zygmund type inequality with equal weights for the multi-
dimensional sphere is generally not true, which, in turn, shows that the proof in [Ku] is
incorrect. The M-Z inequality and the weighted Kashin type inequality are established in
Sections 1.2 and 1.3 respectively. Theorems 0.0.1 and 0.0.2 are then proved in Sections
1.4 and 1.5 respectively by applying the standard discretization technique.

Chapter 2 deals with the orders of the linear widths of By in L?. It contains
one main result, whose proof is based on an inequality for the ultraspherical polynomials,
which seems to us to be of independent interest.

Statement of the main result. For a non-negative integer k, let Hg denote the space of
spherical harmonics of degree k. Define the linear spherical harmonic width 551 (B, L7)
by

537 (B), L9 == inf sup ||f = T(f)ll,

TE€Gm fepr
where
Gm = {T : T'is continuous, linear on LY(S? 1) and there is
a vector space L € L, for which T'(L?) C L},
and

Ly = {(EB ’Hg) : A is a finite set of non-negative
keA

integers for which dim(@ ’Hg) < m}
keA
As is easily seen, in the special case d = 2, 651 (By, L?) returns to the well known

trigonometric width of the Sobolev class on the unit circle, for which the asymptotic
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orders for all 1 < p < ¢ < oo are known, due to the work of Makovoz [Mk, 1984], Maiorov
[Mr2, 1986] and Belinskii [Be3, 1987]. However, for general d > 3, there are some essential
difficulties in this problem. To the best of our knowledge, so far very few results in this
direction had been obtained. Our main result partly answers the problem. We state it as

follows.

Theorem 0.0.5.

1
m_d—1+§, fOTpZI, 2SQSOO, r> d(d- 1)’
,7“+l dl
sSHgr =4 LR for1<p<2, g=oc0, r>%1
m ( P )A —_r 41 1 2(d—1)
m T for 1 <p<2<q< g, r>d-1,
T 1 1
\m_ﬂ'i'?_E’ for d )q<p<2<q<oo r>d—1.

An inequality for the ultraspherical polynomials. For p > 0, let {C}'}22, be the se-
quence of ultraspherical polynomials, whose precise definition can be found in [Sz]. The
following inequality plays a crucial role in the proof of Theorem 0.0.5.

N
Theorem 0.0.6. Suppose 0 < u < oo and Tx(t) = Z e, Cy (t) is an algebraic polynomial

k=0
of degree not exceeding N. Then for 2 <p < oo and1 < M < N, there exists a polynomial

representable in the form

)= bCL(t)

kel

with Oy C [0,2N], |0a| = M, such that

N)(lf,)(uﬂ/?) (

Ty ()T, 0], < Clp. ) max{ (2), (X

N \u(1-2)
= og(1+77)) " 7 HITN D),

here the norms are computed with respect to the measure (1 — 152)“*1/2 dt.

In the case of trigonometric polynomials ( corresponding to the limiting case yp = 0
here), Theorem 0.0.6 was due to Makovoz [Mk, 1984] for 2 < p < oo and Belinskii [Bel,
1998] for p = oo. It should be pointed out that the probabilistic method used in [Mk,1984]
and [Bel,1998] does not apply to the case of {C}'}°, whenever p > 2 + % Our approach
is different.

Approzimation of F; ,. As an application of Theorem 0.0.6, we obtain sharp estimates
of the quantities ey, (F; ,, L?) for 2 < p < oo, which, in turn, are used to deduce our main

result (Theorem 0.0.5). Before stating these sharp estimates, we describe the definitions
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of F,, and e, (Fy,, LP). Let 0, be a set consisting of m non-negative integers. Denote

by Tp,, an algebraic polynomial representable in the form

Ty, (t) = > arCL(t).

k€bm
For f € LP, define
em(f, LP) = inf inf || f = Tp, (|,
Om Tem

where the norms are computed with respect to the measure (1 — t2)“_% dt.
Let

r

Fru(t) = " (k(k +2p)) 2 Wqﬁ’”(ﬂ, > 0.
k=1

Now the sharp estimates can be stated as follows.

Theorem 0.0.7. Suppose r >2u+1 and 2 < p < oo. Then
em(Frp, LP) =< m THHTL/2,

Organizations of Chapter 2. We first establish Theorem 0.0.6 in Section 2.1 . As an
application, we get Theorem 0.0.7 in Section 2.2. The main result Theorem 0.0.5 is then
proved in Section 2.3 by invoking Theorem 0.0.7. In Section 2.4 we discuss some further
extreme problems in a general setting.

Chapter 3 mainly deals with the realizations of the K-functionals. Strong
equivalences between the K-functionals and some well known operators are established.

Organization of Chapter 3. In Section 3.1, we consider the Riesz means and the Cesaro
means in a general setting, which was introduced by Ditzian [Dil]. Strong equivalence be-
tween each of these operators and the corresponding K-functional is established, which
proves a conjecture raised by Ditzian [Dil, 1998]. In Section 3.2 we confine ourselves again
to the case of the unit sphere S 1. This section contains five subsections. Equivalences
between the K-functionals and the average operators, the Steklov type means, are es-
tablished in Subsections 3.2.2 and 3.2.4 respectively. A conjecture on the property of the
norm of the derivatives of the average operator raised by Ditzian and Runovskii in [Di-Rul,
2000] is solved in Subsection 3.2.3. In Subsection 3.2.5, we apply the technique developed
in Subsections 3.2.2-3.2.3 to obtain a strong equivalence between the K-functional and the
modulus of continuity on S*~!. As a consequence, the well known Jackson type inequality

on S41is deduced and its original proofs in [Ru2,1991] and [Ri-Wa,1995] are simplified.
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In Section 3.3, we obtain some similar results as in Section 3.2 for the Jacobi expansions,
which also improve some previously known results. A strong converse inequality for the
average operator of high order and the K-functional related to the Laplacian on R? is ob-
tained in Section 3.4, which proves a conjecture raised by Ditzian and Runovskii [Di-Ru2,
1999].

Further statements of the main results in Section 3.2. Before stating the main results,
we have to describe briefly some notations.

For t € (0,7) and f € L(S% 1), the average B;(f) and the Steklov type mean Ai(f) are
defined by

Bi(f,x) == —= fly)do(y), = € sé-1 (0.0.3)

(I)(t) /{yeSd—l: Ty>cost}

and

AN = i [ Bl 9

respectively, where ®(t) and p(t) are chosen so that
By (1,z) = A(1,z) = 1(z).

Here 1 denotes the 1- valued constant function on S4~1.
Given r > 0, the r-th order average and the r-th order Steklov type mean are defined

by

z) = - % _1)it+lpJ z
Buo(f)(@) Z(])< DB (f) (@)
and o
Aa(F) (@) = (j)( I+ AL(f) (@)
j=1
respectively.

Given r > 0, let D, D" denote the Laplace-Beltrami operator, the r—th order fractional
differential operator respectively. Suppose that w,(f,t), (1 < p < o0) is the r-th order
modulus of continuity of a function f € LP(S%!), which was introduced by Rustamov
[Rusl]. ( See [Wa-L] for precise definitions.) For a non-negative integer N, let En(f),
denote the best approximation of a function f € LP(S?'), 1 < p < oo, by spherical

harmonics of degree < N:

Ex(fly= il | =gl

- P
k=0
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where, as before, ’Hg denotes the space of spherical harmonics of degree k on S?!. For

r>0and f € LP(S¥1) (1 < p < o0), define the r-th order K-functional K, (f,t), by
Ko (f,b), == inf{uf — gl +t"ID5gllp: g€ LP and Dige Lp}.
Now we state the main results as follows.

Theorem 0.0.8. Let t € (0,7), r >0 and 1 < p < oco. Then for f € LP(S41),

K (f,t)p = |If — Birfllp-

Theorem 0.0.9. Let 1 < p < oo, 0 € [0,7], D the Laplace -Beltrami operator and By the
average operator defined by (0.0.3). Then

lim sup [|6°DBy|(,. = 0.

m=0 geclo,n]

Theorem 0.0.10. Let t € (0,7), r >0 and 1 < p < co. Then for f € LP(S¢1),

K (f,t)p = If — At fllp-

Theorem 0.0.11. Lett € (0,7), r >0 and 1 < p < co. Then for f € LP(S¢1),

Kr(fa t)p ~ wr(fa t)p
As a consequence of Theorem 0.0.11, we have

Corollary 0.0.12. ( Jackson type inequality.) Letr > 0, 1 < p < oo and N a
non-negative integer. Then for f € LP(S%1),

1
EN(f)p < Cr,pwr(fa ﬁ)p

Theorems 0.0.8 and 0.0.10 are proved in Subsections 3.2.2 and 3.2.4 respectively. In
the special case r = 2, both theorems improve results in [ Di-Rul, 2000].

Theorem 0.0.9 was conjectured by Ditzian and Runovskii [ Di-Rul,2000] and its proof
is given in Subsection 3.2.3.

Theorem 0.0.11 and Corollary 0.0.12 are proved in Subsection 3.2.5. The Jackson type
inequality ( Corollary 0.0.12 ) is a basic inequality in the approximation theory on S¢'.
Many mathematicians had contributed to the establishment of this inequality. It was

Wang Kunyang and Riemenschneider [Ri-Wa, 1995] who finally gave an correct proof of
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this inequality for all » > 0 and 1 < p < co. However, their proof was much complicated.
Our proof is simpler.

Chapter 4 concerns mainly with the strong approximation by the Cesaro
means of the Fourier—Laplace series. It contains two sections.

The first section deals with the strong approzimation in the LP (1 < p < 00) metric.
Some well known results in one variable are extended to the case of multi-dimensional
spheres. Our approach is different from that of one dimensional case. It relies on the

following equivalence theorem.

Theorem 0.0.13. Suppose 6 >0, 1 < p < 0o and f is a function defined on S*~1. Then
there ezists a constant C(d,8) > 0 such that for any x € S,

1 5 2 LD -T @ <Z| AP < 0@.o)(27) Z|Ek ~J@).

)

where O'k denotes the Cesdro mean of order § of the Fourier-Laplace series of f and

s gy — O+ DDCs + DT(E+d 1) (B
Bl(f)(x) = (M)QF(HM)(H%/Sdlf(ym (ey) doly), = €S

(d 1+5d 3)

is the equiconvergent operator of order & introduced by Wang K. Y. [ Wa, 1991], P, (t)

denotes the Jacobi polynomial.

Since the kernels of the E,‘z’s are essentially the sequence of Jacobi polynomials, which
are mutually orthogonal with respect to the measure sin®+2 % cos?2 %d@ on [0, 7], The-
orem 0.0.13 provides convenience for us to investigate the strong approximation by the
Cesaro means of Fourier —Laplace series.

The next section deals with the strong approximation by the Cesaro means with critical
index in the Hardy spaces HP(S4™1) (0 < p < 1). For 0 < p < 1, denote by H? = HP(S4™1)
the real Hardy space on the unit sphere. Let O'k be the Cesaro mean of order d of the
Fourier-Laplace series. As is well known, the special value §(p) := % — 5 ( for a given

€ (0,1]) is the critical index for the uniform summability of the Cesiro means of in
the metric H?. Let K, (f,t)u», E;(f, H?) denote the r-th order K-functional of a function
f € HP, the best approximation of f by spherical harmonics of degree less than or equal to

7, in the space HP, respectively. The main result in this section can be stated as follows.

Theorem 0.0.14. Let 0 <p <1 and 6 =6(p) := dT — ‘—2i. Then for f € HP(S471),

N

> i) = Fll Z Lo (s, ).

j:l ] 1
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As a consequence, we have
Corollary 0.0.15. Suppose 0 <p <1 and § = d(p) := % - g. Then for f € HP(S41),
N

05f _f pp 1_17
oy SO T (i (L1,

The proof of Theorem 0.0.14 is based on the following

Theorem 0.0.16. Let 0 < p < 1, i(p) := % — g and f € HP. Then

N
R LT ,

< : U
o kS Ol (0.0.4)

In the case of the Riesz means for the periodic functions, Theorem 0.0.14, Corollary
0.0.15 and Theorem 0.0.16 are due to [Be2,1996], [C-J-Lu, 1989] and [J-Liu-Lu,1987] re-
spectively. However, in the case of the multi-dimensional sphere S?~! as far as we know,
the best previously known result in this direction was due to Chen Guoliang [Chen, 1995],
who proved the validity of Theorem 0.0.16, with the HP norms in the left hand side of
(0.0.4) replaced by the LP norms.

The proof of Theorem 0.0.16 relies on a new characterization of the Hardy space
HP(S%1) (0 < p < 1), which is in terms of the maximal Cesiro operator and has an
independent interest. Such a characterization is established in Section 4.2.2.

We point out it appears to be difficult to obtain Theorem 0.0.16 simply by following
the technique developed in [ J-Liu-Lu]. ( This can be seen from the proof in [Chen, p154]
and the proof of Theorem 4.10 of [CTW].)
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General notations and basic facts

We shall use the symbol C' to denote various large positive constants depending only on
the inessential variables, and ¢ to denote various small positive constants. We shall write
z = O0(y) or x <y for the statement that |z| < Cy, and write z ~y if x Sy and y < =.
We set p' = 1% (1 <p< ), 1l'"=00and oo’ =1. An expression of the form [z] denotes
the greatest integer less than or equal to x when the brackets have no other functions,
the letter d denotes the dimension of the Euclidean space R?, the symbol A denotes the

Cp()
Cip(1)

%, and P,gl denotes the normalized ultraspherical polynomial

special value , whose

definition will be given below.

First, we summarize briefly some definitions and facts about spherical harmonics. For
further details of the material described below, the reader is referred to [Wa-L].

Let S41 = {(z1,-+ ,z4) : #}4---+2% = 1} be the unit sphere of R? and do(z) denote
the usual Lebesgue measure on S9~!. For an integer k& > 0, the restriction to S?! of a
homogeneous harmonic polynomial of degree k is called a spherical harmonic of degree k.

The class of all spherical harmonics of degree k will be denoted by ’Hg and the class of

all spherical harmonics of degree k¥ < N will be denoted by Hilv = Hilv(Sd*I). Of course,
N

Hz = EB’H,% and it comprises the restriction to S¢~! of all algebraic polynomials in d
k=0
variables of total degree not exceeding N. The dimension of ’Hg is given by

2k +d—2T(k+d—1)
ag ::dimHg — (k+d—2)F(k+1)F(d— 1),
1, ifk=0

if k> 1,

xkd_Q, as k — 00



N

and that of Hz is Z az = N1, Throughout the rest of this thesis, the symbol cz will
k=0 .

always denote the special value %.

The spaces of spherical harmonics are closely related to the Laplace -Beltrami operator

Aga-1 on S9! which is defined as

d
O*F
ASd—lf(m) = Z W

j=1 77

)
Z=T

where z € STL f € C*S%Y) and F(z) = f(|—§|) In fact, the operator A_, , is an
elliptic, (unbounded), selfadjoint operator on L?(S9~') and its spectrum comprises distinct
eigenvalues Ay = —k(k+d—2), k=0,1,---, each having finite multiplicity a{ := dim H{.
The space H,‘i can be characterized intrinsically as the eigenspace corresponding to Ag.
Since the A\;’s are distinct, and the operator Ags-1 is selfadjoint, the spaces ’HZ’S are

mutually orthogonal relative to the inner product

oty i= [ | T@)afa)doa).

k,g *

o
Also, L?(S% 1) = closure{@ ’Hg} Hence, if we choose an orthonormal basis {Y
k=0

j=1,-- ,ag} for each Hg, then the set {Y =1, ,ag, k= 0,1,---} is an

k,j

orthonormal basis for L?(S%~1). Furthermore, one has the well-known addition formula:
aj
Z Y, (@)Y, . (y) = chg(wy), z,ye S k=0,1,---, (0.0.5)
=1

which allows us to express the orthogonal projection of f € L%(S%"1) onto ’Hg as a convo-

lution
Yi(f) (@) =dlf * P (x)

(0.0.6)
=cf / f(y) Pl (zy) do(y).
qd—1

The identity (0.0.6) also gives the definition of Y (f) for all f € L(S?"'). For the remainder

of this thesis, we regard Y} as an operator defined on L!(S?!), valued in L>®(S%1).
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For f € L(S%™Y), let us write o(f) := ZYk(f) We call o(f) the Fourier-Laplace
series of f. In the special case d = 2, o(f )k;gturns to the usual trigonometric series of
periodic functions on the unit circle T, for which the theory is much more complete and
wonderful. However, for d > 3, the theory is far from being perfect. Many problems in
this direction remain open.

The Cesaro means of o(f) of order § > —1 are defined as

5 AN,
on(f) = =5 Ye(f) (0.0.7)
k=0 TN
where Az = %. The special value A := d;22 of § is known as the critical order of

O'?V. Indeed, it is well known that for § > A, 1 < p < o0,
Sup 0%l ) < 00 (0.0.8)

while for § < A, (0.0.8) for p = 1, 00 is no longer valid. On the other hand, it follows from

[CS] that (0.0.8) is valid whenever ¢ > §, and p € J(d), where

5p:maX{(d—1)‘})—%‘—%,0} (0.0.9)

and !

(0.0.10)

The translation operator Sy on S4~! with step 6 € [0, 7] is defined by

1
S, L — dl, ,
g(f)(m) |Sd72| SindiZ o /{yGSd—l; zy=cos 0} f(y) ! (y)

where f € L(S%1), z € S% ! and d/, 4(y) denotes the Lebesgue measure element on the

parallel {y € S%~!: yz = cosf}. It is well known that

Y5 (So(f))(z) = Pd(cos 0)Yi(f)(z), z € ST Y k=0,1,--- (0.0.11)

!Further development on this problem has been made recently. The restriction on the range of the
value p here can be further relaxed in the case d > 4. We refer the reader to [Tao] for details.



and

1lpp =1 (0.0.12)

for all 1 <p < oo and @ € [0,n]. The translation operator Sy on S1 was first introduced
to investigate the uniqueness of Fourier Laplace series in the case d = 3 by W. Rudin [Rud].
It is a natural extension of the usual translation operator on the real line and the circle T.

Associated with the translation operator is the rth order difference operator A} with

step ¢ ( for a given r > 0), defined by

Al =(I-8)° = Z‘p k (0.0.13)

where T is the identity operator and ¢(z) = (1 —z)2. For f € L? with 1 < p < oo,
the modulus of continuity of degree r of f, which was introduced by Rustamov [Rusl], is

defined by
wr(fyt)p = sup [|ALf]|p.
0<O<t

As a generalization of the Laplace -Beltrami operator Ags-1, we define the fractional

Laplace -Beltrami operator D" ( for a given r > 0), in the sense of distributions, by

D'f ~ > (=k(k +d — 2))"Yi(f). (0.0.14)

It is well known that when r = 2, the operator D" coincides with Ags-1. For simplicity,

we write f(") := D%f. Define the function class W7 by

- {f e LP(S4Y) - f(y)do(y) =0, D3fe LP(SH)}, 1< p< oo

gd-1
In the case d = 2, as is well known, the space W coincides with the usual Sobolev space
on the circle T.

To each differential operator D%, we associate a K-functional

K, (f,t)y = K (f,D%,17), =int{||f = gll, + #'| DEgll, : g€ Wy}, (0.0.15)

where f € LP, 1 <p < oo andt>0.



Suppose {ux}p2, is a sequence of real numbers. We define Auj = uj — ugq1 and
Ay, = AY(Auy), ¢ € N. The following lemma will be used repeatedly in the later

sections.

Lemma 0.0.17. Let {u}32, be a sequence of complex numbers. Suppose the following
two conditions are satisfied:

(i)
sup ug] < M < o0;
k>0

(i) For a positive integer £ > X,

o0
Z‘Nﬂuk‘Ai < M.
k=0

For 1 <p<oo and f € LP(S4Y), define

0) = 3 (851) ALol (1) (o).

k=0
Then T(f) € LP(S®") and
Ye(Tf) = (up — lim ug)Ye(f), k=0,1,---. (0.0.16)
k—o0
Furthermore,
1Tl S M fllp- (0.0.17)

Proof. Since the Cesaro operators aﬁ are uniformly bounded on LP, we conclude that

S (A51w) ALot (1))

k=0

converges absolutely in LP(S9~1) and (0.0.17) holds.
Now it remains to prove (0.0.16). For a fixed non-negative integer k, since Y} is
continuous on LP, we have

o0 o0

YT (£)(2) = 3 (A1) Aol () (@) = (30 A% ui Al ) Yilf) (@),

=0 Jj=k
Therefore, it is sufficient to show
oo
Z A”lujA§7k = up — lim wuy. (0.0.18)
— k—o00
‘]:

We start with the identity

N—-1
Aug — Auy =7 A, (0.0.19)



Then we get from condition (ii) that
lim Afuy
k—o00

exists and is finite. Taking into account
2%
Ay = A Mg = Ay,

from condition (i), we conclude klim Apy = 0. Hence, letting N — oo in (0.0.19), we
— 00

conclude

o0
= Aty (0.0.20)
j=k

Substituting (0.0.20) into the sum

00
> A4
k=0

we get, by a straightforward computation,

oo oo

A g AT <Y T AT | AL < M.

k=0 k=0

Repeating the above argument finite times yields

0 - .
Z‘Al+luk‘Af€ <oo, 0<i<Y,
k=0

which also implies that lim uy exists and is finite. Without loss of generality, we may
assume hm up = 0. ( Otherw1se we may consider u; — hm ug.) Then we get that the

identity (0 0 20) remains valid with ¢ replaced by i = 0, 1, -+ ,¢. Now using this identity
£+ 1 times, we conclude that for 0 < r < 1,

o0

Z u]rj = Z (Z(A”lu]-)Af_k) rk

k=0 j=k
Comparing the coefficients of ¥ on both sides of the above identity, gives (0.0.18) and
completes the proof. O
Next, we shall describe briefly some basic definitions and properties on Jacobi polyno-
mials and ultraspherical polynomials. Most of the material we present below can be found

in Szegd’s treatise [Sz].



For a and S real and n a nonnegative integer

reoe =3 () ()R Y

m=0

is the usual Jacobi polynomial. Define

$08) () = 08 PlaB) (cog ) (sin g)ﬁg (cos g)m%
where
Hef) 2n+a+B+Dnln+a+pB+1)13
' P(n+a+)T(n+pB+1)

(0.0.21)

For a > —1 and 8 > —1, the functions ¢£{1’5) () are orthonormal on [0, 7] by (4.3.3) of

[Sz].

From (4.1.3) of [Sz] we have

P{*)(=z) = (=1)"P) (2).

(0.0.22)

From Theorem 7.32.2 of [Sz] and (0.0.22), it follows that if a is a fixed integer, @ and 3

are fixed real numbers and n > max{0, —a}, then
B2 @) < CED (@),

where C' is independent of n and = and

(n+1)%, 1= S <1
_1 _a_ 1 1
g gy = MY A mm e 0se sl g,
(n+1)3(1+a) 274, —1+ ok <w <0,
[ (n+1)7, —1<z< -1+ (n+1)72
The n-th Cesaro kernel of order 6 is defined by
PP (@) PP (y)

RO (5,8) = 7 S A%

ne T PP @R - e Pt

The n-th Cesdro mean of f is then defined as

1
(@O0 (f 1) = / K@) (1= )1 ) dy.

(0.0.23)

(0.0.24)



Let
0) = : 9) — ,
p1(0) at0+3 p2(0) o1
.
(n+1)2?#_(04+9+%), 1§p<p1(0), OSO{_’_%’
1
(log(n—i-l))p, p:pl(e), 9§a+%’
G(np9)—<1’ pi(0) <p<paf), 0<a+1,
) ) - L
(n+1)(a+%—6’)—%, p2(f) <p<oo, <+l
1, 1<p< oo, 9>a+%_
\

It follows from ( [Ch-Mu], P78, Corollary 18.11) that for « > —1, 8 > —1 and 6 > 0,

@O (f, )y S Gy p, 0) )1 flp,

where the norms || - ||, are computed with respect to the measure (1 — z)%(1 + z)” dz on
[—1,1].
The ultraspherical polynomials are usually defined via the generating function

(L—2tz+2%) " =Y o ()",
k=0

where |z| < 1, |{| < 1 and g > 0. The coefficients C,E“ ) (t) are algebraic polynomials of

degree k and are termed the ultraspherical polynomials. As is well known,

T(2u+ k)T (u+3)

(M_%’M_%)(t).
T 2u)D(p+3+k) "

ct) -

The ultraspherical polynomials possess the following properties:
(A1) The set {C,E“)(cos )}, is orthogonal and complete over (0, m) with respect to

o

the measure dm,, () =: (sin@)?*df. It leads the expansion f(f) ~ Z ck(f)C,E”) (cos #) for
k=0

f € L([0, ], sin? 0 df), where

1
1C (cos ) |2

L2(dmu)

cr(f)

/)ijCémﬁmsmshP“Od&
0



(A2)
& 217207 (k + 2p) _
(1) 2 = = k22, 0.0.25
[, 108" s do0) = G (0:0:25)
(A3)
211, 0<0<m,
It (cos 0)] < Lt (0.0.26)
0<f<m



Chapter 1

Kolmogorov widths of the function
classes B), in the spaces LY,
l<p<g=< o0

For r >0, let By := B;(Sd_l) (1 < p < o0) denote the class of functions f on the sphere

S?-1 representable in the form

f@) = o Frla) = [ o)Fran)doto), liplh < 1.

where
(o0}

Fr(zy) =Y (k(k +2))) 2ci P (zy).
k=1
By the definition of fractional derivatives, one may rewrite the class By as

By={fer: [ fdot) =0, 1/, <1,

As is well known, when d = 2, B coincides with the usual Sobolev class on the unit circle
T.

For 1 < p, g < oo, the Kolmogorov N— width of B} in L4(S%1) is given by

dy(B", L% = inf inf ||f—
N (B, L) glesequ;gér)l(N 1f —allg,

with the left-most infimum being taken over all N —dimensional subspaces Xy of L4(S91).
We write dy(By, L?) < N*® to mean that there exist positive constants C' and D, indepen-
dent of N, for which

DN® <dn(B,,L7) < CN*

10
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for all N sufficiently large.

It is our aim in this chapter to investigate the asymptotic orders of the Kolmogorov
widths d N(B;, L?) for some 1 < p, ¢ < oo as N — oo. This problem has been completely
solved in the case d = 2. In fact, for p = ¢ = 2 the exact values of the widths were
obtained by Kolmogorov [Kol], and it is a result of Stechkin [Stec] for p = 1 and ¢ = 2
and for ¢ = p = co. ( In the latter case Tikhomirov [Tik| obtained the exact values of the
widths.) The orders of the widths were found by Babadzhanov and Tikhomirov [Ba—Tik]
for 1 < g = p < oo, by Ismagilov [Ism] for 1 < p < g < 2, by Gluskin [GI2] for p = 1 and
g > 2 ( for r > 2), and, finally, by Kashin [Kas] for all the remaining 1 <p < ¢ < o0 as a
consequence of his determination of the widths of finite -dimensional sets.

In the case d > 3, the determination of the widths dy (B, L?) began with the work of
Kamzolov [Kal]-[Ka3|, where the following result was proved:

For r > d — 1,

NTTTRTE ifl<p<q<2,
dn(B], Ly) = ) (1.0.1)
N -1, if1<p=gqg<oo.

Question. If 1 <p < q < oo and q > 2, what is the asymptotic order of dN(By, L) ?
As a main result of this chapter, the following theorem gives an answer to this question.

Theorem 1.0.18. For r > 2(d — 1)2,

, if 1<p<2<q<oo,
dn (B, L) =

NTT, if 2<p<q<oo,
(The condition on r may be weakened somewhat, but at the cost of greatly increased com-

putation.)

Shortly after finishing the proof of the above theorem, we learnt that a result, which
gives the orders of the widths dN(Bz’,’ ,L7) for all 1 < p,q < oo, had been presented in
a recent paper [Ku]. However, as will be pointed out in Section 1.1 below, there were

essential mistakes in the author’s proof. Two counterexamples are given in Section 1.1.
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The organization of this chapter is as follows. Section 1.1 contains two counterexam-
ples, which state that the Marcinkiewicz-Zygmund type inequality with equal weights for
the multi-dimensional sphere is generally not true and shows that the proof in [Ku] is
incorrect. A quadrature formula and a weighted Marcinkiewicz-Zygmund type inequality
for spherical harmonics are established in Section 1.2. In Section 1.3, we extend the well
known Kashin type inequality for the Kolmogorov width of the unit Euclidean ball to the
weighted case. Theorem 1.0.18 is then proved in Section 1.4 by the standard discretization
technique. In Section 1.5, we obtain some similar results for the classes of functions with

bounded mixed derivatives on the product space S 17 = S4=1 x ... x S~ (n, times).

1.1 Two counterexamples

Suppose & € ST i =1,--- ,m. We call {&;,---, &} an e-net of S41if

U B(&, 6) o Sdila

where

B(¢&;, )—{yESd Ly yé > cosel.

The proof of Theorem 3.1 of [Ku] appears to yield the following stronger result.!

Let {&1,--+ ,&m} be an e-net on STV with m < N9 ! < dimIIn(S4Y). If e < % with
C € (0, %), then the following Marcinkiewitz -Zygmund inequality

m

PO P)* <l < Clo (- Zm Ok (1.1.1)

k=1

holds for all 1 < p < oo and f € TIx(S9™Y), where C(p) is independent of N and f.

The above result was shown for p = co in [DHe]. However, for any 1 < p < oo, below

we shall show that the result is no longer valid.

!There were some obvious misprints in both the description and the proof of Theorem 3.1 of [Ku].
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For simplicity, we only consider the case d = 3. Our argument below can be extended
to the higher dimensional cases without difficulty. Before stating the results, we introduce

some necessary notations. We introduce the following polar coordinates on S?:

1 :=cosf,
Zo :=sinfcos @,

zg:=sinfsinp, 0<0<m, 0<p <2,

We identify the point (x1, 2, z3) € S? with its polar coordinates (6, ¢). For a finite subset

A of S?, assume |A| denotes its cardinality. let
Ag ={p€0,2n]: (0,¢) € A}, € [0,n]

and

O, =1{0e[0,7]: Ag# 0.

Theorem 1.1.1. Let A = {&1,-++ ,&n) be a subset of S? with m < N2. Suppose the

following condition is satisfied:
|Ag| > c¢N, for any 6 € Oy4, (1.1.2)

with ¢ > 0 independent of N and 6. Then for any 1 < p < oo, the inequality (1.1.1), with
the constant C(p) independent of f and N, does not hold. More precisely, if for some
1 < p < oo, the inequality
1 1 1 1
(€)™ (7 V@) <l < O (g S 1@P)”, (1.13)

TEA Tr€EA

is satisfied for all f € TIn(S?), with Cx > 0 independent of f, then
On > cN, (1.1.4)

with ¢ > 0 independent of N.
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Proof. First, we assume (1.1.3) holds simultaneously for p = p; and ps with 1 < p; < py <

oo. Let h(t) be a nonzero algebraic polynomial on [—1,1] of degree < N. Define
f(z) = h(xy), for z = (x1,29,23) €S~

Then, from the assumption, one can easily obtain

i/ 1 |Ag| N\
1 1 pi |\ Pi
C™ Cy <_N E N |h(cos 0)] )
0cO 4
1

= (/S2 |f ()] d0($)>pli = (27r /11 |h(t)|m>?7

1 |Ag| \ 7, .

< — A Di 4 =

< CCN( 05@ |h(cos 0)] ) , 1=1,2
A

which, together with the condition (1.1.2), implies

h 11
U2 < CCYNwi 72, (1.1.5)
172l

here C' > 0 is independent of N and h and the norms || - ||, are computed with respect to

0)

the usual Lebesgue measure on [—1,1]. Now taking h(z) = P](\;L’_l(x), in view of the fact

(see [Sz, p 391, exercise 91]),
_2
Ihlpe < N5, i = 1,2,

we get from (1.1.5)

C >CN%(1’11 plg)
N 2 ) (1.1.6)

with C' > 0 independent of N.
Finally, notice that, as a consequence of a result in [DHe], (1.1.3) for p = oo holds
automatically for all f € TI(S?) with the constant independent of N and f. We obtain

(1.1.4) from (1.1.6) by taking p; = p, p2 = oo. This completes the proof. O
Theorem 1.1.2. Let A be any finite subset of S? of the form

{(cosﬁi,sinﬁicos<pj,sin9isin<pj) ci=1,--- 0, j=1,--- ,n},
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where 0; € [0,7], ¢j € [0,27] and |A| = ¢n < N?. If for some p € [1,00), the inequality
(1.1.3) is satisfied for all f € TN (S?), with the constant Cx > 0 independent of f, then

(1.1.4) holds, with C' > 0 independent of N.

Proof. Let m = [2-1]. If n > m, then Theorem 1.1.2 follows directly from Theorem 1.1.1.

Now we assume n < m — 1. Let
a(cos ) = Z ay, cos?* 0
be a nonzero trigonometric polynomial such that
a(cospj) =0, 1<j<n.

( The existence of such a polynomial is obvious.)

Define

m
fla,y,2) =Y ap(y® +2°)" 7, (,y,2) €S2
k=0

Then, obviously, f € IIx(S?) and forall 1 <i</and1<j<n

m
f(cos 0;,sin6; cos p;,sinb; sinp;) = Z ak (sin 0;) ™2k (sin 0; cos ;) 2"
k=0
m
= (sin §;)*™ Z ag(cos pj)?F = 0.
k=0
which contradicts (1.1.3) and completes the proof. O

Remark 1.1.1. The proof of Theorem 3.1 ( M-Z inequality) of [Ku] is valid only for p = oo,
for which the result had been well known. (See [DHe|.) For 1 < p < oo, the author of
[Ku] used a wrong duality argument to derive his inequality (21) from his inequality (20),
which yields the incorrect result described at the beginning of this section. We remark
that such a mistake is essential. In fact, the author of [Ku] followed the well known
discretization technique used by Kashin in one-dimensional case to derive the asymptotic
orders of dy (B, L?). But, as is well known, such a technique relies heavily on the M-Z

inequality, whose proof in [Ku] is incorrect.
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Remark 1.1.2. Tt should be pointed out that even if the proof of the inequality (1.1.1)
presented in [Ku] were true, some gaps would remain in the proofs of the main results
given there. In fact, the author claims to follow the method used in one dimensional case
(see [Pin, P236-241]), to derive his estimate (28). In that case, instead of the well known

Kashin inequality, one must use the following stronger estimates

3

dn(b;nﬂx,egg ﬂx) < on—%(1+1og%)2, (1.1.7)

where b5 is the unit ball of /5* and X is a subspace of R™ with dim X =< m, since the
number of points appearing in the inequality (1.1.1) is greater than the dimension of
[T, which differs from the one dimensional case. However, the validity of the inequality
(1.1.7) is not known. ( Probably it does not generally hold.) We would meet some similar

problems in dealing with the linear widths, which were also considered in [Ku].

Remark 1.1.3. To the best of our knowledge, the problem of establishing the Marcinkiewicz-
Zygmund type inequality with equal weights for the multidimensional sphere remains open.
( Tt is probable that this is not generally true. One can see this clearly in the next section.)
But from the above two theorems, we know that the inequality of this type relies on the

distribution of the points on the sphere, which may be a little complicated.

1.2 Quadrature formula and the Marcinkiewicz-Zygmund

type inequality for spherical harmonics

A

N,I)c w—1 be the zeros of the ultraspherical polynomial C](Q\) (t) ordered so

Let {7, = cos®

N
A A A
that 0 < 60) < 6) <--- <60

N,

2V<7r.

Lemma 1.2.1 ([Sz], [KT]). Suppose —1 < X\ < oco. Then there exists a constant C

depending only on X\ so that

-5

=|F
2/
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Furthermore, there exists C > 0 so that

: N
ka<7

Lemma 1.2.2 ([Sz]). Suppose that —% < A < oo. Then for any algebraic polynomial f

of degree not exceeding 2N — 1,

/ f(cos 6)(sin 8)%* do ZaNkf COS@Nk)

where

o m (N +2)) 1
Nk = 2
(2/\F()\ + 1)) L) sin(HQ’k)C])\‘,tll (cos 91)§7,k)

B} = (Sin OJAV,]{:)QA‘

Lemma 1.2.3. Suppose f is a trigonometric polynomial of degree < 4N + 1. Then

4N+1

2 kﬂ'
o f(6)do = ON + 1 kzo f(2N+1)

Furthermore, if 1 <p < oo and f is a trigonometric polynomial of degree < N, then

2 1 . 4N+1 . %
(/0 |f(9)|pd9)p = (2N+1 kzo ‘f(2z\f+ 1)‘1)) '

Proof. For 1 < p < oo, this result is contained in [Zy]. For p = 1 or p = oo, it can be

obtained by applying the Bernstein’s inequality for trigonometric polynomials. We omit

the detail here. O

Lemma 1.2.4. Let a € C§°(R) with the properties that a(x) =1 for |z| <1 and a(z) =0
for |z| > 2. Define
VN (F) = al5)Ye(f)-

k=0
Then Vi (f) = f for any f € TIN(S4™Y). Furthermore, for any g € LP(S* ') and 1 < p <

00,

VN (9)llp < Collgllp,

where C), is independent of N.



18

Lemma 1.2.4 is a direct consequence of Lemma 0.0.17.

Theorem 1.2.5. There exist my = (4N +1)(2N)%=2 points Enirbnor s Enmy OT Sd-1

such that for any f € llyn

F(@)dr(a) = =3 w0y (6, (12.1)
k=1

gd-1

where the weights {wN,k} satisfy the following two conditions:

(i)
0<wy, <1, wl< C,N(d-2)7?,
(ii)
.
Ca, if t>—-5,
1 X t
m—Z(wN,k) < Cylog N, if t=—-5,
N k=1
\CdN—(d—2)2t_1’ if t< _ﬁ.
Furthermore, if f € Iy and 1 < p < oo, then
</Sd—1 £ (=) da(x)) "= (m—N ZwN,k|f(€N,k)|p) " (1.2.2)
k=1

Proof. We apply induction on the dimension d. On account of Lemma 1.2.4, we assume

Theorem 1.2.5 for S¢~2 is valid. Now we turn to prove it for S L.

First step. ~ We prove there are my points &y &y 5, 1€y my 0N S4L such that
(1.2.1) holds for all f € Tlyn(S?"), with the weights {wn i} satisfying the required con-

ditions.

It follows from (0.0.11) that for f € Iyn,

AN
So(f)(1) =Y Pyl (cos 0) Yi(f)(1)
k=0
is a polynomial of degree < 4N — 1 in cos, where 1 = (1,0,---,0). So, according to

Lemma 1.2.2,

2N

f(z)do(z) = /07r So(f)(1)sin?20db = % kzl S{,% (HH@ald,, (1.2.3)

sd-1
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with ag;\v),k = (sin@M )42,

2N,k
\) . (M) - () . . _
For a fixed 65y ,., obviously, f(cos 6y ,,ysinfyy ) is a polynomial of degree < 4N —1

in the variable y € S9=2 . Hence, from our assumption, it follows

1 .
Sy (f)(1) = B 2f(COS eg\\;,kvyﬁngé/]\\z,k)da(y)

2N,k
(d 2)

Z w (cos 08‘\27#5%’;2) sin9£?\;,k). (1.2.4)

Combining (1.2.3) with (1.2.4) yields (1.2.1). On the other hand, by Lemmas 1.2.1 and 1.2.2,

one can easily verify that the corresponding weights satisfy the required conditions.

Second step. Prove that for f € oy and 1 < p < o0,

(mLNjZ el H6P) < Cu( [ 1@ o) (12:5)

It will suffice to prove (1.2.5) for p = 1. In fact, (1.2.5) for p = oo is trivial, and for
1 < p < oo can be derived from the cases of p = 1,00 by applying Lemma 1.2.4 and the

Riesz—Tho rin interpolation theorem to the operator

Tn(f)(k) = (Vaw F)(EED), 1<k <mld™.

For a fixed vector & = (&1, ,€4_1) € S¥72, let
h() := f(cosO,& sinb,--- €4 sin®) sin? 2.

Then, clearly, h(0) is a trigonometric polynomial of degree < d — 2+ 4N. Let us write

1
To={0€m): 100, |< 5} k=1, 2N.
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Then Lemma 1.2.1 and Bernstein’s inequality yield

2N 2N

1

¥ IO )] < CZ(/Ik B (65Y),) — h(0)| db + /Ik |h(0)] de)
k=1 k=1

2N
1 !
< C;(ﬁ /Ik Ih (9)|d9+/lk |h(9)|d9)

< c(% /:|h’(9)|d9+/w |h(9)|d9) <c [ o) a.

—T —T

This gives

™

2N

1

~ > If(cos 8D, £sin 0 )|(sin0Y )42 < C [ |f(cos0,&sind)|| sin?2 0] df.
k=1

-7

Noticing that

/Sd1|f(x)|p do(z) = /Sd2 /07T |f(cos€,£sin9)|sind_29d9da(£)

0
“Jot
1 m
L1

f(cos B, —¢&sin )

sin?2 9‘ dfdo (€)

f(cos@,&sinb)

sind2 0‘ d0do (£),

we get,

/Sd1|f(x)|da(x) _ %/Sd2</7T

-

f(cos 0, € sin @) sin?~2 9‘ dfdo(€)

Lon( o o) )42 o) o) (129
> CN Z(sinOQN’k) /Sd—2 f(cos 92N,k,£sin92N,k)‘ do(&).
k=1
But by the assumption for S?~2, we have
/S  J#eos 05N ., € sin eg?v)’k)‘ do(€)
o (d-2)
1 il d—2 d—2) .
20—y 3wl )‘f(COSO%),k,f](V,j Jsino ). (1.2.7)

N Jj=1

Now a combination of (1.2.6) and (1.2.7) yields the inequality (1.2.5).

Final step. Prove the converse inequality.
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The converse inequality can be deduced from (1.2.5) by duality. In fact, for f € Iy

and 1 < p < 0o, let g € L (S4') such that ||g||,y <1 and

/Sdl |f(z)|P do(z) = F(2)g(z) do(z).

Sd-1
Let h(z) = Vn(g)(z) with Viy as in Lemma 1.2.4. Then (1.2.1),(1.2.5) and Holder inequal-

ity imply
1 X
f(z)g(z) do(z) = f@h(z)do(z) = =" f(Ey )by wy,
gd-1 gd-1 my 1
1 X 1l XA : L
< - P p - h p P
<o > 1/(E) we)” (o 3 (e Wy, )
1 X : , L
< —_— p P P P
<Cpas L€ ) [ WP dotz)
1 X :
Scp,d<m—N ; |f(£N,k)|pr,k) p’
which gives the converse inequality and completes the proof. U

Remark 1.2.1. The my points on S4~! in Theorem 1.2.5 can be written explicitly. In fact,

if we introduce the following polar coordinates on S%~!:
T1 = Cos @1,

T9 = Sinj CoS s,

Tg_1 = Siny ---sinpg_9 cos Yy 1,
Tq = siny ---sinpg o sinyy 1,
the set consisting of the my points can be written as
{(901 ey pae1) o pi €1, 1 Siéd—l},

where




22

Remark 1.2.2. For d = 3, with minimal change of the above proof, (1.2.1) and (1.2.2) can

be written explicitly as

2N+14N+1

jm km
d 1.2.8
L, f (@) do(z) = (2N+1 )(N +2) ; Z TGNz v+t (12.8)
1 2N+14N+1 N
Pdo(z))” = ( ‘ ‘)” 1.2.9
(/sz|f(x)| ol g ; kzsm2N+2f 2N+2 Nyl ) (129
where
N+1 .
. g 1 . (20 -1y .
= =1,--- 2N + 1. 1.2.1
K S”“(2N+2)£_Zl23—18”1 oN 12 0 ST (1.2.10)
Formula (1.2.8) was due to [DHe].
Remark 1.2.3. For d =4, (1.2.1) and (1.2.2) can be written as
f(z)do(z)
§3
2N 2N+14N+1 in jﬂ' kn
(2N+1 (N +2) DD D vjsin? 2N+1f(2N+1’2N+2’2N+1)’

i=1 j=1 k=0

(1.2.11)

1

([ lr@r @)’
2N 2N+14N+1

i g T i g km ‘P)
(N?);]Z1 ZSmQN+2 Ry e Ty gyt y o gl IR

S

(1.2.12)
with v; as in (1.2.10).
Remark 1.2.4. After completing this paper, we learnt that the Marcinkiewicz-Zygmund
type inequality for the spherical harmonics (also with weights) had been established in
a recent paper [MNW, 2001] by a different method. Here our method is simpler. Fur-
thermore, we can write the coefficients appearing in (1.2.1) and (1.2.2) explicitly, which
is crucial for us to apply the weighted Kashin type inequality to prove Theorem 1.0.18 in

Section 1.4 below.
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1.3 The weighted Kashin type inequality

The following theorem was due to Kashin [Kas].

Theorem. (Kashin type inequality.) For 1 <n <m,

dp (b5, 0) < 51n 2 l—i—log—m. 1.3.1
2 5 too
n

The original upper estimate, which had log% (14 ) instead of log%(l + 1), was also
sufficient for Kashin’s purposes. His proof [Kas, ,1977] relied on difficult probabilistic argu-
ments. Afterwards, Gluskin [Gl, 1983] and Garnaev and Gluskin [Gar-Gl, 1984] simplified
the proof by using an isoperimetric inequality in R instead. The final simplification was
due to Makovoz [Mk1, 1988].

Since the Marcinkiewicz-Zygmund inequality established last section has positive weights,
which are dependent on the dimension of Iy (S?~!), Kashin’s inequality (1.3.1) is not suf-
ficient for our purposes. In order to use the well known discretization technique to derive
our main result, we have to generalize Kashin type inequality (1.3.1) to the weighted case.

We first introduce some notations. For a vector w = (w1, -+ ,wm), let £, be the m-

dimensional space of vectors z = (z1,- -+ , ;) with the norm

1

m =
oy = (3 foalwi) ", 1< p < 00, alloe, = max |z,
i=1

and the unit ball 07", := {z € ", : [|z|[pw < 1}. Denote by dy, (b}, £7",) the Kolmogorov

p’w ’ q’w

n-widths of by’ in the metric £7",. For z € R™, define

— 1 & L
lallyp = (=D laifPws)
=1

If w=(1,---,1), we simply write £,,, and || - || as £, and || - ||,. For b € R and

A CR™, let WA denote the following set of vectors in R™:
wbA = {(wlfal,--- cwd am) : a=(a, - ,am) € A}.

We say a vector w = {w; }~, is with the Kashin type property if it satisfies the following

two conditions simultaneously:

O<w; <1, w;'<Cm i=1,-- m (1.3.2)
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1 m
— Z(wk)t < (), foranyt> —a, (1.3.3)
m
k=1
where C; > 0 is independent of m, ¢ and « are some positive constants. Let us call the

infimum over the constants C7 on the right-hand side of (1.3.2) and (1.3.3) the Kashin
constant of w. Clearly, the vector {wy } appearing in (1.2.2) has this property.

The main goal in this section is to prove the following weighted Kashin type inequality.

Theorem 1.3.1. Suppose w is a vector with the Kashin type property. Then for 1 <n <
m7
m\ sassy 1 m\ sr=ey
d( g,?w’ my < O (ﬁ) 20-9), 3 (1 + log g) 2(1—9),

where 0§ = IJ%a € (0,1) and the constant Co > 0 depends only on the Kashin constant of

w rather than on the vector w itself.
Obviously, Kashin inequality (1.3.1) corresponds to the limiting case & = oo of Theorem 1.3.1.

Lemma 1.3.2. Let 1 <n <m, p=2(1+«) and the numbers o, a as in (1.3.2)- (1.3.3).

Then there exists an n-dimensional subspace Yy, of R™ such that

sup inf ||z — yl/pw <Cyn 2 \/1+ log T,
zebyr, YEYn n
. a 1 m
sup inf ||z —ylleo <C3m2n~2,/1+ log —,
zebyr, YEYR n

where the constant Cs depends only on the Kashin constant of w.

1
Lemma, 1.3.2 is a simple consequence of (1.3.1)~(1.3.3) and the fact b;’,, =w "b;". We

omit the detail.

Proof of Theorem 1.3.1. Let Y, be the n-dimensional subspace of R™ defined as in

Lemma 1.3.2. Define three sequences {ay}, {bx}, {dx} of real numbers as follows:

1
ap =a >0, agi1 = (ak +§)9;
1
bo:——, bk+1:bk0_§; k:0,1,2,"'

do =

N =N =

1
y dpg1 = (di +0)0 + o
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where

0=", b= e(log(l + log %))_1,

and / is a specified positive constant. (Its precise definition will be given below.)
The key part of the proof of the theorem is to show that the following statement is

valid:

For any positive integer k, any vector x € R™, there exists an element z € Y, such
that

|2 — 2]|lso < Cam®™nb* (1 + log %)d’meHg,w, (1.3.4)

where Cy > 0 is independent of k.

Observing that

i lm b 11 _ 50 + 3
m ap = ———— 1m = ——0 1
koo T 2(1—0) koo © 21—0 koo 1-9"°

we deduce the theorem from the above statement by taking k sufficiently large.

It remains to prove the statement. We apply induction on k. Assume the statement
is true for k. We prove it for k + 1.

It follows from Lemma 1.3.2 that there exists an element y € Y, such that

e~

_1 m.1
||«'L' - y“p,w <Cin™ 2 (1 + log ﬁ)Q “xH?,U)a

with p = 2(1 + «). For any n > 0, we decompose x —y = (1 — y1,"** , Tm — Ym) aS
r—y=u+uv:=(u+v1,  Un+Un),
where
1
Ti — Yi, if |z —yi| <nelle —ylly,
U; =

1 —_ N
nrsgn(z; — yi)l|lz — yllp, otherwise.

An easy calculation shows

1 1 m., 1
ullso < CsnPn~2(1 4 log g)? 22,5
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—— 1 1

1.1 _1 m., 1
lv]]2,0 < Csnr 2n 2(1+10gg)2||x||2,w-

Invoking the assumption, we know there exists an element f € Y}, such that

|lv— f]|oo§04maknbk(1+log )dkm2||v||2w<C4C5m k38— 2(l—i-log )d’f+277p 2H$||2w

Let z =y + f. Then z € Y}, and

12 = Zlloo < [Jtfloc + 110 = flloo

C
< C4H$||2,w<—5

0477%”7%(1"'10%‘%)% +Cmak+2nb’“ 2(1—|—log )d”zn’*%).

—1
Letting 772 =m° (1 + log )49 taking into account § = é(log(l + log )) ,

we conclude
Cs
i = 2l < Camesinbess (1 -+ 1og 2y (22 4+ o) ol
with 0 = % € (0,1). Taking Cy = 3C5, £ = log(2C5), we prove the statement for & + 1.

This completes the proof. O

1.4 The widths of classes B;

The main goal in this section is to prove Theorem 1.0.18. To this end, we need two lemmas.

Lemma 1.4.1 ([Kal]). Suppose 1 < p < 2. Then for any f € Iy,

_ L_l
£l < C(d,p) N DG=2)| 7|1,

Recall that

={ferE™y: et}

Lemma 1.4.2. Suppose 1 < p < oo and Vy s an operator defined as in Lemma 1.2.4.

Then for every f € W)

1 =V (Pllp < CpaN " 1F7 -
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Lemma 1.4.2 can be easily proved by using the Abelian transform finite times. We
omit the detail.

Next, we introduce the concept of “extension property”.

Definition 1.4.1 ([N]). Let X be a given normed space. X is said to have the extension
property if, for any normed space Y, for any vector subspace Z of Y, and for every
continuous linear transformation f : Z —— X, there is at least one linear , continuous

transformation F': Y — X such that

and

IElvx) = 1 llzx)-

Lemma 1.4.3 ([N]). Let Q be a measure space endowed with a non-negative completely
additive measure such that £ can be expressed as a union of countably many measurable

sets with finite measure. Then the space L>°(Q) has the extension property.

We thank Professor Allan Pinkus for providing us with some references on the concept

of extension property.

Proof of Theorem 1.0.18.  We only sketch the proof here. For details of the proof, we
refer the reader to ([ Pin], P236-241).

It is sufficient to show the first estimate. The second estimate follows from the first
one.

The lower bound follows from Kamzolov’s result (1.0.1). It remains to prove the upper
estimate. Since the norm || - || q(ga-1y is increasing with g, it is sufficient to consider the
case ¢ = 00.

First, for a non-negative integer k, define the operator

U : H2k+1 (Sdil) — RM2k+1
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Uk(f) = (f(€2’“+1,1)a Tt af(€2k+1,m2k+1))a

with Sorv1 5, 7 = 1,000 ymokr, Mok X 2(d=Dk the same as in Theorem 1.2.5. For
simplicity, we write by = mor+1. According to Theorem 1.2.5, the mapping Uy is one to

one ( not onto). By Lemma 1.4.3, there is a linear operator ﬁk_l : % — Lo, such that
Uy Uk =1,
71
105 Mgty 0Nty ) = 1

where Ij, denotes the identity operator on o1 (SE).

Next, we define a sequence of linear operators {7} }7° ; as follows.

TUf:VI(f)7
ka:VZkf_VZk—lfa k= 1727"' )

o0
with the operator V; as in Lemma 1.4.2. Then, obviously, f = Z T.f.
k=0
Finally, we use Theorem 1.2.5, Lemmas 1.4.1- 1.4.3 to get

1

0
dn(By, L%) < €y 27T A, (b, 00), (1.4.1)
k=0

oo
where the ng’s are non-negative integers for which Z ng < N.
k=0
Now set a = 2771, suppose N ~ a™, and let

by =<af, 0<k<m,
ng = a®"k, m < k < 2m,
0, k> 2m.

Then applying Theorem 1.3.1, and by an easy computation, we know the right-hand

side of (1.4.1) is dominated by

which gives the required upper estimate and completes the proof. O
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Remark 1.4.1. We remark that the method used in this chapter may be useful for some
other problems. As an example, let us consider the classes Wy, of functions f € L(T%)
with bounded mixed derivative. More precisely, let W, be the class of functions repre-
sentable in the form

f@) = 94 Felz,0) = )" [ o0)Fela = v.0) dy

where p € L”(Td), llell, <1,

r= (’)”1,"' 7rd)7 = (ala"' ,Old),
O<r=ri=--1y <ryp1 <--- <7y,
and
d ;T
Fo(z,a) =24 Z ij " cos(kjzj — #)
kezd  j=1

Note that the problem of finding the orders of the widths dy/(Wp,q, L) for 1 < p < 2,
v > 2 and d > 3 remains open.

Using the Marcinkiewicz-Zygmund inequality for ¢ = oo and slightly modifying the
proof in [Tem, Chapter III], one can obtain the following results.

For 1 <p <2,

)(v—l)(r—%—l—%) )(v—l)(r—%-i-l)

—r+i-2 r 00 —rpl 1
CiM ""r» 2(logM <dpy (W), L) <CoM " "» 2(logM

P, )

(v=1) (v-1)(r+3)
M (log M) < (W, 1) < M (log M)
Remark 1.4.2. We remark that except for some special values of parameters p < ¢, which
will be considered in the next chapter, the orders of the linear widths d, (B}, L?) are still

unknown.
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1.5 Widths of the function classes

with bounded mixed derivative

Let ST71m = §9-1 x ... x S 1 (n times) denote the product space equipped with the
usual Lebesgue measure do(z) = do(x1)---do(z,). For k = (ki,--- ,k,) € Z", we define

the space HZ’” of product spherical harmonics by

n
H" = span {pre(§) = [[ om0, &)+ 1< ¢ <af, =dimHf, 1<) <n),
j=1

where §; € S? 1 and {(pk]. £ }Zi]: , denotes the orthonormal system of functions in the space
H,‘i]_ of spherical harmonics of degree k;, j =1,--- ,n.

Obviously, f € HZ’" if and only if f(&1,---,&,) is a spherical harmonic of degree k;
in each variable ¢; € S4=1 j =1,---,n, the spaces {Hi’"}kezz are mutually orthogonal

with respect to the inner product

< fag >= /Sdlnf(xl,”‘ 7xn)mdU(I1) dO’(l‘n), f,g c LQ(Sd_Ln)‘

Furthermore,

_ d,
L2(Sd l,n) — @ Hkn.

keZ

For f € L?(S41), let
o(f) = 3 Vi)

kez™
denote its expansion with respect to the mutually orthogonal spaces {Hi’n}kezi , where
Y (f) is the orthogonal projection of f € L?(S4~1") onto the space HZ’". By the addition

formula (0.0.5) for spherical harmonics, we have

n

Yi(f) (1, 1) = /Sdl,nf(yl,--- vun) [ 1 e, T, (27) do(y), (1.5.1)

7j=1
where k& = (ki,--- ,kn), f € L*S% ") and zj € S¢=1. j = 1,---,n. Clearly, the

expression (1.5.1) gives the definition of Yy(f) for all f € L(S4=17).
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Denote by B, the class of functions representable in the form

f(mla"' axn) = /Sd—l (p(yla"' ,yn)Fr(xlyI,"' ,xnyn) da(y1),--- ,da(yn), ||(p||p < la

where r = (r1,- -+ ,7ry),

Fr(xlyla"' 7xnyn - Z H k +2>‘ QCZJPZ(%?/J)’
kEZ>0] 1

and z;,y; € Sl j=1,---,n
As in the case n = 1, we write g = f(*) if
n e
7
o(9) = > (TL kst +22)% ) Yi().
kezm j=1
Also, we write

wy ={ferrsi-tn: 0 epstml.
Then, clearly, the class B) can be rewritten as
={rew: 110, <1},
Throughout the rest of this section, we set r = (r1,--- ,7,), v = T, with
O<r=ri=- =71y, <ryp1 < - <7p,

The following two lemmas are simple consequences of the corresponding results for

Sd-1,

Lemma 1.5.1. Let T, ... N, denote a polynomial of degree N; in each variable x; € sd-1,

j=1,---,n. Then

173wl < C(T1 N;"f) Tviallps 1< p < 00,
j=1
n 1
T, vl < O(TI3) 7 il 1<p <<
Jj=1
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Lemma 1.5.2. Let ty, ... m, (21, - ,2pn) be a polynomial of degree mj, j =1,--- ,n, in

each variable xj. Then for 1 < p < oo,

[t el

(4m1+1)(2mq)4—2 (4mp+1)(2m, )4=2

x((ﬁ my) @Y > (ﬁ wmj,kj)‘t(fml,kp'“  Ema k)
j=1 j=1

k1=1 kn=1

3=

P
)",
with w; j, & j the same as in Theorem 1.2.5.

Obviously, the weights appearing in Lemma 1.5.2 also have the Kashin type prop-
erty. Consequently, the weighted Kashin type inequality (Theorem 1.3.1) applies to these
weights.

Let n € C*°(R) such that supp n C [—1,1] and n(t) = 1 if [t| < 1. Let 6y(t) = n(t)
and 0;(t) = 0(%), j = 1,2,---, with 6(t) = n(t) — n(2t). Then clearly in(t) = 1. For

§=0
s =(s1,""-,sn) € L%, we define
n
gs(t) = HOSJ (t])a t= (tla atn)
j=1

and

= > 0,(k)Y(f), feLET. (1.5.2)

kez™

Lemma 1.5.3. Let 1 < p < 0o and f € LP(S*"1"). Then, with the same notations as the

above,

11 = (3 10:007) |

sEZ”

The proof of this lemma runs along the same lines as that of the Littlewood-Paley the-
orem for the multiple Fourier integrals, (see [St P104-108]). For the sake of completeness,

we write the proof here.

Proof. For convenience, we only consider the case n = 2. For #; € [0, 1], we define

T 1) = 3 (00 (10)) YeeF) (,0),

k4=0 j5=0
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where 2,y € S and {Ry(t)} is the system of Rademacher functions on [0,1]. An easy

computation shows

‘( )(ZO )‘<Cu*‘f, 0=0,1,---, u>1.

Notice that

T2 (1)) = 32 (3 00 Ry (1)) Tl F ) 0)

k=0 j=0

We get by applying Hormander’s multiplier theorem for the spherical harmonics ( see

[Str]) that for a.e. y € S,

/ T} f ()P do(z) < C / Fla, )P do(z), 1<p < ool
Sd-1 gd—1

Integrating the above inequality with respect to y € S4~! yields
1T, fllp < Clifllpy 1 <p < oo

The same inequality of course holds with z replaced by .

For t = (t1,t2), we define

Z Z 0;(k)0; (€)ri(t1)r;(t2) Yio(f) (@

1,7=0k,£=0

Noticing that T; = T, T}, , we get
sup [IT;(f)llp < Cliflly, 1 <p < oo.
Now the inequality

(3 eane),

1,j=0

< Gl fllp

is an immediate consequence of the standard property of Rademacher functions.

The converse inequality can be derived from (1.5.3) by duality, due to the fact

o0

Z X[Qi—l’2j+l]><[2k—1’2k-+1](l‘,y) < ¢ < oo.
J,k=0

This completes the proof.

yY)-

(1.5.3)
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Theorem 1.5.4. Let 1 <p <2< q<oo andr > 2(d—1)2. Then

log? ™" M) =itys

dar(BE, L9) < ( —

Proof. We follow the proof in [Tem]. We start by proving the upper estimate. First, note
that, the class By is imbedded in the class BE, with rj=rj—(d— 1)(71J — %), j=1,---,n,
which is a simple consequence of the corresponding result for S~!, ( See [Col]). Therefore,
it suffices to prove the estimate for p = 2.

Let ¢ € C*(R) such that supp ¢ C [£,4] and 9(z) = 1 if I < 2 < 2. Then

W=

by Lemma 1.5.3 and a simple duality argument, one can verify that for any sequence
{9s}sezn of functions in LI(Sa=1m),
1
3
(1000 = 96l2)* > ClIF = D ulgo)lles 2 << ox,
SELTY SELTY

where 1)5(gs) is defined similarly as in (1.5.2). This implies

dif(BS, LY) < ) diy, (65, W5, L), (1.5.4)
3621
with
> M, <M.
sEZ:ﬁ
Set ¢ = 291, v = ljfgj, v = (v, ,v,) and let kK =1 + %, with o > 0 a constant
such that r > W. Suppose M ~ a™m?"!.
Let

4
dim EB HY" =< alolt for s/ <m,
ZijlgkjSZsJ'«l»l
1<j<n

m—o(sy—m)

a , for m < sy < sy < km,

0, for sy > km.

\

A straightforward computation shows

Z M, < Ca™m’ ' < M.

SELY



Thus, by (1.5.4),

daBsLY< > diy, (0, W5 L+ Y 160wy
m<svy' <sy<km sy>km

=:01 + 02.

For m < s7' <~vs < km, we factor the operator 0 : WJ — L7 as

0,: Wi —2 P H(\Le 2, —
2Sj—1§kj§2.s]-+l
— Lo — LY.

We then get, by Lemma 1.5.2 and Theorem 1.3.1 ,
r _rys lsly _1qllslly 452 allsll\ 2
oy (65, W5, 1) < Ca™ 3305, oy My * () T (1 low =) ™

where
(= >, Y.
2Sj—1§kj§2.s]-+l
j:]"...7d
Thus

/o 2rys _
o <q~(1+o)d=1m Z (o) (d=1)7 s= 37 (sy —m +1)¢ 1||5s||%2,2)

m<sy' <sy<km
Km ont
! __&r j—
Sca—(l—l—a)(d—l)m max a(l-l—a)(d—l)s*y a a1 (f +1— m)d 1’
F (<sy<tl+1
=m

which, after an easy computation, is controlled by

27
2r

Ca Ma—1 < M_% (log M) (=D .

For sy > km, by Nikolskii inequality, we have

1 1
165 ()l < Cal*I =275 16 | g o0 1 £ -
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(1.5.5)

(1.5.6)

(1.5.7)

Substituting (1.5.7) into (1.5.5), we conclude that o9 is also dominated by (1.5.6).

This, together with (1.5.6), gives the required upper estimate for p = 2.
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Next, we turn to the proof of the lower estimate. Without loss of generality, we may
assume v = n, since BI(,TI""’TU)(S‘Z’") can be regarded as a subspace of B,(,rl""’r”)(Sd*I’”).

For s = (s1,--- ,8p) € Zi, write
P(s):{(k,é): 251 < Ky < 25, 1§£j§dim7-[;§j, j:l’...,n}_

Let

lIslli<m

and

P, = { Z ChePre: Cke €R, (k,2) € ,u(m)}
(k,6)ep(m)

Set M = [M] Then

|u(m)| = dim P, < 2(d=1mp,n=t,

Let {Q/Jj}‘j”:(T)‘ be an orthonormal system of functions in P, and Sy;(f) denote the

M-th Fourier sum of f € P, with respect to {i;}.

Suppose
um)|
ore(x) = Y a abj(x).
j=1
Write
wm|
Ry =lloke — Sulerols = D> laj,

J=M+1

Then, as the standard method shows (see [Tem]), for some p(s) C pu(m),
2 1
Z Ri, 2 §|,0(3)|- (1.5.8)
(k.&)en(s)
Given a constant a € (0,1), let 1, € C*®(R) such that 0 < n,(z) < 1, supp 1, C [1,1]
andna(w)zlif%gwga.
Define
glzy) = > H%(Z—s]j)wk,z(ﬂf)%,e(y),

(k,0)ep(m) =1
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where s = (s1,--- , s,) satisfies (1.5.8), z,y € S4=1",
According to the addition formula, one can easily verify by invoking the Abelian trans-

form finite times,

sup [lg® (-, 9)lp < (a2l CHEDA=),

yESd—l,n
Write

Ruy(w,y) = g(w,y) — Su(g(,y)) ().

Then
l(m)] n

BaCol3= 3 | S (T 0uas) ol oretw)

‘2
J=M+1 (kL)ep(m) =1

Integrating the above identity with respect to y € S, we get

[ty > Y H )R

(k,L)Ep(s

z§|p(s>| - (- gnz<%>)z%i,g. (159

(k,0)€p(s)

Note that 0 < R, <1 and Ne(z) = 1 whenever % <zr<a<l Weget

> (- TIRGD) R, < 0 - a)lp(s)] (1.5.10)

(k,0)€p(s) =1

Substituting (1.5.10) into (1.5.9), and letting a = 1 — 7, we conclude

1
/HRM(-,y)H% dy > 7 |p(s)] = 27l
Therefore, there exists an element y* € S* 1" such that
| Rar (-, y)||2 > c2(@Dllsll,

Consequently,

which is the required lower estimate and completes the proof. ]
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Remark 1.5.1. By slightly modifying the above proof, following the technique in [Tem],
we can further obtain the orders of the widths dy/(By, L?) for p =1, 2 < ¢ < oo, and for

1 < p < q<2. We omit the detail here.



Chapter 2

Linear widths of the function class
B} in the space L9(Se—1y,
1<p<2<g< oo

For 1 <p,q < oo, we define the linear spherical harmonic width of By in the metric LY by

o By, L) == inf sup |f —T(f)llg

TeEGm fEB;
where
Gm = {T : T'is continuous, linear on LY(S? 1) and there is
a vector space L € Ly, for which T'(L?) C L},
and

Ly = {(@ ’Hg) : A is a finite set of non-negative
keA

integers for which dim(@ ’Hg) < m}
keA

The main purpose in this chapter is to investigate the orders of the widths 657 (B, L7).
In the case d = 2, 651 (B, L7) returns to the well known linear trigonometric width
6}2(3{,’, L7) of the Sobolev class on the circle, for which the orders for all 1 < p < ¢ < c©
are known, due to the work of Makovoz [Mk, 1984], Maiorov [Mr2, 1986] and Belinskii
[Be3,1987].

39
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However, in the case d > 3, very few investigations have been made on this problem.
To the best of our knowledge, so far the orders of the widths 657 (B, L7) for all 1 <p <
2 < g < o0 have been left unconsidered. The main difficulty in this case lies in the fact
that the spaces Hg, k=0,1,---, of the spherical harmonics are much more complicated

than the usual trigonometric spaces
H? = span{e® e *T} | =0,1,2,---
In this chapter, we shall prove

Theorem 2.0.5.

.
r 1 _
m7d71+§, forp=1, 2<q < 0, T>@,
T 1 —
SH r q m_d—1+§, f0T1§p§27 q = o0, ’r>d(d21)’
om (B, L7) < -
m—m+5—§’ f0r1§p§2§q<2(jp%12)p, r>d—1,
r 1 1 —
\mfﬂJrz 7, forﬂtgqi_;)q<p§2§q§00, r>d—1.

We remark that for values of the parameters p < 2 < ¢ not encompassed by Theorem 2.0.5,
the problem on the orders of the corresponding widths remains open.

We point out that as will be shown in the later proof, the probabilistic method, which
was used in [Mk]| and [Be3] to deal with the problems of the trigonometric widths , does
not apply to cope with 5,§LH(BI’;, L?) for d > 3 and large g > 2.

The organization of this chapter is as follows. In Section 2.1, we prove an inequality
about ultraspherical polynomials, which generalizes a corresponding inequality for trigono-
metric polynomials due to [Mk] and [Be2]. Such an inequality plays a crucial role in our
later proof of Theorem 2.0.5 and will be proved by approximating the subject step by step,
which differs from the usual probabilistic method used in the case d = 2. In Section 2.2,
a Bohr- Favard type inequality for the kernel F ,(cos#) is established. Theorem 2.0.5 is
then proved in Section 2.3 by standard method. In Section 2.4 we discuss some further

extreme problems in a general background.
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We thank Professor Belinskii E. S. for supplying us with some copies of his excellent

papers on trigonometric widths, which gave us a better perspective on our own results.

2.1 Approximation of an algebraic polynomial
by a polynomial from the spaces spanned by

a prescribed number of ultraspherical polynomials

In this section, we prove the following theorem, which plays a crucial role in the proofs of

the results in later sections.

N
Theorem 2.1.1. Suppose 0 < u < oo and Tx(t) = chC,’;(t) is an algebraic polynomial

k=0
of degree not exceeding N. Then for 2 <p < oo and1 < M < N, there exists a polynomial

representable in the form

TaM (t) = Z bkclg(t)

k€O
with Oy C [0,2N], |0a| = M, such that

2

tos(1420)) " L (),

N>1/2, (i}r)(l_%)(uH/Q)(

1T (0)=1,,, (), < Ol max{ (2

here the norms are computed with respect to the measure (1 — t2)*~1/2 dt.

In the case p = 0, {C}'}3°, is the system of normalized Tchebicheff polynomials,
which after a change of variable reduces to the trigonometric system on the unit circle.
In this case Theorem 2.1.1 was established in [Be3] and [Mk] for 2 < p < oo, and in
[Bel] for p = oo, by probabilistic method. We remark that the probabilistic method relies

essentially on the following property of the orthonormal system {e??}:

sup||em9||p =1<o0, for2<p<oo.
n

However, in the case p > 0, as is well known, (see [Sz]), the inequality

1C; NIy
k ICE 2

<C <o
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is valid only for 2 < p < 2+ % Consequently, the probabilistic method fails in coping with
this problem for 2 + % <p<Loo,u>0.

To overcome such a difficulty, we will prove the inequality step by step. We construct
the desired polynomial Tp,, by finite steps. In each step, a new polynomial will be pro-
duced, which approximates the polynomial T better than the polynomials produced in
the previous steps. Then after a finite number of steps, we can select a polynomial with
the required approximation property.

We shall use the following notations:

T, ()= bCy (1), with Oy C Z and |9x| = N,
kebn

dm,,(0) = sin®* 0 de,
1 1
o= ([ 1£@P( =02 a0),

T 1
17050 = ( [ Fcos0)Psin o)

The proof of Theorem 2.1.1 is based on the following lemmas.

Lemma 2.1.2. Let T, (t) = Z bkCIgu)(t). Then for every 2 <p < 2 —i—i and 1 < M <
k€ebn
N, there exists a polynomial 1., with Oy C On, such that

| LN /2
1T, (cos0) = T, (cos0) ., < C(M(m) z (M> 1Ty, (cos ) |

L2(dmy)’

with C(p) > 0 a constant independent of T, , 6rr and p.

Proof. We follow the idea from [Bel] and [Bo]. Suppose &% ~ 2™. Let us write

T, (cosf) = Z ckCIgu)(cos 0)

N
kebn
:Z Z cr(l—e) (1 — 6i_1)6£01g”)(cos 0)
j=1keby
+ Z cr(l—et)--- (1 = 6?)C]E:M)(COS 6)
kebn

=:0(0,¢) + T, . (cosb), (2.1.1)



where
Oy ={k €0 : (L—gp)--- (1 —£) #0}

and {576},c coy, 1<j<m are independent +1-valued random variables satisfying

/6z5d€j:07 kEgNa j:]-a"'am

190, Il

< Z/‘ Z cr(l—ep)--- (1 — 5?71)%0,(6“)((:05 0) de' - - - de

kebn LP(dmy (8))
< Z/H Z cr(l—ep)--- (1 — 5f; 1)5%0,&”((;050) de' - det

keHN LP(dmp (0) @ del)
<C\/_Z |C| (1- 12 (1 _ 2 oW 921/2

k er)” - (L =g, )7[C 7 (cos B)]
kEQN LP(dmy (9))
the last inequality follows from Khinchine’s inequality.

The estimate (0.0.26) and integration with respect to e',--- , ™ ! give

/ 190, Ol e
1/2
Z/ > Jerl(1—ef) ---(1—551)%2#*2) de' -+ de’ T x
kEGN

( ozw e )MJ sin’ 0 df) g
C

- ST i)

= k€ebn

IN

< 0=y’ (%) T3, (203 Ol a0

On the other hand, noticing that

1 m
|0M(e)|:_2m E (1—ep)--- (L—ep),
kel

del ..

43

l—1
~de” ™,

(2.1.2)
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we get
/|9M |de_ — (2.1.3)

Now a combination of (2.1.1)-(2.1.3) yields the desired result. O

Remark 2.1.1. Some more information can be concluded from the above proof. In fact, let

Ty, and Tp,, as in the above proof. Suppose

T, &) =T, ()= aC¥ (1)

kebn

Then we have |c,| < 2%|bg| for all k& € @y. We will use this fact in the later proof of

Theorem 2.0.5 to give an L? -estimate.

For the remainder of this section, we write an algebraic polynomial Ty (¢) of degree at

most N as a linear combination of the ultraspherical polynomials

N
= Z Ck C](cu)
k=0

With this notation, by the well known Nikolskii’s inequality for the ultraspherical polyno-

mials, we conclude

Lemma 2.1.3. For every polynomial Tn(t),

1T (c0s ) [|oo < C(18) N* || Ty (cos 0)|

L2(dmy(0))°

Lemma 2.1.4. Let n € C®°(R) and Xog SN < X Suppose [ € L([O,ﬂ'], Sin2”0d9)
o0

with the expansion f ~ o(f) = ch(f)C,(c”)(cos ). Define

k=0
2N k
iy (F)(cos8) = S (== )er(£)CF (cos 0)
k=0

Then for 1 <p < oo

115 (F)(€08 )| 1o g,y < CUDS Nz girmy -
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Lemma 2.1.4 can be easily obtained by using the Abelian transform and the uniform
boundedness of the Cesaro means of the ultraspherical expansion o(f) of order § > X in

the LP metric. (See [BC].)

Lemma 2.1.5. For every a > 0 and 2 < p < q < oo, there exists a decomposition

Ty = T21N + TQZN, such that

1T (€08 D)l o, 0y < Cw)a7 0 | T (€08 )l o o
| T2y (cos 6) HLQ(dmu(G)) < C(w) (1%) I/QQ%*I/ZHTN (cos 9)||Lp(dm#(9)),
where C(p) is a constant independent of Ty, p and q.
Proof. Without loss of generality, we may assume ||y (cos )|, amp @y = 1- Let us write
Tn = f1 + f2, where
Tn(cos®), if |Tn(cosf)| < a%,

f1(0) =

1

arsign (TN(cos 9)) , otherwise
and
f2(0) = Tn(cos @) — f1(6).
Then we have

/W|f1(9)|qdmu(9) = q/a ul™'m, {0 € (0, 7) : |Tn(cos@)| > u}du
0 0

1

gqap(“’)/ w? Im, {0 € (0, 7): |Tn(cos®)| > u}du
0

a_q
:qap
and
2 > L
122 o :2/0 umu{t € (0, 7) : [T (cost)] >u+om}du
> udu 2 2
<2 ~7 < ar
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Let T21N =1, f1 and T22N = 1, f2, with ny the same as in Lemma 2.1.4. Now applying
Lemma 2.1.4, noticing that ny(Tx) = T, we obtain the desired result and complete the

proof. O

Proof of Theorem 2.1.1. Theorem 2.1.1 for 2 < p < 2 + % is a direct consequence

of Lemma, 2.1.2. It remains to consider the case % < p < oo. For any ¢ > 0, set

po =2+ 2“24_8 € (2, 2”:1) and define the sequences {ak(M, N)} and {ck} by

ag(M,N) =0, ap(M,N) = b(ak_l(M, N) + 8(M, N)) +1/2,

1
co=0, cx=bcx 1+ —, k=1,2,---,
Po

where
b=( - )/(1/2 ) € (0, 1), 5.—5(M,N)—€(lg )

and ¢ > 0 is a constant to be specified later. Then one can easily verify that agi; >

ag, Ck+1 > Ck, k=1,2,--- and
. bo(M,N) +1/2  bS(M,N 1
lim a;(M, N) = ( ) +1/ = ( ) +(1/2 = =)2u+1+¢),
k—o00 1-b 1-b p
1
lim cp = —2 = (24 2)(1/2 — 1),
k—o0 1-b D

We will prove that for every k, ¢ > 0, and all N there exists a polynomial Tek with
M
0%, C [0, 2N], such that

ar (M, N
) N (2.1.4)

1T~y Iy < G5 ()™ (37
M € M
where C > 0 is a constant independent of k, £, N and M. Then after a finite number of
steps we will obtain the desired result by choosing ¢ = (log %)*1.
(2.1.4) for £ = 0 is an immediate consequence of Lemma 2.1.3. Assume (2.1.4) for &k
is valid for all N and ¢ > 0. We now prove it for kK + 1. We assume M = 2m is an even
number. An odd M is treated similarly.

According to Lemma 2.1.2, for m € [0, N], there exists a polynomial T, such that

1\ o/ N\1/2
1Ty =T, ll, <€ ()7 (5) 1T
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Applying Lemma 2.1.5, for a parameter u > 0 there exists a decomposition
Ty =Ty, = Ton + T,

such that

1 11 I\ps L_1/N\1/2
ITixllp <Coum ™7 | Ty =Ty, I, < CoCy (=) ura 7 (=) [Tl

1 _q/2 1 - 1 _q1/9/N 1/2
T3l <Cauro ™ Ty =Ty, l,, < CaCr (2) 0 wio ™ () T

Using our assumption for k£, we approximate the polynomial T22N by a polynomial Te%

. k
in the norm L7 and let T, =1, (T, +1T,, ). Then 6%F" C [0, 2N] and

TN — Tgﬁjrlnp = |Iny (In — T, — Tafn)“p
<Cy||Tx — Ty, — Tps llp = Call Ty + Ton — T
<Ci| Ty llp + Call Ton — Ty Il

< (010204(1) i (5)1/2 + 01030406(5)”10“’““%—1/2 y

m

< (5" () oy ) vl

i N\ 1/2 1\ = tep 1
S(CICZC4C5 UPIO “1’<M> +0103C4C506<g)p0 kuplo 1/2><

><< )1/2< )ak(MN)N(M+ >||TN||2

1\ er/(1/2=2) ¢ N\ (e LN)+6EN)) (1/2=3) ity 1/ 1)
set w = () (37) N v
hand side can be rewritten in the form

Then the right-

ca(2)" (57)" NI (P - crcaics (37) )

_Cs (é)ck+1 (%)%#N(;ﬂr bkﬂHT || (%3405 + 010304056—4)_

Taking Cs = 3C1C5C4C5 and £ = log(2C1C3C4C5), we get (2.1.4) for k + 1 and finish

the proof. O
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2.2  Approximation of the functions F; ,(cos8)
For f € LP, with the same notations as in the previous sections, we define

em(f, I7) = it inf [|(6) — Ty, (co50) |,

om
The quantity e, (f, LP) was originally introduced by Stechkin, who used it in the criterion
for absolute convergence of orthogonal series. This characteristic has become popular after
Ismagilov found nontrivial estimates for e, (|z|, L) and gave interesting and important
applications to the widths of Sobolev classes. The Ismagilov method was developed in a
series of papers. (See [Bel],[Be3]. )

The main task in this section is to estimate the sharp orders of the quantities e, (F}. ,, L)

for 2 < p < 00, where the functions

> o D(p) (K +
Fy u(cosf) = Z(k(k +2u)) 2 %C}EM) (cos ), p >0

k=1
are analogous of the Bernoulli kernels of the ultraspherical polynomials. The estimates

will be used to derive Theorem 2.0.5 in the next section and can be stated as follows.
Theorem 2.2.1. Suppose r > 2u+1 and 2 < p < o0o. Then
em(Fppy LP) < m THHFL2,

Proof. The lower estimate follows from the following inequalities:

. D)k +
B L) = e (B 22) = inf]| 3 (k(h + 20)) 5 "B T o0 o |
" kZOm
— —2r42\1/2 = 1 1/2 —r+p+1/2
<inf( D k)T 20 30 )Tz Om e,
k@0 k=m+1

To estimate the upper bound, it suffices to consider the case p = 0o. Suppose m ~ 2°
and r > 2 + 1 + € for some sufficiently small € > 0. Let us write

-1 [v4] 00
Frpu(cos0) = 0j(Frp,0) + Y 0j(Frp0) + Y 0j(Frp,b),
j=¢

7=0 J=M+1
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with
21411
o)k +p
0B ) = 3 (k(k+ 20) 7 LT 60 )

k=27

r—u—1/2—¢

= 1.
r—2un—1—¢ >

For ¢ < j < [y/], using Theorem 2.1.1 , we approximate o;(F,,,0) by a polynomial

Ty, . with
! _sr—2p—1l—c £T7u71/275
kj = {2 TS VERED AT VR ]
Let
-1 [v4]
T, (cosf) = Z oi(Frp, 0)+ Z T, (cos®).
j=0 j=¢

Then a straightforward computation shows
(4]
0, <251+ ij =2t =m.
j=¢
By Theorem 2.1.1 and Nikolskii inequality for the ultraspherical polynomials, we have

| Fy,u(cos @) — To,, (cos 0)||

e - 00
27\ p+1/2 27 \ p i
<o (BY (0g1 4+ ) oy (B )+ 0 S 2N o (B )]
j=¢ J J=[ve+1

which, by the fact |0, (F,,, 0)]2 < 2-i(r=#=3) is dominated by

< Cm—T+H+1/2

This gives the required upper estimate and completes the proof. ]

2.3 The linear spherical harmonic widths

We now turn to the proof of Theorem 2.0.5. We start by proving the first estimate. The
lower estimate follows from Kamzolov’s result. To show the upper bound, it suffices to

consider the special case ¢ = 0.
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Suppose 20D < 4y < 26D+ gnd N = 2641 Then according to Theorem 2.2.1

and its proof, there exists a polynomial

Tp, (cos0) Z bk (k+ NI CIE)\)(COSO),

o A+1

k€ebn

for which
F,.(cosB) — Ty, (cos OogCN—’”r%, 2.3.1
N
where
= =1 _ 1.0 o). (76) (e
On = {1,---, 2 —1;m) - ’n'(w)"“ RO ’n'(cZz)}’
j r—d+1-—2¢ - 27 —2d4-2—2¢
. n }C 0, 2942, k; = 2T mT 2T ], =4, [y

and

d—1

_r-5 ¢ d(d—1)

Let L, = @ Hy.. Then observing dim H¢ =< k%2, we get

kebN
21 b
dim Ly, <C Y7240 ) 2002 <y,
7=1 j=L

It follows from (2.3.1) and Minkowski’s inequality that for ¢ € L',
lo  Fr = % T, lloo < IIFr(cos ) — T, (cos )lscllglls < Cm =12 g,

which, together with the definition of B] and the obvious fact ¢ * T, € Ly,, gives the
required upper estimate.

Next, we prove the third estimate. As before, we assume 24D <y < 2d=D(E+D) 3nq
let N = 21, The lower bound also follows from Kamzolov’s result [Ka2]. To estimate
the upper bound, instead of Theorem 2.1.1, we use Lemma 2.1.1 and Remark 2.1.1. Then,
as in the proof of the first estimate, we construct a polynomial

)k + )
TGN Z b 2 T oA+l CI? (t),
kebn



o1

with

On ={1,... ,2£71,n¥), - ,n](:;),...,ngw), - ,n(W)},

... 0y c 27, 27, (2.3.2)

k; :[2(5—]')7"4-]']’ j=4L ..., v=

for which the following two inequalities are satisfied:

__r 1 2(d — 1
I(F = Tpy) # @llgy < Cm~ @15 gll1, for some g1 € [2, (d_2 )
Jj—Jr .
I(Er = Toy) * ¢l < C sup ——llglla < N7"[l¢]la.
L<j<yl  Rj

Let L,, = @ Hjy. Then from (2.3.2), we get, by easy computation,
kebn

dim L,,, < m.

Now the required upper estimate follows immediately from applying the Riesz—Thorin
interpolation theorem.
Finally, noticing that the second and the fourth estimates can be derived from the

other two estimates by duality, we conclude the proof.

2.4 Concluding remarks

First, we remark that the argument in Section 2.1 also applies to some general settings.

Let {X,X,du} denote a probabilistic space and ® = {¢;}72, an orthonormal system of

functions in L2(X). We make the following assumptions on the orthonormal system ®:
1.

or € L7(X), lorlloo < Ok + 1) [lorll2, (2.4.1)

for k € Z and a given fixed positive constant a.

2.

sup ||90k||q

<C <o, for 2<q< qp,
ko lleell2
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where gy > 2 is a fixed constant.

3. There exists a sequence of linear operators {V},}72, on L(X) with the following

three properties:

(i) For NeZ,, f € L(X),
Vnf €span{pr: 0<k < CN}, for some fixed constant C > 1.
(ii) For N € Zy and f € span{ypr: 0<k <N},
VNnf=1T.
(iif)
sipHkaHp < C|fllp, for feLP(X), 2<p<oo.

Under the above assumptions, we have

N
Theorem 2.4.1. For a function T = chgok, 1 < M < N, there exists a function

k=0
representable in the form

Too (B) = Y brspr

k€O
with Oy C [0,2N], |0np| = M, such that

N\« N \B
1Ty =Ty lloe < € () (081 + 7)) 1Tl
where a = a(a,qo), B = B(a,qo) > 0 are constants independent of N, M and Ty .

Next, for > 0, define

St o0
Wig = {D arpre: ao=0, Y laxf’k? <1}.
k=0 k=0

As before, for 6, C Z with || = k, let Tp, denote a function representable in the

form

T, (z) = Z akpr(z), ap € R
keby

We consider the following extreme problem:

EN(WQTtI)an) = Ssup lnf“f _THNH(]a 2<g< o0
) f wr gN

2,8
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Theorem 2.4.2. Let r > a(a,q) and 2 < g < oo. Then, under the above assumptions,
Ex(W3e,L%) < N7".

In the case ® = {¢™?}, Theorem 2.4.2 was due to [Be3]. Here the proof is similar to
that of [Be3]. ( The only differences are that here we should use Theorem 2.4.1 and the
inequality

1T oo < ON®log? (1 + N)||Ty |2,

with Ty € span{pg}~_,, which can be deduced from Theorem 2.4.1 by taking M = 1.)
We omit the detail.

Finally, we give some additional remarks on spherical harmonics. For sake of conve-
nience, we only consider d = 3. We introduce the system of polar coordinates on S? as in

Section 1.1. Let
(2m)!

2Mmqm!

(1—a)%C, 2 ().

N =

P (z) = (=)™
It is well known ( see [An-As-R, P457]) that the set consisting of the following 2k + 1
functions

2k+1
™

Py(cos®), A, cosmpP*(cosb), ApsinmoP*(cosf), m=1,--- k,

forms an orthonormal basis of the space ’H% of spherical harmonics of degree k in three

variables, where

(k —m)!1(2k + 1)
Ap = .
(k +m)12n
For this system, up to now, we are not able to prove that it satisfies the condition (P1)
above. If the condition (P1) was satisfied, then some similar results for the class By (S?)

could also be obtained.



Chapter 3

Strong equivalences between the
K-functionals and some well

known linear operators

We first describe briefly the problem in a general setting. Let {2 be a nonempty set endowed
with a non-negative completely additive measure ;4 and B a Banach space of y-measurable
functions on ©Q with a norm designated by || - ||g. Suppose S is a linear space contained B

and D : § — § is linear, unbounded on B. Let W (B, D) denote the function space
W (B, D) := {f €B:Dfe B}.

We assume W (B, D) # {0}. To each operator D, we associate a K-functional K(f, D,t)p

defined by
K(f,D,t)p = f{|lf — gllz +tIDgllz: g€ W(B,D)}, t>0, feB.
It will be convenient to use the notation
A(f,1) = B(f,1),
which means there is a C > 0, independent of f and ¢, such that
CTHA(f,1) < B(f,1) < CA(f,1).

o4
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Given a family {7} };~¢ of linear continuous operators on B, the following two types of

equivalences are usually considered:

I: K(f,D,t)p=|f—T:fls,

II: K(f,D,t)p = ||f = TifB + If — Tocfll,

where 0 € (0,1) is independent of f and ¢. Taking into account the monotonicity of the

K-functional K(f, D,-)p, we have, under the equivalence of type I,

If =Tiflls = If = TouflB-

Hence, we conclude that the equivalence of type I is stronger than that of type II. We
call the equivalence of type I the strong equivalence. We say {T}} is a realization of the

K-functional K(f, D,-)p if the strong equivalence is satisfied. An inequality of the form

If =Tifls < CK(f,D,t)p

is called a direct inequality while that of the form

K(faDat)B < CBHf_thHB

a strong converse inequality of type A. (SCIA). Generally, the SCIA is more difficult to

establish than the following weak type inequality:

K(f,D,t)p < Cf =Tifllz + lf — Tocf 5. (3.0.1)

We call an inequality of the form (3.0.1) a strong converse inequality of type B. ( SCIB).
Fore more background information of the above notations, we refer the reader to [Dil],
[C-Di], [Di-Iv].
In this chapter, the linear space S and the unbounded operator D we usually con-
cern with are the space of tempered distributions and the fractional differential operator,
generally defined in the distributional sense. It is our aim, as suggested in the title, to es-

tablish the strong equivalences between the K-functionals and some families of well known
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operators, such as Cesaro operators, Riesz operators, average operators, Steklov means,
etc. For most of the operators we consider, the best previously known results are the

equivalences of type II.

We organize this chapter as follows. In Section 3.1, we consider the Riesz means
and the Cesaro means in a general setting introduced in [Dil] and [C-Di]. Equivalence
between each of these operators and the corresponding K-functional is established. In
Section 3.2, we confine ourselves again to the case of unit sphere S~ !. Equivalences
between the K-functionals and the average operators, the K-functionals and the Steklov
type means, are established in Sections 3.2.2 and 3.2.4 respectively. A conjecture on the
norm of the derivative of the average operator raised in [Di-Rul] is solved in Section
3.2.3. In Section 3.2.5, we apply the technique developed in Sections 3.2.2-3.2.3 to obtain
a strong equivalence between the K-functional and the modulus of continuity on S%1!.
As a consequence, the well known Jackson type inequality on S? ! is deduced and its
original proofs in [Ru2] and [Ri-Wa] are simplified. In section 3.3, we obtain some similar
results as in Section 3.2 for the Jacobi expansions, which also improve some previously
known results. A strong converse inequality for the average operator of high order and
the K-functional related to the Laplacian on R? is obtained in Section 3.4, which proves

a conjecture raised in [Di-Ru2].

We thank professor Z. Ditzian for supplying us with some preprints of his excellent

papers.

3.1 Riesz mean, Cesaro mean and the K-functional

3.1.1 General notations and assumptions

We first introduce some notations from [Dil]. Let S be a nonempty set equipped with a

positive measure p and let LP(S), (1 < p < oo) denote the space of functions on S with
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the usual norm
1

151 = ([ 1P duto))”

Suppose P (D) is a self adjoint, unbounded operator on L?(S). We make the following
assumptions on P(D):

(i) P(D) has only discrete spectrum {—(k)}?2, and each eigenvalue —1)(k) corre-
sponds to a finite dimensional eigenspace Hy.

(i) 0=1(0) <9(1) <--- <(k) <--- and each (k) is a polynomial in k.

(iii) For some fixed p € [1,00], Hy C LP(S) N L” (S) and
spanUHk = LP(S).
k

For the remainder of this section, we assume p, B, ||-|| denote a fixed number for which
assumption (iii) is satisfied, the space LP(S) and the norm || - ||, respectively.
Since,under the above assumptions, the projection Ppf on Hy is well defined for all

f € B, we have the formal expansion

F~Y Pt
k=0

Accordingly, the £-th order Cesaro mean of the expansion can be defined (as usual) by

We make an additional assumption on the Cesaro means:

(iv) For some positive integer ¢ = ¢(B),

s%pllafv(f)ll <C,B)|f]- (3.1.1)

Assumptions (i)-(iv) were made by Ditzian [Dil]. As pointed out in [Dil] and [C-Di],
these assumptions are very natural ones. In fact, many well known differential operators
and the expansions related to them, such as spherical harmonics and the Laplace- Bel-
trami operator, Jacobi expansions and the Jacobi operator, and Hermite and Laguerre

expansions and their operators, etc, satisfy them.
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Next, we define the fractional differential operator P(D)* ( for a given «), in the sense

of distributions, by

o0

PD)*f ~ > ((k)* Ppf.

k=0

We write P(D)*f = f(® if P(D)*f € B. To each operator P(D)" is associated with a

K-functional
Kalf,t) = K(J, D)%, 1) := it{If — gll + 29| - ¢ € B}.

For further detail of the background information, we refer the reader to [Dil] and

[C-Dil.

3.1.2 Riesz means

For ¢ > 0, @ > 0 and ¢ € N, the generalized Riesz mean, which was introduced in [Dil],

is defined by

Ryae(f)= Y. (1—(%)a)ng(f).
Y(k)<p

It follows from [Dil] that

sup || Ry e (f) | < ClI 1, (3.1.2)
¥>0

with C' independent of f.
In this subsection, we shall prove the following theorem, which was conjectured in [Dil]

under the hypothesis (3.1.2).

Theorem 3.1.1. Suppose ¢ € N and (3.1.1) is satisfied. Then for ¢ > 0, a > 0 and

m €N,

“(Rw,a,l - I)me ~ Kam(fﬂ/)il)'

Theorem 3.1.1 for £ = 1 was due to [Dil]. For £ > 2, Ditzian [Dil] proved the following

weak type equivalence ( of type II):

1Bue = DA+ 5 | (Boims) | % KamlF D, 303
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where the operator Ry o¢,m is defined by
m
R¢’a7e;m = I (I R’(p,a é Z ( > Rw o g (314:)
k=1

To prove Theorem 3.1.1, we need a series of lemmas.

Lemma 3.1.2. Suppose £ € N is as in assumption (iv) and n € CEHD(R,) is of compact
support. For ¢p > 0, define

Zn(—fp ) (f)-

k=0

Then

IV (DI < Cyll A1,

with Cy > 0 independent of f and 1 > 0.

Proof. Suppose suppn C [0, a] with a > 0 depending only on 7 and suppose ¥(ng — 1) <
ap < (ng) with ng a positive integer.
Noticing
2l =[5 (M5 ot < o 251,
according to assumption (ii), without loss of generality, we may assume the function (x)
is strictly increasing on [0, 00).
By (3.1.1) and the Abelian transform, it suffices to prove

no

k

S A”ln(%)‘kl <C,. (3.1.5)

k=0
Let o(z) = n( (z) ). Then a straightforward computation shows

£+1
(D) ()] < P(z) 1
e ()] < G, Z( J ) CTDAT (3.1.6)

Noticing

atyHH) = g gy
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for some 6y € [k, k + £ + 1], we get from (3.1.6)

l+1 i
A”ln(%)‘ < On;(d’(zk)) #. (3.1.7)

Now substituting (3.1.7) into the left-hand side of (3.1.5), taking into account the mono-

tonicity of 1(z), we obtain (3.1.5) and complete the proof. O

Lemma 3.1.3. Suppose 1) >0 and Ry ¢m[ is defined by (3.1.4). Then

1) (Botms) ™| < O~ Ryad)™ 1.
with C > 0 independent of 1 and f.

Proof. By (3.1.4) and (3.1.2), it is sufficient to prove

H (%)am(Rw,a,zf)(“m)H <O~ Ry )™ [l (3.1.8)

We begin by fixing 1, a C* function of compact support, defined on R, with the
properties that n(z) = 1 for |z| < I and n(z) = 0 for |z| > 3.

Let

k= (1 (A0’

We decompose the operator (%)am(be,a,éf)(am) as

(%)am(be,a,éf)(am) =T)f +T2f, (3.1.9)

where

Tr= S et (PE) 7 (HE by

Y(k)<y v v
=3 a(k,zp)(%)am(l—n(%))&f.
Y(k)<y

First, we prove

IT,fIl < CIT = Ry a0)™ I, (3.1.10)
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with C' > 0 independent of 1) and f. To this end, let us rewrite le) f as

P(k)

Ty = ) a(’mﬁ)f(T)Pk(h), (3.1.11)
Y(k)<y
where
{0 =5 _77((1t)_ta;)£)m, and h = (I — Ryae)™f. (3.1.12)
Noticing
£(t) = n(t) € C°(R,)

Sy e A
= j+1
with supp& C {t: 0 <t < 1}, we obtain (3.1.10), by Lemma 3.1.2, (3.1.2) and (3.1.11)
~(3.1.12).
Next, we prove (3.1.10) with lejf replaced by T1/2}f.

Define

P (k) a(k, 1)
Up(g)= >, (1—n(==) — Py(g)-
2 ) e

Below we will prove

10 ()l < Cllgll, (3.1.13)

with C' > 0 independent of v and g.

We rewrite Uy(g) as

Us(g) = Up(g9) + Uz(9),

with
Uie) = > (1- n(%))a(lﬂ,d)) 1+ ma(k, )| Pelg),
k)<t
P(k) 1
Uj(g) = 1—n(—==))alk,) | ————= — 1 — ma(k, )| Pe(g).

By Lemma 3.1.2 and (3.1.2), one can easily verify

U5 (@)1 < Cligll. (3.1.14)
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To deal with Ui, we set

o(t) = (1 —=nt)(1 - ta)é [m —1-m(l— ta)é : ifo<t<l,

0, ift > 1.
Then, a straightforward computation shows
(m—1)¢
(1 _ ta)?)l Z Cm,l,jta]
j=0

(1 _ (1 : toz)é)m ?

<t<1,

A~ =

p(t) = (1-n(?)

where the Cy, ¢ ; are constants depending only on m, £ and j. This clearly implies ¢ €
c{"™(R, ). Noticing
o0
P(k)
Ui(g) = e (=5 ) Pilo).

k=0
by Lemma 3.1.2 , we get (3.1.14), with Ui(g) in place of U;}, (g9). Putting this together, we
get (3.1.13).

Now noticing

T)(f) = (%)am (Uw (I- Rw,ax)mf) ),

by Bernstein’s inequality (see [Dil]), we get from (3.1.2) and (3.1.13)
I < CIUT = Ry0)™ (I,
which, together with (3.1.10) and (3.1.9), yields (3.1.8). This completes the proof. O

Now Theorem 3.1.1 is an immediate consequence of (3.1.3) Lemma 3.1.3.

3.1.3 Cesaro means
In this subsection, we will prove

Theorem 3.1.4. Suppose £ € N and (3.1.1) is satisfied. Then

1

If = o (Pl = K (f, P(D)*, ~)

where ag = (degz/)(ac))f1 and P(x) is as in assumption (ii).
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Since the coefficients of the Cesaro mean are more complicated than those of Riesz
mean, the proof of Theorem 3.1.4 is a little more difficult than that of Theorem 3.1.1. We

prove Theorem 3.1.4 on the basis of the following lemmas.

Lemma 3.1.5. Suppose ¢(x),d(x) are two algebraic polynomials of the same degree. As-

sume for some positive integer ng, ¢(x)p(x) > 0 for x > ng. For a given r > 0, define

(5= Y (28 .

Then

1T < Cle, ¢y, m0) | f1]-

Proof. Let

U(z) = (%)r, T > ny.

Noticing that ¢(z) and ¢(z) are polynomials of the same degree, one can easily verify

1 \+2
D (1)) < > nyp. 1.1
@) <O(—5) ez (3.1.15)
Now let us define
\Il(k)a k> 1o,
Mk =
0, 0 <k <mny.

Using the Abelian transform ¢ + 1 times, taking into account (3.1.1), we obtain

o0

1T < Cr Y| | K£,

k=0

which, by (3.1.15), implies the desired result. O

Lemma 3.1.6.

17 = oAl < CK (7, P(D)*™, ),

with C' > 0 independent of N and f.
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Proof. We get the idea from [Dil]. Let g = Ry 00,0, J with R, B 06,1 defined as in
N

2

2 N a0
(3.1.4). Observing that g € @ Hy and (¢(7)) ~ N, we get from (3.1.3) that
k=0

1 1
_ Zlgle0) || < g
17 —gll + 1o < OK(f, P(D)™, ).

On the other hand, by (3.1.1),
lofs (F) = FIl Slloiy (F) = ol (@)l + llok (9) = gll + llg = £
<CIf =gl +lloky(g) = gll-

Hence, it suffices to prove

1
lofv(9) = gll < O 9"l (3.1.16)
From assumptions (iii) and (iv), it follows
Jim |0’y (g) — gl =0,
—00

which implies

SOEYES S CIOE M)
k=N

N

= L Ay jek + 1)
__Z k+1+4)(k+1)20 A/k 170 (3.1.17)

Let n € C§°(Ry ) be a C*° function, defined on R, with the properties that n(z) = 1 for
|z| < § and n(z) = 0 for |z| > 2. Then, noticing g € EBHk, by (3.1.1) and Lemma 3.1.5,

k=0
we have

S AL k4 1) Aé k+1) g
< LSS T NN
DI T el Z T P)

<CZ‘N+1< (]{/-)k_lf_%ﬂ(j-i- I)EHg(ao) . (3.1.18)
i
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A straightforward computation shows

N <

‘K“l (n(i)ﬂ)‘ < C(%)m,o <j< k. (3.1.19)

3 3
Nk+1—j 47 =

Now substituting (3.1.19) into (3.1.18), taking account into (3.1.17), we obtain (3.1.16)

and complete the proof.

Lemma 3.1.7.

(ﬁ)““ (4(N) ™| < Clf = oD

with C' independent of N and f.

To prove Theorem 3.1.7, we have to use some properties of the coefficients of the Cesaro

mean, which are contained in Lemmas 3.1.8-3.1.10 below.

Lemma 3.1.8. Let

ap = N
0, k>N+1
Then fori=20,1,--- £+ 1,
I L i+
Nay| < — —
| ‘”“'—C((N) sy )
with 1 <k < [3N]+1,
Proof. We rewrite ay as
ap = b + cg, (3.1.20)
with
N k.,
=X 4)
N Evo Ao
— A L . 1.21
o = (0= )= ) (3.0.21)
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Let o(t) = $(1 — (1 — t)%). Noticing that
l
o)=Y ()1 e .o

j=1

and by = @(%), we get for ¢ € Z,

— 1 i
Aip <CG——),1<k<N.
Hence, by (3.1.20), it remains to show for 7 = 0,1,--- , £+ 1,

1

.
Niy| < O ——
|Alexd —C<k+1

i+l 3
) L ISE<[EN] L

On account of (3.1.21), it suffices to prove for 0 < i < /41,

—. k A 1 3
Nif(1—Zye_ N*"< 1<k <[>N]+1. 1.22
Zi(a-7) A%)_AQN+UHP <E<[EN]+ (3.1.22)
Noticing that
%
NAS = AT, 0> —1, (3.1.23)

and ( see [Zy, P77, (1.18)]),

)

Al ——fL——(14-o(

1
ETT0+1) k

k))’ §>—1, keN,

we get for 0 <k < [2N] + 1,

ALE T(+1) (N—k)t—i 1 ) )
=i Al _ ixvak = Tri-) W (1 + O(y)), if 0 <i </,

1 (3.1.24)
N 0, ifi=1¢+1.
On the other hand, it is easy to verify that for 0 < k < [2N]+ 1,
. " FFZ(ZJ'FI)1 (%)Z(l _ k-l-]f;i,k- )éfi, if0<i<e,
Ri(1 - 2) = (E=i+1) T (3.1.25)
0, iz 041,

with

0<9i,k<ia 1=0,1,--- /L.
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Now combining (3.1.24) with (3.1.25), we get for 0 <i < ¢, 0<k < [2N]+1,

> ko, A5 r(t+1) 1 k+0; , ; koo 1
A(“_TVV__%f>:FM—¢+nRﬁ«L_ N ) _(L_Ny +{Xﬁ0

—o((5)™);

and fori =0+ 1,0 <k <[3N]+1,

nGs ((1 _ ﬁ)z B Agv-zc) —0.

N A
which gives (3.1.22) and completes the proof. O
Lemma 3.1.9. Suppose a, > >0, k=0,1,---. Then

-1 . —
‘An— < C(6,n) sup{‘A“akﬂ-l e AN s 1<y, gy <ny 1< u <m < n,
ag

h+m+~~wm:n}

Lemma 3.1.9 can be easily obtained by induction on n =0, 1,--- and using the follow-

ing two identities:

%
Zi—i-zz—- Zkak ’
aj ALaK+1
%
Antr L _ _zn(ﬂ)
aj aRaK+1
"L (n\ /= T\ = 1= 1
== > (") (B ) ( () Ri—)Ri=i ).
> (")( W) () @B G
Lemma 3.1.10. Let
L
A;]V[—k-, 0< k S Na
P = N
0, k>N+1
Then fori=0,1,--- £+ 1,
‘X% b ”<0(Hi (3.1.26)
) SO 1.

with & <k < N.
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Proof. First, we prove for s =0,1,--- , £,

- 1 1\¢ N
Ai ‘ < c(—) k> 3.1.27
‘ 11—l ™ N - 8 ( )
and for 1 =/¢+1
/41
1 e N
Rt ‘ <\, 8 (3.1.28)
— Mk c(%), HN—l—1<k<N+£l+1
Notice that
=y N+l
Riay = Rian 1o+ > AH'la], i>0. (3.1.29)
i=k
It is sufficient to prove (3.1.28). By (3.1.23), it is easy to verify that for 0 < i </,
. 1\¢
Kl <0(5) s k=0, (3.1.30)
and for 1 =/¢+1
1 1 .
— -7 — O(—), ifk=N
A = AN Nt (3.1.31)
0, otherwise.
A straightforward computation shows
FURE
1— >1- -5 > — 3.1.32

whenever k£ > %.
Now combining (3.1.30)-(3.1.32), on account of Lemma 3.1.9, we derive (3.1.28) and
hence (3.1.27).

Next, we prove for s =0,--- , £+ 1,

Ril<e(s), k2

N
—. 3.1.33
) (3..33)

By (3.1.29), it is enough to consider the case i = £+ 1. In fact, (3.1.33) for /+ 1 is a

consequence of (3.1.19), ( 3.1.31) and the following identity

L4+ 1\ = =1
AHIMQ = MkAé—i— ik + MkA S o1 + Z < >AZMkAé+1 "k
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Finally, we prove (3.1.26).
Again, by (3.1.29), we only need to prove (3.1.26) for i = ¢ + 1.

We write
— ©2 z"“,u? — 1 CH+ 1\ = o=3piq s 1
[Besr ()| | L K (——)+) ( . )Nuiﬂﬂ—l(i) |
1 — pg 1 — pgyosr L=/ =\ 1 1 — pgyi

which, by (3.1.30), (3.1.31) and (3.1.33), is estimated by

1\ 0+1

()

N

which gives (3.1.26) and completes the proof. |

Proof of Lemma 3.1.7.  Without loss of generality, we may assume Py(f) = 0. Let

n € C§°(Ry) such that n(z) = 1 for |z| < % and n(z) = 0 for |z| > 1. We decompose

(W)ao (afv(f)>(a0) as the sum

Tx(f) + T3 (f), (3.1.34)
with
N L
_ (k) Neo Ay K
TV (f) —kgjo( ovy) ar PO
N ¢
_ P(k) Yoo Ay k
T () —k§%( ovy) ar 0= )R)
First, we prove
ITx ()l < CIIf = of(HII- (3.1.35)
By Berntein’s inequality and (3.1.1), we get
. Yk k
ITk ()l < €| 3 ()Pl (3.1.36)
k=1
Define
N k k
Gi(9) =Y _n(5)——Pelg). (3.1.37)
k=1 1-— 2’—[};’“
Observe that for 1 <k < N,
N Ay N 0 11
AUy )2 (1-0-579") 2 5757 >0
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From Lemmas 3.1.8 and 3.1.9, we get,

2o (”(%)W)\ <((m0) @)

which, by (3.1.1), implies
IGN ()]l < Clgll- (3.1.38)

Now combining (3.1.36)—(3.1.38), we obtain (3.1.35).

Next, we prove
T3 (NI < ClIf = on (DI (3.1.39)

To this end, we define

G3 g:AgV"“ L LAty
N(g)—k:0 AL 1_A§v£_k( (5 )P (9)-
N

We decompose G?V as

G%(9) = G (9) + G (9),

with
()’
63! (9) == 30— (1 = () P,
k=01 — A[];
G o) =3 T4t (0 () BG)
k=0

From Lemma 3.1.10 and the Abelian transform, it follows

IG% (9)]| < C)lgll.

On the other hand, by assumption (iv) and Lemma 3.1.2, it is easy to verify ||G?\}2(g) I <
Cllgll-
Thus

IGX ()l < Cllgll.

Observing
130) = | )™ (G — ok t) ™

’
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by Bernstein’s inequality (see [Dil]), we derive (3.1.39).
Now combining (3.1.34), (3.1.35) and (3.1.39), we obtain Lemma 3.1.7 and complete
the proof. O

Now Theorem 3.1.4 follows directly from Lemmas 3.1.6 and 3.1.7 and the fact ¢)(N)* ~ N.

Remark 3.1.1. With a slight modification of the proofs in the above two subsections, we
can show that Theorems 3.1.1 and 3.1.4 remain valid with £ replaced by a positive number

d for which the assumption (iv) is satisfied.

3.1.4 Special results for S?!

Now we return to the case of unit sphere S?~1, for which the fractional differential operator
D", the K -functional K,(f,t), , the Cesiro mean o are defined by (0.0.14), (0.0.15),
(0.0.7) respectively, and the generalized Riesz mean Ry , ¢ is defined by
k(k + 2\ 5
Roas= 5 (1= ((EEEN v,

ke (k-+2X\) <t

With a slight change of the symbols in Sections 3.1.1-3.1.3, on account of Remark

3.1.1 and (0.0.3)-(0.0.5), we obtain the following two theorems.

Theorem 3.1.11. Let §, = max{(d - %,o} and J(d) as in (0.0.10). Then

the equivalence
0% ()~ Fllp = Kr(f, 50
is valid if one of the following conditions is satisfied:
(i) 0>X 1<p<oo,
(ii) d=X 1<p< oo,
(iii)) 0<d<A, d>0d(p), pe J(d).

Theorem 3.1.12. With the same notations as in Theorem 3.1.11, for a > 0, the equiva-
lence

)
N

is valid if one of the conditions (i)-(i1i) in Theorem 3.1.11 is satisfied.

[1Rya,5(f) = fllp = Kaal/f,
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Remark 3.1.2. With a slight modification of the proofs in the above sections, we can easily
extend Theorems 3.1.11 and 3.1.12 to the case of Hardy space HP(S%!). This will be

discussed in Chapter 4 of this thesis.

3.2 Realization of the K-functional related to the Laplace-

Beltrami operator on S¢!

3.2.1 Two basic lemmas on Jacobi polynomials

Throughout the rest of this chapter, we assume a > § > —% and R,(Ca’ﬁ) (t) denotes the

following normalized Jacobi polynomial:

N plab) (z)
R,g ’6)(3:) = 716(04,6) .
B (1)
From [Sz] we have
Fk+a+1)

P(o‘aﬁ)

bW = S et 1) (3.2.1)

For a sequence {uy }?° , of complex numbers, recall that Auy, = up—uj4; and ALy, =
AY(Auy), £ €N.
The main goal in this subsection is to prove the following two lemmas, which will be

used repeatedly in the later sections.

Lemma 3.2.1. Lete € (0,%) and 0 € (0,7 —¢). Then for £,k € Z,

4 —1
£ p(a,B) 7 0<O<k,
|IAR (x)] < O, o, B, €)

()20l k' <O<m—e,

with C(¢,a, B,€) > 0 independent of k and 6.

Proof. We use the formula ([An-As-R], p. 304, (6.4.20))

B p (k+ a+ )P (@) = (k + )PP (cos 0)
C2%k+a+B+2 1 —cosf )

Pk(aH’ﬁ) (cos 0)
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We then get from (3.2.1)

2k +a+ B+ ZR(a—l—l,,B)

(a,) _ plap) _ plaB) —(1_
AR, (cosB) = R, (cos @) — R, "’ (cos ) = (1 — cosb) ot 1) i

bt (cosB).

Thus, for ¢/ € N,

041 p(a,8) _l—cost 4 a+p (at1,8)
AR (cos ) = ) A ((k t— )R, (cos 9))
1 —cosf a+f3 ¢ p(a+1,8) 01 plat+1,8)
. (6 + 252 + VAR (cos 0) — A R (cos 0) ).

Now induction on £ and invoking (0.0.24),(3.2.1) give the required estimates for Alnga’ﬁ ) (cosB).
This completes the proof.
]

Lemma 3.2.2. Let m be a fized positive integer, € € (0,5) and § € [0,7 —¢]. Then there

exists a T := T(av, B,m,€) > 0 such that for j > m and kO > T,

‘N (R,(f“’ﬁ) (m))j‘ < C(a,ﬁ,m,s)(%)j(ﬁ)m(awo{ (3.2.2)

with £ =0,1,--- ,[a] + 2.
Proof. Let 7 = 7(«, 3,m,€) be a specified constant. It will, in fact, be convenient to give
its precise definition later.

(3.2.2) for j = m, ¢ = 0 and k0@ > 7 is an immediate consequence of (0.0.24) and

(3.2.1). (3.2.2) for j =m, 1 </ <[a]+ 2 and kf > 7 follows from Lemma 3.2.1 and the

following identity

s =Y (D) ()

v+ v, <Y
Ogvigé

1<i<m-—-1

m—1
X H (Aiukm) NPTy
i1

which can be easily obtained by induction on /.
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Now assume (3.2.2) holds for j = N >m, 1 </¢ <[a]+2, kO > 7. More precisely, we
assume for 1 </ <[a]+2, kO > T
o N INN/1 m(onl)
‘N (R,(C ) (cose)) ‘ < Cy(a, B, e,m) (5) <E) gt (3.2.3)
Below we will prove inequality (3.2.3), with N + 1 in place of N, remains valid.

We use the identity:

N+1

14
A* (R,(Ca’ﬁ) (cos 9)) = Z (i) A"R,(Ca’ﬁ) (cos ) ALY (R,(col’f) (cos 9)) N,

which, together with Lemma 3.2.1 and our assumption for j = N, gives

¢ pla,pB) N+1 Ly, 1 imgatt)pe LRV
|A (Rk (Cosg)) | S 02(a?/3?m76)(2) (kg) 2 9 (Cl(aﬁﬁ’mﬁg)(ko) 2)’

where Co (M, «, 3, €) is the same as in (3.2.3) and C; (M, «, 8, ¢€) is a constant independent
of N, k, 0.

Now taking

1

T= 2<Cl(a,,6,m, 6)) oty ,

noting o > —%, we obtain (3.2.3), with N + 1 in place of N, for k6 > 7, 0 < ¢ < [a] + 2.

This completes the proof. ]

3.2.2 Average on the cap of S¢!

For t € (0, ), let
271'% t
q)(t) = T/ sind_Zudu.
I'(%=) Jo

Given f € L(S%"), the average B;(f) on the cap of S¢~! is defined by

B(f.x) = ——

fy)do(y), z e S 3.24
(I)(t) /{yeSd—l: Ty>cost} ( ) ( ) ( )

while the r-th order average By, (f) ( for a given r > 0) is defined by

B () =Y () (— 1 B () (@), (3.2.5)

=1
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The following equivalence was proved in [Di-Rull:

K(f,D,t*)y % |If = Bfllp + lf = Bt flly, (3.2.6)

where f € LP(S%"), 1 < p < oo, t € [0,7] and M > 0 is independent of f and .
The main result in this subsection is the following theorem, which, in the special case

r = 2, improves (3.2.6) and answers a problem raised in [Di-Rul].

Theorem 3.2.3. Lett € (0,7), r >0 and 1 < p < oco. Then for f € LP(S%1),

K(f,D%,1")y = ||If = Birfllp-
The proof of Theorem 3.2.3 is based on the following lemmas.

Lemma 3.2.4. Forke€ Z,, t >0, let

1 t . p—
7ft sind20/g P{(cos ) sin?=2 0 df. (3.2.7)
0

Then the following two statements hold:

a(k,t) =

(i) For every f € L'(S%),
Ye(Bi(f))(2) = a(k, )Yy (f) (). (3.2.8)
(ii)

a(k,t) = Siridil t ngf(cos t). (3.2.9)
(d—1) [y sin®26do

Proof. (3.2.8) is a direct consequence of (3.2.4), while (3.2.9) can be obtained by using the

following formula twice:

Pi(cosh) = w(sin )2 /0 cos(k + Nu(cos u — cos )Nt du. (3.2.10)
I3 0
This completes the proof. ]

Lemma 3.2.5. Suppose € € (0,%), t € (0,m —¢), r >0 and 1 < p < co.Let n be a C*°
function on R with the properties that n(z) =1 for 0 <|z| <1, n(z) =0 for |z| > 2 and

0 <n(x) <1 for all x € R. Define the operator V, ( for a given z > 0) by

VAN = S nEW(n(e)
k=0
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Then there exists a constant v := v(d, ), which is sufficiently large and independent of t,

such that for any f € LP(S471),

I = Visyfllp < Clordse, I = Bir(Dly

holds whenever B € [y,72].

Proof. 1t follows from (3.2.5) and (3.2.8) that

Yilf  Birf)(@) = (1 - alk,n) *a(h). (3:211)

[

For simplicity, we write N = [Z]. By (3.2.11), we can decompose f — Vy(f) as follows:

I'(j+3)

i (3) T = Bt @,

with

k=N
On account of the fact
'(j+35) o
- =0(2 ),
J'0(5)
it suffices to prove
177 (9)lp < Collglly, (3.2.12)

with €}, > 0 independent of j and N.

(3.2.12) for j =0, 1 is an immediate consequence of the following two facts:

1Btll(p,p) = L,

sup 1Vill(pp) < Cp < 0.

Now assume j > 2. Noticing that

< sin?=1¢
(d—1) [ sin?20d0

<1, te(0,m),
we invoke Lemma 3.2.2 with m = 2 to obtain

‘AE(Za(k,t))j‘ < Cc,l( 1 )2/\+2

— th 0=0,1,--- [N +2
kt 9 b | ?[]+?
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where kt > 7 := 7(d,e). We choose 7 := 7(d, €), sufficiently large, so that ([%]—d—l)t > T
whenever 3 € [y,7?]. Then using the formula

¢
Aagby) =Y CF (A ap) A by, (3.2.13)
v=0

we conclude

S [t (1 ) 2ath ) ) [ < 64 < .
k=N+1-d

which, by Lemma 0.0.17, implies (3.2.12) and completes the proof. O

For the remainder of this section, we assume V, (f) always denotes the operator defined

as in Lemma 3.2.5.

Lemma 3.2.6. Supposec € (0,%5),t € (0,m—¢) and 1 < p < oo. Let a be a given positive

number and N € [, %] a non-negative integer. Then for f € LP(S?1)

1

|| (v )

< Cllf = By (H)llp,
with C' > 0 independent of f and t.

Proof. 1t follows from (3.2.11) and (3.2.7) that

1 (r) k 1 3
S (f) @) = ou%mﬁ)(b(k’ﬂ) Yilf = Bip (1) (@),
where
Nd+1 t J . 42
Thus, by Lemma 0.0.17, it will suffice to prove
1 5 1\¢
Y 2
< _ — .. . 2.
‘A (b(k,t)) _C(N) C0=0,1,--.,d (3.2.15)

From Lemma 3.1.9, (3.2.15) is a consequence of the following two inequalities:

b(k,t) > Cq >0, for 0<k<2N, (3.2.16)

|A™(k,t)| < Cy for 0 <k<2N,i=0,1,---,d. (3.2.17)

1
(N + 1)
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We first prove (3.2.16). We use the following two facts about the ultraspherical poly-

nomials P,gl:

|P(u)] <PH(1) =1, (3.2.18)
d g, kk+d—=2) 4.5
%Pk (u) =——0-1 P (u). (3.2.19)
We then get
Nd+1 min(%, 2&)
1— Pd s d—2
b(k,t) > K2 Jo ( ' (cos 0)) sin®~* 6 db
min(%,ﬁ) 0 Lo
= N+t / / P2 (cos u) sinu dusin?~2 6 df. (3.2.20)
0 0

Noticing that ngf(l) = 1, invoking Bernstein’s inequality for trigonometric polynomials,

wegetfor0<9<ﬁ,

Pi2(cos 0) > (3.2.21)

Substituting (3.2.21) into (3.2.20) yields for 0 < k

Nd+1 min(&, L) 10 i
b(k,t) > 5 / / sinudusin®“0df > Cy > 0,
0 0

which is (3.2.16).

Next, we prove (3.2.17). We apply the formula (3.2.10) to obtain

b(k,t) = C(\)NTH! / t sin? 2 9 / g(sin w)~(2) / ! cos(k + Nw(cos v — cos u)* dv du df),

: : : (3.2.22)
which obviously gives the definition of b(k,t) for all k € R. Hence, b(k,t) can be regarded
as a C* function of k£ € R. From (3.2.22), it is easy to check that for 0 < k£ < 2N,

d

1
16

)bk, D S CON()s CEN, (3.2.23)
which implies (3.2.17) and completes the proof. O
Lemma 3.2.7. Suppose t € (0,m), r >0 and 1 <p < oco. Then for f € Wy,

1f = Ber (Dl < CETIFO N,

with C > 0 independent of t and f.
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Proof. Suppose % ~ N. Then

If = Berfllp <IN = VN fllp + 1VN S = Bir (Vi Hllp + 1 Bea (Vi ) = Ber flly

<CIIf =Vnfllp + VNS = Ber (VN H)llp- (3.2.24)
By Lemma 0.0.17 , one can easily verify
1f = Vivfllp < CEIFl. (3.2.25)
Hence, it remains to prove
Vi f = Bey (Vi H)llp < CE (1 (3.2.26)

We rewrite Vi (f) — B, (VN f) as

N l—alk,t) \5 k

VS — Bip(Vif) =t Z(m) “n(5)YVe(F0). (3.2.27)

It follows from the proof of Lemma 3.2.6 that for € Z,, 0 < k < 2N,

() (i) <o 229

Now invoking Lemma 0.0.17 and (3.2.27)-(3.2.28), we get (3.2.26) and conclude the proof.

O
Proof of Theorem 3.2.3. The direct inequality
If = Berfllp < CK(f,D3,1"),
is a consequence of Lemma 3.2.7. It remains to prove the converse inequality
K(f,D%,t")p < C|f = Ber fllp- (3.2.29)

Let € > 0 be a specified sufficiently small constant. (We will give its precise definition
later). (3.2.29) for ¢t € (0,7 — ¢) is an immediate consequence of the definition the K-

functional and Lemmas 3.2.5 and 3.2.6. So, it remains to prove (3.2.29) for ¢t € [7 — ¢, 7.
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Without loss of generality, we may assume [q4_, f(2)do(z) = 0. Then

/ Sy(f)(x) sin®~2 9d@ / So(f)(x) sin®~2 0dp

/ sin?=2 0dp / sin?2 0do
0 0

Noting that [|Spl|(p,) = 1, we get

1B fllp < Bd, )| flp

with
. sin? =20 do
u e (0,1). (3.2.30)

d,e) =
Bld,e) foﬂ_E sin?2 6 do

Hence, by (3.2.5), we have

1B flly < Z\( N |sc.eri, (3:2.31)

y (3.2.30), we may select an ¢ > 0 sufficiently small, so that,

Z‘( >‘,3d6]<")/d<1

We then get from (3.2.31)

1f = Befllp = 1l = 1 Ber fllp = (L =7a)llfllp > (1 = v) K (f, D2, 1)y,

which gives (3.2.29) for ¢t € (0,7 — ¢) and completes the proof. O

3.2.3 On the derivative of the average operator:

another proof of Theorem 3.2.3

The main goal in this subsection is to prove the following result, which was conjectured
in [Di-Rul].
Theorem 3.2.8. Let 1 < p < o0, 0 € [0,7], D the Laplace -Beltrami operator and By the

average operator defined by (3.2.4). Then

lim sup ||§>’DBY lpp) = O-

M= gco,n]



81

As pointed out in [Di-Rul], Theorem 3.2.3 for r = 2 in last subsection follows from
Theorem 3.2.8. Hence the following proof also gives a proof of Theorem 3.2.8 for r = 2,

which is different from that in Section 3.2.2.

Proof. First step. Prove
lim sup [0°DB"||2,2) = 0. (3.2.32)

m=00 0€[O,§7r]

It follows from Lemma 3.2.4 that

oo
O°DBGf ~ > uk(m,0)Yi(f), (3.2.33)
k=0
where
[/] m
/ P{(cost)sin® 2 ¢ dt
ug(m,0) = —k(k +d —2)6* | L—7F (3.2.34)
/ sin? 2 ¢ dt
0
Hence (3.2.32) is equivalent to the following statement:
. 2
lim sup{|uk(m,0)| : keNoelo, —]} = 0. (3.2.35)
m— 00 3
To prove (3.2.35), we consider three cases:
Case 1. 0<kf < %
In this case, we prove
Ca
0)| < . 3.2.36
ug(m, )] <~ (3.2.36)

By Bernstein’s inequality for trigonometric polynomials, it is easy to verify that for

1

1

mk2t2. (3.2.37)

< Picost) <1 —

N —

Substituting (3.2.37) into (3.2.34) yields

‘uk(mﬁ)‘ < Cd(k9)2<1 - (cdk9)2)m, (3.2.38)
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where 0 < 6 < k and Cy € (0,1) is an inessential constant. In fact, by a more delicate

computation, one may choose

o 2172(d—1)
Ca = mi(d+1)(d —2)

Now combining (3.2.38) with the following identity

m 1 1 m
max t(1 —¢)" = (1 — ) ,
0<t<1 m+1 m—+1

gives (3.2.36).

Case 2. C~' <kl < C, with C > 2 a constant, which is independent of k, 6 and m

and may be sufficiently large.

In this case, we shall prove the following inequality:
|ug(m, 0)] < Cyr™, (3.2.39)

where Cy > 0 and r € (0,1), both of which are independent of k,m, 6.

Let

af (9) = 0

——— | Pcost)sin® 2 tdt. (3.2.40)
IN smd 2tdt / F

Then clearly, (3.2.39) is an immediate consequence of the following two statements:

1—a(6) > cq >0, (3.2.41)

1+ ap(6) > cq > 0. (3.2.42)

We first prove (3.2.41). To this end, we use (3.2.18) and (3.2.19) to obtain

1

1 5k
1-— ak(0) Z m /Zk <]_ - P]g(COS t)) Sind72 tdt, (3243)
0

which, by (3.2.19), equals to

2
ik + 2)) PdJr2 (cosv) sinv dv sin® 2 ¢ dt. (3.2.44)
f [ sind=2 ¢ gt
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However, by Bernstein’s inequality for trigonometric polynomials, the fact ng‘f(l) =1,
and a straightforward computation, it is easy to verify that

1
1 k(k+2Xx 3 [t

(3.2.44) > —9(# /% / sinvdvsin®2tdt > Cy > 0. (3.2.45)
2 [Fsin®2¢tdt Jo Jo

Now combining (3.2.43)-(3.2.45) gives (3.2.41).
The proof of (3.2.42) is similar and simpler. In fact, again by Bernstein’s inequality

and the fact PZ(1) = 1,

1 0
1+ ap(0) =———— / 14 P(cost)) sin? 2 tdt
J2sin?2 ¢ dt Jo ( : )

1

3 1 2k

Z_ 9 / Sinditht,
2 [[sin?=2tdt Jo

which clearly has a low bound Cy > 0. This gives (3.2.42).

Case 3. 0 € 0, %ﬁ], kO > Cy, with Co > 0 a constant, which is independent of

m, k,0 and sufficiently large.

In this case we prove

|ug(m, 0)] < C(%)m, (3.2.46)

whenever C > 0 is sufficiently large.
It follows from Lemma 3.2.4 that
sad—1 0

ug(m, 0) = —62 ( S

(d—1) [ sin 2 ¢dt

) k(k+d—2) (P,jjf(cos 9))m. (3.2.47)
Invoking Lemma, 3.2.1 , with £ = 0, yields

?

C\mA+2)-2
un(m, )l < ()"

which, obviously implies (3.2.46).

Now combining the above three cases, putting (3.2.36), (3.2.39) and (3.2.46) together,

we conclude

1
< [
ue(m. 0)] < .
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for all k,m € Z, and 0 € |0, %71’], which implies (3.2.32).

Second step. Prove

hm sup ||92DB,79"|| pp) =0, 1<p<oo. (3.2.48)
> 10,37]

Fix a number £ > 0, which may be sufficiently small. Write N = [5]. Let  be a C*°

function, defined on [0, c0), with the properties that n(z) =1 for 0 <z <1 and n(z) =0

for z > 2. By (3.2.33), we may decompose 02DB}"f as

02DBmf 6‘af+ Gafv

where

Tpoef = 277 Jug(m, 0)Yi(f),

Troef = Z (1 —=n(=5))uk(m, 0)Yi ().

First, we deal with Tm 9,-(f). We rewrite it as

Tho-(f) = 9235”((77Nf)(2))-

Then we use the fact || Byl|(,,) = 1, and the Bernstein’s inequality for spherical harmonics

to obtain

|06 (Nl < CINOV[Ifllp < C*|1£lp-

(3.2.49)
Next we deal with Tg1 p,-(f). 1t follows from Lemma 0.0.17 that
d+1 k d
172,07 < Coll s 32 A7 (el 6)(1 = ()Y o (3.2.50)
k=N
By induction on £ =0,1,--- ,d, it is easy to verify
‘Nuk(m,e)‘ < O(e)mte’ sup ‘uk_,_j_l(m—i,@) : (3.2.51)
0<i,j<¢t




which, by invoking (3.2.39) and Lemma 3.2.2 with & = 8 = A + 3, is bounded by

ceme ()" @)™,

with a(e) € (0,1).

Combining (3.2.49), (3.2.50) and (3.2.52), we get

sup ||92DBg'1||(p’p) < Ce?+ C(e)md+1a(6)m.
06[0,§7r]

Now letting m — oo first and then letting ¢ — 0, we obtain (3.2.48).

Final step.  Prove

lim  sup [0*DB§"|l(pp =0, for 1<p< oo

m—oo 6‘6[%7r,7r]

Since
DB f = DBg"(f _ / fdy),
Sdfl

without loss of generality, we may assume de_l fdy =0. Then

By(f)(z) = m /0 Sy(f)(z) sin®2 ¢ dt,

which, by the fact [|Spl|(,,) = 1, implies

1Bo(F)llp < vall s

with
[z sin® 2 ¢ dt
Ya=————€(01).
[oF sind 2t dt

Observing

0’DBy* = 0°B)' >DBj,
we invoke (3.2.55) m — 2 times to get

162D (Bo)™ fII < 7"~ *16° DB (f) -
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(3.2.52)

(3.2.53)

(3.2.54)

(3.2.55)

(3.2.56)

(3.2.57)
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But applying Theorem 3.2 of [Di-Rul] with r = 1, 6 = 7o = 6 gives

sup [[0°DMy(f)llp < Cpllflp- (3.2.58)
0e(0,m)
Substituting (3.2.58) into (3.2.57) yields (3.2.53) and concludes the proof. O

3.2.4 The Steklov type means

For t > 0, let

d—1

2 - t
(1) :%/ sin? 2 u du,
I'(5) Jo

t
u(t):/o %dﬁ. (3.2.59)

Given f € L(S%1), its Stekelov -type means A f(x) are defined (as in [Di-Rul]) by

_ 1t
M@ = == [ Bl o, (3.2.60)
while the r-th order Stekelov means A, f (for a given r > 0) are defined by
A (@) = (?) (—1)7H AL (f) (). (3.2.61)
7j=1

The main goal in this subsection is to prove the following theorem, which, in the special

case r = 2, improves the weak type equivalence in [Di-Rul].

Theorem 3.2.9. Let t € (0,7), r >0 and 1 < p < co. Then for f € LP(S471),

K(f,D%,t")p = [|f = Aprfllp-
The proof of Theorem 3.2.9 is based on the following lemmas.
Lemma 3.2.10. Let

1, if k=0,

a(k,t) = (3.2.62)

d— . d_
d—1 smd 2 ]

r ﬂ) t 1 0
2 / / Pi(cosu)sin® 2 ududf, ifk>1,
2z p(t) Jo 0

where () is given by (3.2.59). Then the following statements hold:
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(i) Fork >1,

1 — Pl(cost)

a(k,t) = M(t)Ma (3.2.63)
_ % /0 P2 (cos 0) sin df (3.2.64)

t ru
= 70(6113/[(75) / / cos(k + A)v(cos v — cos u)* duv(sinu) ~(4=2) du, (3.2.65)
0 Jo

where
M(#) r (3.2.66)
t) = . 2.
t 1 [ ) a
/0 m/o Slnd 2’U/dud9
(i) For k € Z,
Yi(Ae(f))(2) = alk, t)Yi(f) (). (3.2.67)

Proof. (1) (3.2.63), (3.2.64) follow from (3.2.18) and (3.2.19), while (3.2.65) is a conse-
quence of the formula (3.2.10).
(ii) The identity (3.2.67) is an immediate consequence of (3.2.7) and the definition

3.2.60). This completes the proof. O
( ) p p

Lemma 3.2.11. Lett € (0,7), vq4 > 0 a given constant and a(k,t) defined by (3.2.65) for

all k € R. Then the following inequalities hold:

A\t 1—a(k,t) , v
—) (s )| < Cat 0<k<[X+1,¢=0,-,d 3.2.68
‘(dk) (k(k—i—Q)\)tQ)‘ < Cyty,  for0< _[t]+ , , ,d, ( )
1 —a(k,t) Ya
o 0 0<k<[X)+1. 3.2.69
k(k+2>\)t2>cd> . Jor0<k<[F]+ ( )

Proof. First, we prove (3.2.68). By the identity (3.2.65), it is easy to verify that for k € R,

0<¢<d,
d

|0 alk, )| < COF. (3.2.70)

On the other hand, it follows from (3.2.63) and (3.2.62) that

1—a(k,t M) [t 1 4 o
k(k +(2/\)122 N ti )/0 sind_20/0 alk, u)u” sin®"* u du df. (3.2.71)

Combining (3.2.71) with (3.2.70) implies (3.2.68).
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Next, we prove (3.2.69). We invoke (3.2.62) to get

1—a(k,t)  M(1) /t 1

0
= 1 - P in?2 u du df
E(k+2M)t2  k(k+2))t* /, sind29/0( Je (cos w)) sin®" u du db,

which, by the Bernstein’s inequality for trigonometric polynomials, implies (3.2.69). This

completes the proof. O

Lemma 3.2.12. Let t € (0,7), 7 >0, 1 <p<oco and N ~ }. Then for f € LP(S*7"),

H (VN(f))(r)

, < Cort'llf = Aur(Fllp- (3.2.72)
Proof. Tt follows from Lemma 3.2.10 and (3.2.61) that for k£ > 0,
Vilf — Aurf)(@) = (1 — alk, D) Vil ). (3:2.73)

The rest of the proof runs along the same lines as that of Lemma 3.2.6. ( This time

we use Lemma 3.2.11). We omit the details. O

Lemma 3.2.13. Let t € (0,7), r > 0, 1 < p < oo and v4 a given constant, which is

independent of t and sufficiently large. Then for any T € [')/d,'yg],

||f - V[%]f“p < Cp,r“f - At,r(f)Hp'

Proof. Write N = [}]. By (3.2.73) and Lemma 3.2.10, we decompose f(z) — Vy(f)(z) as

follows:
F@) = Va (D@ = 3 i - (1)),
=0 J: (2)
where
T(g)(o) = Y- (1= Peos)l (1= 1) (g gys) (@) (o)

k=N

Thus, it suffices to prove for j =0,1,-- -,

j . 1\J
IT7@)llp < G (5) Nl (3.2.74)
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To this end, define

00 = 3 (s o Lae) Tel@)o)

k=N

Observing
0< M(t) <2(d—1)m,

by Lemma 0.0.17, we get

0oy <6y (ALY g\Adﬂ(m)j\Az) lolly

2(d —1)m\i ==
SCP( 2 ) Z k2j+d+1k lgllp
k=N

2(d — 1)m\J .
<, (2 0TY g,

Now choosing 4 > \/4(d — 1)m, we conclude that for 7 € [yq, 73],

. 1\J
10(9)lp < Coi () gl

Observe

TI(g) = (I — Sy (I — V)Uj(g),

where I is the identity operator. On account of the fact [|Sy||(, ) = 1, we obtain (3.2.74)

and complete the proof.

]
Lemma 3.2.14. Suppose t € (0,7), r >0 and 1 <p < oo. Then for f € W,
1f = Ae (Dl < Cot ™" 1F - (3.2.75)
Proof. Suppose % ~ N. By lemma 3.2.10, we may rewrite Vy f — A, (VN f) as
2N
_qr 1 — a(kvt) 3k (r)
Vvt = A D =3 (i —ge) N0, 3270

with a(k,t) defined by (3.2.62). Then we use Lemma 0.0.17 to get

Vi f = A (Ve )l < O I1F -
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This, together with the fact

]' T
£ = Viefly < O £,
gives (3.2.75) and completes the proof. O

Now Theorem 3.2.9 follows immediately from Lemmas 3.2.12—- 3.2.14.

3.2.5 The modulus of continuity: a simple proof of

Jackson type inequality

Given r > 0, the rth order difference operator A} with step t > 0 is defined by
r_ (5 K
Al = ; (k> (Sy)*, (3.2.77)
while the r-th order modulus of continuity of f in the LP (1 < p < 0o) metric is defined
by

wr(fyt)p = Sup, 1AL fllp-

For N € Z, let Ex(f), denote the best approximation of a function f € LP(S41), 1 <
p < 00, by spherical harmonics of degree < N:
N
Ex(f)p = mt{||f = Twlp - Tw € DHE}.
k=0
One of the basic problems in the approximation theory on the sphere S~ is to establish

the following Jackson type inequality:

1
En(f)p < Cp,rwr(fﬁ)p, NeN, r>0. (3.2.78)

The investigation of this problem on the sphere began with the work of Kusnirenko
[Kush], who proved (3.2.78) on the two sphere S? for r = 2, p = oo. Later, (3.2.78) was
proved by Butzer and Jansche [Bu-Ja] for r = 2,1 < p < o0, also by Pawelke [Paw]
for r = 2,1 < p < oo, by Lizorkin and Nikolskii [Li-Ni] for » > 0, p = 2 and by

Kalyabin [Ka] for r > 0, 1 < p < oo. It was Rustamov [Rus2,1993], [Rus3, 1992] who



91

first declared to prove (3.2.78) for all the remaining » > 0, 1 < p < oo. However, as
pointed out by Riemenschneider and Wang K.Y. in [Ri-Wa, 1995], his proof does not
include the cases p = 1, oo. In fact, the proofs of his key lemmas ( Lemma 3.9 of [Rus2]
and Lemma 3 of Rusl] ) are based on the following functional statement: the unit ball
By = {f € (ST . |fM, < 1}, (1 < p < 00) is a compact subset of Wy in
the sense of weak-type topology of LP(S4"'). Obviously, this statement is not valid for

p=1,00. A simple counterexample to it for p =1 is as follows: Let

A Pl
fN(ﬁU)—Z Aﬁiv Cd,k(k(k+2)\))%

)

k=0
where 1 = (1,0,--- ,0). Since fy is essentially the Cesaro Kernel of order d of the Fourier-

Laplace series, from [BC], it follows

sup ||f](\;")||1 < oo.
N

But, as is easily shown,

o0
lim 7 =4~ d
i fy =96 ch,kPk (1)
k=0
in the weak topology of L', where d is the unit Dirac mass at the point I = (1,0,--- ,0),

which is obviously not an L' function.

It was Riemenschneider and Wang K Y [Ri-Wa| who finally gave the correct proof of
(3.2.78) for all the remaining cases r > 0, p = 1,00. Their proof was based on some
difficult estimates of oscillatory integrals and consequently was much complicated. The
main purpose in this subsection is to give a simple proof of (3.2.78) for allr >0, 1 <p <
00. Our proof is motivated by [Ri-Wal.

The main result can be stated as follows.

Theorem 3.2.15. Let 1 < p < oo, r > 0. Then there exists a constant 74 > 0, which

depends only on d and may be sufficiently small, such that for f € LP(S41), t € (0,74),

1A} fllp = K(f, D?,1"),.
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As a consequence, we have

Corollary 3.2.16. Let t € (0,7),r >0 and 1 <p < co. Then for f € LP(S471),
K(faD%atr)p ~ w?"(fat)p'
From Corollary 3.2.16, we deduce

Corollary 3.2.17. ( Jackson type inequality) Let r > 0, 1 < p < 0o and N € N. Then
for f € IP(S4),
1
EN(f)p S Cr,pwr(fa ﬁ)p
As far as we know, the best previously known result is Corollary 3.2.16, which, as will

be shown, is weaker than Theorem 3.2.15.

Now we start by proving Theorem 3.2.15 . The direct inequality
1AL fllp < CorK(f,D%,17),
is a simple consequence of the following inequality ( see [Wa-Wal)):
1ALgllp, < Cp,rt’"llg(’")llp-

The main part of the proof is to establish the corresponding converse inequality, which is

based on the following lemmas.

Lemma 3.2.18. Letr >0, t € (0,%), 1 <p < oo and yq > 0 a given constant, which is

sufficiently large. Suppose T € [ya,v3]. Then for f € LP(S41),

1F = Viz)(Dllp < CprllALfllp-

Proof. Without loss of generality, we may assume f € C®(S% ). Write N = [7]. By

(3.2.77), we may decompose f — Vy(f) as

o0

F=ww() =Y

=0

I'(G+5)
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where

Ti(g) = (1~ (o)) (P(eost)) Yilo)
k=0
It suffices to prove

15 ) s < (3 ) ol (32.79)

According to Lemma 3.2.2, we conclude that for £ =0,1,--- ,[A] + 2, j > 6,
J 1N\7/ 1\6X
s (rteosn)'| < uf3) (7)1
(o) | <) (4
where kt > 74 and ~y, is sufficiently large. Invoking Lemma 0.0.17, we get (5.2) for j > 6,
while (5.2) for 0 < j <6 is a simple consequence of the fact ||Sp[|(, ) = 1. This completes

the proof. O

Lemma 3.2.19. Let 1 < p < oo, 7, > 0 a given constant and v, < a < fy"f. Then

there exists a number 74 > 0, which is sufficiently small, such that, for f € LP(S 1) and

t € (0,74),
| (Vm(f))(r)Hp < Gyt |ai]]
Proof. Write N = [2]. Define
Mokl NS
Tv(g)(x) = ;)n(ﬁ(a(k,t)) *Yi(9) (@),
where
Ak, 1) = 1 — P(cost)

(ki +d—2)t2

By (3.2.77), it is sufficient to prove that

15 (9)llp < Cprllgllp-

According to Lemma 0.0.17 , it suffices to prove the following two statements:

‘(d%)éa’(k,t)‘ < C(%)é, leN, 0<k<CN, (3.2.80)

a(k,t) >Cy>0, 1<k<4N, 0<t< g, (3.2.81)
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where 74 > 0 is sufficiently small and will be specified later. (3.2.80) is a consequence of
(3.2.65). To prove (3.2.81), as in the proof of Theorem 3.2.8, we consider the following

three cases:
1
Case 1. 0<t< g

In this case, (3.2.81) follows from the Bernstein’s inequality for trigonometric polyno-

mials and the following identity:

1

ikt = e

t
/ PI2(cos u) sinu du,
0
which can be easily derived from (3.2.10).
Case 2. %Skt<012,d24.

We use (3.2.18) and (3.2.19) to obtain

d—3 [*
Pi(cost) = i 3 / P,i:f (cosu) sin~* u du. (3.2.82)
sin 0

By (3.2.18)and Bernstein’s inequality for trigonometric polynomials, it is easy to verify

1 ! d—2 . d—4
WA (1 — Pk+1 (COS U)) sSin udu Z aq > 0. (3283)

Combining (3.2.82) and (3.2.83) yields

(d—3) fot sin? % u du

sind 3 ¢

1 — Pl(cost) >1— (1 — ay)

This, together with the fact

implies (3.2.81), for a sufficiently small 74 > 0.

Case 3. %gkt<012,d:3.
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This time we use (3.2.10) to obtain

1—P¢(cost) —1——/ (cosu — cost)™ > du

+§fg cosu — cost)” 2 du

1
ft( t)*% y /0 (1 — cos(k + §)u> (cosu — cos t)_% du. (3.2.84)
o (cosu — cost) ™z du

A simple calculation shows

2 0
limi/ (cosu—cos@)*% du =1,
0

0—0 T

which, together with (3.2.84), implies (3.2.81) for sufficiently small 7, > 0.
Combining the above cases, we prove the second statement and therefore conclude the

proof. O

Now the converse inequality follows directly from Lemmas 3.2.18 and 3.2.19. This

completes the proof of Theorem 3.2.15 .

Proof of Corollary 3.2.16. Corollary 3.2.16 for 0 < t < 74 follows immediately from
Theorem 3.2.15 and the monotonicity of the K-functional K (f, D%,-). Now suppose 74 <
t < m. Without loss of generality, we may assume [q,_; f(z)dz = 0. For g € W, with

Jqa-19(z) dz = 0, we have

wr(fat)p < Cr“f”p < Cn,r(“f - QHp + tr“ng)a t > 14, (3.2.85)

which, together with the inequality (see [Col])

lglly < Cllg™ Iy,

implies
wr(f,)p < CprK(f, D2, 1), (3.2.86)
Conversely, since t > 7y,
wr(f0)p > wr(f,1a)p > CpoK (£, D%, 74)p > Gy K(f, D2, 17),, (3:2:87)
with Cp -, C}, . > 0. Combining (3.2.86) and (3.2.87), we complete the proof. O

Corollary 3.2.17 is an immediate consequence of Corollary 3.2.16 and Lemma 3.2.18.
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3.3 K-functionals and the averages induced by the Jacobi

Expansions

In this section, we will extend the results in Sections 3.2 to the setting of Jacobi expansions.
First, we introduce some notations. Let a > —1,8 > —1 and w(z) = w@f(z) :=

(1 —2)*(1 + z)P. Let P(D) denote the differential operator

1 d d
P(D) = P@A(D) := —— —(1 — 22 —.
(D) = PO (D) i= (1 = aPala) 5
Then it follows from [Sz| that
PP (D)R™ (z) = —A(k) R (), (3.3.1)
with
ANE) :=k(k+a+p8+1).
Suppose L]S,a”g)[—l, 1] denotes the space

LA [-1,1] = {f : [-1,1] — R| f measurable and ||f]|, < oo},

with the norm

17 =5l = ([ 7Pt )

Given a function f € L,(,a”B )[—1, 1], its Jacobi expansion is denoted by

[ o) =3 (),

k=0
where
o ]- L o o
H™ ) (f)(@) = —5 / FWRED ()w(y) dyR™ (z).
IR PN3 S
(,8),8

As in Chapter 0, denote by oy (f)(x) the Cesaro mean of the expansion o(®)(f) of

order § > —1. It follows from [Ga] that for § > a + %, a>f>—-1land a+ 8> -1,

a,f),d
sup 122 ()llp < Coll Fllpy 1< p < o0.



97

Motivated by (3.3.1), given r > 0, we define the r-th order differential operator P(D)"
by
o0
P(DY f ~ Y AR H™(f).
k=0
Associated with the differential operator P(D)" is the rth order K-functional K(f, P(D)",u)p,

which is defined by

K(f,P(D)",u)p = inf {[[f — gllp +ullP(D)"gllp
geA

where

A={geLEd-1,1: P(D)ge 1,1}

The generalized translation 7, ( for a given t € [—1,1]) is defined by
= 0 () = BED O (@), @€ [1,1] (332)
Gasper [Ga] showed in 1972 that

sup ||7(f)llp < Gpllfllp, 1 <p<oo
te[-1,1]

holds if and only if a > 5, a4+ 8 > —1.

The following average operator A; = A,gaﬁ ) was introduced and discussed by Butzer,

Jansche, and Stens [ Bu- Ja- St|:

1 ru
A (f)(w) =:$ [ (1—y)a+11(1+y)5+1 dy(r{ 1) (@)D (w) du,  (3.3.3)

where z € [-1,1], t€[-1,1], and

1 U 1
= dyw ) (u) du. 3.4
0= || g e (3:3:4)
It follows from [Di-Fe] that A,Ea”g)]l =1 and for f € Lz(,a’ﬁ) —1,1],

o > 1 R (¢
PICCIINS i ()

(:8)
o BRI (3.3.5)

For more detail, we refer the reader to [Di-Fe]
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In the rest of this section, we always assume o« > 8 > —1, a+ > —1. And for
convenience, we will abbreviate R,ga’ﬂ), H,ga”g), Tt(a’ﬂ), -+« by Ry, Hg, ¢, - .

Our first result in this section is:

Theorem 3.3.1. Suppose t € (—1,1). Then
If = Acfllp = K(f, P(D),1 =)y
with 1 < p < o0.

As pointed out in [Di-Fe|, the following weak type equivalence can be obtained by

following the technique developed in [Di-Iv]:

If = Acfllp +If = Aptr1-pfllp = K(f, P(D), 1 =)y,

Sketch of the proof of Theorem 3.3.1. It remains to prove the strong converse inequality.
The proof runs along the same lines as that of Theorem 3.2.3. Suppose t = cos 6, 0 € [0, %]

and

Co < (N—a—2)0<C2. (3.3.6)

Let

1, k=0,

ar(6) = (3.3.7)

lfR(a’B)(cos 0)
/\(léc)g(cos 0) > k 75 0.

Without loss of generality, we may assume f € C°°[—1,1]. Then by (3.3.5),

Af =" ar(0)Hy(f).
k=1

It suffices to verify the following statements:

i) If the constant C, in (3.3.6) is sufficiently large, then for k > N,

lag(0)] < . (3.3.8)

DN | =

ii) For 0 < k < 4N,
1 —ai(0) > C1A(k)62. (3.3.9)
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iii) If0<k<4N, £ € Z,, then

‘N(%ﬁsm) ‘ <ON~*, (3.3.10)
‘N(%)’“o(f))‘ <ON~*. (3.3.11)

We first prove statement i). By (3.3.4) and a straightforward computation, we have

o0 Yi_1-2 Yy-28-1 U o2a+1 U 28+1
&(cosh) = C’/ / (sin 5)* ““*(cos 5)* “Hdy(sin 5) T (cos 5) du
0 Ju

~60*~1—t (3.3.12)

Substituting (3.3.12) into (3.3.7) gives
1 1 C

0)] <2 <= 3.3.13
a0 < 2 e cos ) = 28207 (3:3.13)
which obviously implies statement ii).
Next, we prove statement i). By (3.3.3) and (3.3.5), one can easily verify
1 o o v v
1— f) = o 2\ —2a—1 e —Qﬁ—ld
ar(0) Ca’ﬁiﬁ(cosé‘)/o /u (st) (cos2) vX
X (1 — Rp(cosu))(sin g)QaH(cos g)%"'l du, (3.3.14)

with C, 3 > 0. On the other hand, from Bernstein’s inequality for the trigonometric

polynomials, it follows that for 0 < u < o,

R,(Coil’ﬁﬂ) (cosu) >

N —

Thus for 0 < u < ﬁ,

A(k)
2(a+1)
> Ck*u?. (3.3.15)

1 — Ry(cosu) = R.(cos £)(1 — cosu) = R,(ﬁof;l’ﬁﬂ)(cos €)(1 — cosu)

Now substituting (3.3.15) into (3.3.14) yields (3.3.9).
Finally, we prove statement iii). We start by proving (3.3.10). Notice that

1 — Rg(cos 0) 1 L
— d
NOLZ NG A

11 b (@
:ﬁm/() R,(C:;l’ﬁﬂ)(cosu) sinu du.
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vve gat
1 lzk Cose é COS S.I]- d

which, by Lemma 2.1, implies (3.3.10).
To prove (3.3.11), we use (3.3.14) to obtain

1 —ax(0)
O

A N L AN V. _95_1 91— Rg(cosu), . u
_@@/o / (SmE) 20 l(cos 5) 2B IUQW(Slng)ZOH_I(COS2)2’8+1dvdu
u
(3.3.16)

Combining (3.3.10) with (3.3.16), we get (3.3.11). This gives statement iii) and concludes

the proof. O

For r > 0, we define the r-th order average operator by

o0

=B ()

J=0

Then with a slight modification of the above proof, we obtain

Theorem 3.3.2. Suppose t € (—1,1), r >0 and 1 < p < oo. Then for f € LP,

If = Avrfllp = K(f, P(D)", (1 = £)")p.

Let us define the rth order modulus of continuity w,(f,0), ( for a given r > 0) by

wr(fa 9);0 = sup H(I - Tcost)%pra

0<t<
where 7; denotes the translation operator. For f € L,(,a’ﬁ ), we denote by En(f), its

best approximation by algebraic polynomials of degree not exceeding N in the metric
Ly —1,1).

Analogous to the proof of Theorem 3.2.15, we obtain

Theorem 3.3.3. Let r >0, 0 € [0,7] and 1 <p < oo. Then for f € L]S,a’ﬂ)[—l, 1],

wr(f,0), ~ K(f, P(D)%,0"),.
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As an immediate consequence, we have the following

Corollary 3.3.4. Letr >0, NeN, 1 <p<oo. Then for f € L]S,o"ﬁ)[—l, 1],

EN(f)p < Cp,rwr(fa %)p

Remark 3.3.1. Theorem 3.3.3 for 1 < p < co was due to Rustamov [Rus4]. The statement
of Theorem of [Rus4| contains the end points p = 1,00. However, the author’s proof
obviously does not include these end points. In fact, the proof in [Rus4] runs along the
same lines as that of [Rus2]. Both of them used a same functional argument, which, as

already pointed out in Section 3.2.5, is incorrect for these end points.

Finally, we extend a result in [Di-Fe]. Given a function f € L! and a number ¢ € [-1, 1],

the operator By(f) is defined by

Bi(f)(2) = 24132 f — Aif,

while the ¢-th order operator is defined by

¢
(e
Bye=> (-1)'*! (j>A1j(1;f>f-
Jj=1

Using the same technique as in previous sections, we obtain

Theorem 3.3.5. Suppose £ € Z4, t € [-1,1] and f € L,(,a’ﬁ) [—1,1] with 1 < p < o0o.Then

there exists a constant p € (0, 1], independent of f and t, such that

K(f,P(D)",(1 =t)") = |f = Beaflp + I.f = Borr1-pef llp-

Theorem 3.3.5 for £ = 2 was due to [Di-Fe].

3.4 The averages and the K-functionals related to the Lapla-

cian on R?

Given a function f € L(R?), its Fourier transform is defined by

flo) = [ s tan, ¢er
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For a given positive integer ¢, the /-th order Laplacian Al s defined, in the sense of
distributions, by
(AN = (D[P F (o).
As is well known, (see, for example, [St, p. 117]), for a function f which is sufficiently

. 492\t
smooth and small at infinity, A¢f coincides with ( E W> f.
14
J

Jj=1
To each operator Af, we associate a K-functional

Kos(f, 1) = mt{ 1 — gll, + Al g, A% € IP(RY)}, (3.4.1)

where t >0, 1 < p < oo and | - ||, denotes the usual LP-norm on R?.
Let V; denote the volume of the unit ball of R?. For ¢ > 0 and a locally integrable
function f, as in [Di-Ru2], the average B;f is defined by

1
BN =gy [ dar

while the /-th order average By, f ( for a given positive integer ¢) is defined by

L
Bualf)@) = o S (2 ) Bats.0) 3.42

We refer the reader to [Di-Ru2] for more background information.
Our main goal in this section is to prove the following theorem, which was conjectured

in [Di-Ru2, p. 138].
Theorem 3.4.1. Let €N, 1 < p < oo and f € LP(R?). Then for t > 0,

1f = Bea(f)llp = Kae(f,1)p-

Theorem 3.4.1 for £ = 1 was proved in [Di-Ru2] and for d = 1, £ small, can be obtained
by following the technique developed in [Di-Iv]. ( The latter was pointed out in [Di-Ru2,
p. 138]). For £ > 2, d > 2, the following weaker equivalence was established in [Di-Ru2,

Theorems 4.8 and 5.7]:

Koo(fst)p = I f = Beafllp + 1f = Beapfllps 1 <p < 00, (3.4.3)
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for some p > 1.
We remark that with a slight modification of the proof below, similar result for the
periodic case can also be obtained.

The following lemma can be easily obtained by a straightforward computation.

Lemma 3.4.2. Let xp(,1)(z) denote the characteristic function of the unit ball
B(Ovl) = {:E: (mla"' vmd) ERd : (L‘%—i—----ﬁ-:ﬂg < l}a

Vg the volume of B(0,1) and I(xz) = VidXB(U,I)(x). Then

~

1 d—1
I(z) = fyd/O cos(ulz])(1 —u?) 7 du (3.4.4)
with
1 d—1 -
Yo = (/0 (1—u?) > dU) | (3.4.5)

Lemma 3.4.3. Let By be defined by (3.4.2) and I(x) defined as in Lemma 3.4.2. Then
for f € L(RY),

Beaf (2) = me(t]e)) fla), (3.4.6)
where
l
mall) = g S () (3.4.7
=
=1 — Ag(|z]), (3.4.8)
¢ orl 1 ulx
Ag(|z]) zyd% /0 (1 —u?)"5 (sin %)26 du, (3.4.9)
V4

and ~yq 1s given by (3.4.5).

Proof. For t > 0, write
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which implies (3.4.7). Substituting (3.4.4) into (3.4.7) yields

— d . 1 d—1
mlle) = 7 S -1 (%) [ costiuted 1 - )5 a,

gives (3.4.8) and (3.4.9). This completes the proof.

Lemma 3.4.4.

dyi [ 2y 4L . o
‘(%) /0 cos(ux)(l —u”) 2 du‘SC]<m+1> ,

with j =0,1,---, £ > 0.

Proof. From formula (4.7.5) of [An-As-R], it follows

! _ _ 1 Ja(z)
/ cos(uz)(1 —u?) T dUZQdQQﬁF(d%)Q—d,
0 T2

(3.4.10)

(3.4.11)

(3.4.12)

where J, () is the Bessel function of the first kind of order a. Now (3.4.11) follows directly

from (3.4.12) and the following two identities on Bessel functions:

—z YJo(z) = —z “Jaqi1(x), ([An-As-R, (4.6.2) ]),

Julz) = 0(%), ([An-As-R, (4.8.5)]).

This concludes the proof.

Lemma 3.4.5. Suppose a is a C™ function defined on [0,00) with the property

()] s () w20 g0 ann

du 14+u

For t > 0, define the operator Ty, in the sense of distributions, by

(ﬂwﬁﬁozamaﬁwxgew.

(3.4.13)
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Then for 1 < p < co and f € LP(R?),

sup [[T:(f)llp < Cyll flp-
t>0

Proof. Let
K(z) = / e q(|¢)) de. (3.4.14)
Rd
Since
Ti(f)(@) = f = Ki(x),
with
Ko@) = oK)
t\T td n )
it is sufficient to prove
K1 (ray < o0 (3.4.15)

By (3414)7 we get for Y= (717 T 77d) € Zia

(o) Ka) = [ () (atlel) e,

which, by (3.4.13), clearly implies

dg

|$7K(l‘)| S C i W

< 00,

with |y =1 + -+ + 794 < d + 1. Now taking the supremum over all vy, |y| =d + 1 yields

C
||d+1

K (2)] <

which, together with the fact K € C(R?), implies (3.4.15) and completes the proof. [

Proof of Theorem 3.4.1.  On account of the equivalence (3.4.3), it will suffice to prove

the converse inequality

KZl(fa t)p S Cl,p

f = Bea(f)llp- (3.4.16)



106

We start with the identity (3.4.10). We then use Lemma 3.4.4 to get for j = 0,1,---,

d+1, u>0,
1

(Y man < () * o)

which implies that there exists a number p = (¢, d) > 0, such that

[me(u)] < -, (3.4.18)

DN | =

whenever 4 > u. For the remainder of the proof, we always write u to designate the
number with this property.
Now fix a C* function 7, defined on [0, 00), with the properties that n(x) = 0 for

z>2,nxz)y=1for 0 <z <1,and 0 < n(z) <1 for all z € [0,00). Let

u mpelu 3
o) = (L= n(0)) 1 =), (3.4.19)
UZZ u
P(u) = AZ((zj;)’ (3.4.20)

with Ay(u), my(u) as in Lemma 3.4.3.

For t > 0, we define three operators V;, ®;, ¥, as follows:
(1) © = nttien i ).
(2(5)"(© = o) (©), (3.421)

(2(n)"(© = wlie)f(&).
By (3.4.17), (3.4.18) and (3.4.19), it is easy to verify that foru >0, j =0,1,--- ,d+1,

1 3(d+1)
D)) < caf ’ 3.4.22
9w < Cal (3422
On the other hand, by (3.4.9) and an easy computation, we have

2
A 2

ég?) > Cay /03 (sin %)% dv>Cqe >0, foru> g, (3.4.23)

Ay(u) 1 [t d=1 v
20 > CW/O (1 —0%)5 (w)*dv>Cpg >0, for0<u< 5 (3.4.24)

Combining (3.4.20), (3.4.23)—(3.4.24) gives

P(v) € C[0, 00). (3.4.25)
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Therefore, according to Lemma 3.4.5, by (3.4.22), (3.4.25) and the fact n € C2°[0, 00),

we get from (3.4.21) that
sup [[Vi(£)llp + sup [[@4(f)llp +sup [Ve(f)llp < Cpllfllp, 1 <p < oo (3.4.26)
>0 >0 >0

Now the converse inequality (3.4.16) can be easily obtained from (3.4.26). In fact, it

follows from the definition (3.4.1) that

Kao(f,8) < Ce(If = Vi flp + E1AVa £l

with ¢/ = ﬁ Hence, it suffices to prove

If = Vefllp < CUF = Bea(f)lps (3.4.27)

and

AV fll, < CIF = Bea(f)llps (3.4.28)

with C' > 0 independent of f and ¢. Without loss of generality, we may assume f €
C2(RY).

Observe that
(r=vir)"©=(1-al) o

f
(1- |f|t>( “57'%' + 1+ ma(HED) + (metle))) )

We get

f=Vef=®(f = Beof) + (I = Vo) + Bey + B (f = Bepf),

where I denotes the identity operator. This, together with (3.4.26) and the fact || By||(,) <

Cy, gives (3.4.27).
Similarly, from the identities

t2£|§|2€ (\ﬁ\t)

(tMAéVt'f)A(f) = W

(f = Beu /)" (€) = (We(f — Bi(f))"(8),
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we get

AV f = Wi(f - Bi(f)),

which, again by (3.4.26), implies (3.4.28). This completes the proof.



Chapter 4

Strong approximation by
Fourier—Laplace series

4.1 Strong approximation by Cesaro means in L?(S?T!) (1 <

p < 00)

Given a function f € L(S%1), recall that the Fourier-Laplace series of f is denoted by

=3 Vi) )
k=0

and the Cesaro means of order § of o(f) are defined by

o0 (f) ZA WYe(f (4.1.1)

where
T(k+6+1)
0 _ _
Ak = (6 + 1)I‘(k +1) o>l (412)

As stated in Chapter 0, the special value A := 2 2 of § is known as the critical order of the
Cesaro means o09,. In fact, for § > X, sup ||0NH y < oo forall 1 <p < oo while for § <A,
this statement is no longer valid. It is well known that HO‘NH(LI) = HO‘NH(OO’OO) = O(log N)
as N — oo. ( See [Wa-L].) Notice that A = 0 when d = 2. We may regard o} as a natural
extension of the partial sum operator of the Fourier series in one variable.

To the best of our knowledge, so far very few results on the strong approximation

were established on the sphere S?~!. The main goal in this section is to extend some well

109
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known results of Fourier series in one variable to the case of Fourier -Laplace series on the
multi-dimensional sphere. Our idea is motivated by [Wa] and [BC].
4.1.1 Statements of the main results

Theorem 4.1.1. Suppose f is a function defined on S* 1, 1 < p < oo and % + % = 1.

(i) If2 < p < oo then for every z € S,

(fﬂ@ﬁﬂ@—f@wﬁ%sq4%ﬂ$ﬁﬂg‘f@hﬁ_mww@? (4.1.3)
k=0

where C) s a constant independent of f. Thus if

/7r S”(f)(xg)_f(g”) (w—H)A‘QdHELOO(Sd*I), (4.1.4)
0
then
> lor(f)(@) — f(@)P € LS. (4.1.5)
k=0

(ii) If1 < p <2, then for every x € ST,

([

Thus if (4.1.5) holds, then (4.1.4) also holds.

1

%uxﬁ—f@qw_@Wugégq&fﬁ@uxw—fwwy“

k=0

Theorem 4.1.2. Let f € L(S%™!) and 1 < p < oo.

(i) If2 < p < oo, then for every x € ST

o o [(So(F) (@) = £(2)) (x — 0)]
>lat (@) - @) < 6 [ T =

k=0

Thus if

x |(S, x)— J(x T—0 AP
/ (So(f) () J;i ) (r —0) ‘ do € Lo(S4 ), (4.1.6)
0

then (4.1.5) is satisfied.

(i) If 1 <p <2 then

= | (So(f) (@) = @) (x - 0)* o
/0 0 02 ‘ o < Cp Y lop(f)(z) — f (@)

k=0
Thus, if (4.1.5) is satisfied, then (4.1.6) is also satisfied.
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Theorem 4.1.3. Let 1 < p < o0 and 6 > A. If min{2, ﬁ} < p < oo, then for every

x €S,
N » L \? [ 1Se(f)(@) = @) )
Y lod)@) =S < O(55=1) | i

Corollary 4.1.4. Suppose z € S4=" and f is a function defined on the sphere S®~1. Then

S|oR(F)(@) = f(2)]* < o0
k=0

if and only if

/ (F)() — 1(@)| (x — 0y
; 0 df < oo.

We remark that in the special case d = 2, Theorems 4.1.1-4.1.3 were due to [Gi-Mo]

while for the general case d > 3 only part of the above results were obtained in the Phd
thesis [Zh].
Our last two theorems in this section are on the two side estimates of the quality

> llow(f) = £lIy-
k=0

Theorem 4.1.5. Suppose 1 < s < oo, 7 > % and f € LP(S41) with 1 < p < co.

(i) If 1 < p < oo, then there exists a constant C > 1, z'ndependent of f, such that
C- / f’ pdt<Z| f||s§0 (f’ )pdt (4.1.8)

(1) If 1 <p<oo and § > A\, then (4.1.8) is satisfied with 0 in place of .

The conditions on the index s in Theorem 4.1.5 are sharp in the following senses:

Theorem 4.1.6. Suppose 1 < p < oo and f € LP(S41).

(i) If0<r <1 then
/ wr(f, )pdt<oo
0

t2

if and only if f = constant.

(ii) Suppose § > 0. Then

> ot (f) = flip < 00
k=0

if and only if f = constant.
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For 1 <p<oo,1<s<ooandr >0, we define the space Hy,”* by

HS = {f e IP(S4 ) : /1 wrlh D gy oo}.

0 t2

We identify f with g in H,”® if f — g = constant. It then follows from Theorem 4.1.6 that
Hp* for r < % has only one element zero and therefore is trivial. From Theorem 4.1.5, it

follows that Hy* for 7 > 1, 1 < p < 0o coincides with the function space

{FerE™): Yot —fly <oof, 1<p<oo
k=0

and this statement for p = 1 and p = oo remains valid if we replace A with a number
§ > A. Therefore when r > 1, the space Hy* is actually independent of r.

It should be pointed out that Hy” is never trivial whenever r >

©® =

. In fact, according

to Theorem 3.1.4, one can easily deduce W C Hp* whenever r > %

and o > %, where
W, is the function class defined as in Chapter 1, which clearly contains many nontrivial
smooth functions.

This section is organized as follows. In Subsection 4.1.2, we introduce the concept of
the equiconvergent operator from [Wal, describe some of its basic properties, and establish
an equivalent relationship on the strong approximation between the Cesaro operator and
the equiconvergent operator. Such an equivalence plays a basic role in the proofs of
Theorems 4.1.1-4.1.3 in Subsections 4.1.1-4.1.3. Theorems 4.1.5 and 4.1.6 are proved in

Subsection 4.1.5 by invoking some known properties of the modulus of continuity and

applying some realization theorems in Chapter 3.

4.1.2 Equiconvergent operator and its equivalence to the Cesaro oper-

ator

The equiconvergent operator was introduced by Wang Kunyang [Wa] in the investigation
of the pointwise convergence of the Cesaro means. We first give its definition and describe

some of its basic properties.
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We write
r
o (cos 0) A5 ZAN kWP,i‘(cos@).
Then it follows from (4.1.1) and (0.0.6) that the Cesaro mean o, can be expressed as

o8 (f) (&) = / o (ay) £ (y) dy. (4.1.9)
qd-1

By formula (9.41.13) of Szegd’s book [Sz] we can rewrite o3 as

1 4ol p5,458 .
N (1) = ST7] (“%PJ(VQ +Zb (N, d,8)o% " (1)) (4.1.10)
where
o = 1 I'(N+d+d—1)T (2N +6 +d)
M gd2p(dl) AQD(N + ST 2N + 20+ d)
— U+1 _ .. —
by(Vod, 3 = DT =1 (0 =0 DI + 3+ 0+ DIEN +6+d)

T(v+ DI'(N +6+ )I'(2N +6 +d + v)

It follows from [Wa] that
b, (N, d,\)| < C(d, &)= 4172, (4.1.11)
Definition 4.1.1 ([Wa]). For any f € L(S%"), define
S4(f) (@) =y /S P T )y, 5> 1,

We call the following operator

0 0 0
By () = Sk() (i)
the equiconvergent operator of 0?\7, where 1 denotes the constant function of value 1.

One can easily verify

B = [ 1P ey doty), (41.12)
where
= PE+ DI A DN +d—1) o 113)

(4m) 2 D(N + 6 + DI(NV + 452)
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It was proved by Wang Kunyang [Wa] that for f € L(S? "), z € S and § > —1,

lim o (f)(2) = f(z)

N—oo

if and only if
lim B (f)(x) = f ().

N—o0
In fact, more can be obtained from the proof of [Wal: For 1 < p < oo, d > —1 and
feLrsth,

li N = fllp =

Ngnoo lon(f) = fll,=0
if and only if

Jim | By () = fll, = 0.

For detail of the above material, we refer the reader to [Wa] and [Wa-L, Chapter 4].
The main aim in this subsection is to prove the following equivalence theorem, which

plays a basic role in our later proofs of the main results.

Theorem 4.1.7. Suppose § >0, 1 < p < oo and f is a function defined on S4~'. Then

there exists a constant C(d,8) > 0 such that for any x € S41,

7 2 BN @P < Yl @)—f @) < cdo) (L) Z|Ek ()P,

’ kZO k:

The proof of Theorem 4.1.7 is based on a series of lemmas. Its idea comes from [Wa].

Lemma 4.1.8. Suppose v, k € N and 0 > 0. Then

o ’U
> ; < C(6) Tk, (4.1.14)
=k J

where C(§) is a constant independent of v and k.
Proof. We use the inequalities

Cb) Ha+1) < -~ <COb)(a+1), (4.1.15)
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where a, b > 0 and C'(b) > 0 is independent of a. Then, by (4.1.2), we get

iA"l_C((s)iF(j—k—i—v) rGj+1) T@+v+1)
= AT o FU—k+U FG+d+v+1)  D(v)
k+1lj—k+2 j—k+tv—1/ 1 \oH+l
<O 0+1 .7 . )
<@ y+5+2]+5+3 j+o+o <j+1)

Noticing that

jok+lj-k+2 j-ktv-1 .
j+O+25+6+3 j+o+v —

we get (4.1.14) and complete the proof. O

Lemma 4.1.9. Suppose 1 <p <oo,d >0 and v €N. Then

ZMH —fP<C(s +1Z| 0HL(f) — fIP. (4.1.16)

Proof. Without loss of generality, we may assume v > 2. We start from the representation

k

o) = e S0 AL2AN (),

d+v
AT

Noticing that

k
v—2 A0+1 __ A40+w
> Ay ai - A

we get, by Holder inequality,

‘O_(H-U f‘p 1 iAU 2A6+1‘05+1 ) o f‘p

= A5+v] - k=3
So,
o0 o0
S lof () = P <> A ) - g ZAM
k=0 §=0

which, by Lemma 4.1.8, implies (4.1.16) and completes the proof.

The following lemma can be found in [Sz].
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Lemma 4.1.10. Suppose 6 > 0 is an integer. Then

N
1 Al 5,923)
U?V(x) = A—(; ZGk(Na 6)Pk ? ? (1‘),
N k=0
where )
CNH, if k=0,
Gr(N,0) < CZN ECESV, if1<k<N -1,
ONG, ifk=N

Proof of Theorem 4.1.7. First, we prove the direct inequality

o0

SIENS) — fIP < C(d,8) Y lof(f) — fI7, (4.1.17)
k=0

k=0
with 0 >0, 1 <p < o0.

By (4.1.9), (4.1.10) and (4.1.12), we obtain the following formula

o (f)(x) = BYEX () () + S T8 () (),

where
T(N +6+d—1)I(2N +6 +d)
9 _
PN = T(N+d-Dr@eN 251 d) (4.1.18)
and
Zb N,d, 8§)aS " (f). (4.1.19)

Noticing that FE$ (1) = ¢(1) = 1, we obtain

B () = [ = (B o (5) = 1] + B s TR () ~ Th( | (41.20)
Here 1 is the constant function of value 1.
(4.1.11) and Holder inequality give

Z|TN — T )f|”<Cd522|bUNd5|‘ v () f

v=1 N=0

SC(d,(g)iU (d+1+9) Z‘ 5+v

v=1

‘ p




which, by (4.1.16), is estimated by

C(d,8) > |oX(f) = fIP.

k=0
On the other hand, it follows from (4.1.15) and (4.1.18) that

Byt =0(1), as N — oo.

Now combining (4.1.20), (4.1.21) and (4.1.22) yields (4.1.17).

Next, we prove the converse inequality.

Let 09 = [0] + 1 and € = §y — §. We apply formula (9.4.3) of [Sz] to get

o
d—1 d—3 d—1 d—3
( 2 +57

BT ) = S dy(ud, )P T ),

v=0

where

dU (Na da 5) =

e—1
A 2ut+d+0)l(p+v+d+d+e—)I(o+d+d—1)(p+
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(4.1.21)

(4.1.22)

(4.1.23)

41

Substituting (4.1.23) into (4.1.12) yields
H 750
B~ =3 Lrdlind ) () - 1),
v=0 'Y
with 'yg as in (4.1.13).

Noticing

we get from (4.1.13)

do 20+1

7, el Y
‘T’gdv(u,n, 5)‘ < C(d,0)(pn —v) 1N5+25+1'

Hence, by Holder inequality,
o0 20+1
n=0 v=0 p=v

< Oi\ES(f) it
v=0

T(u+v+d+0)lv+SHT(u+d—1+0+¢)

DO IER() = FP < OW0) Y3 =) g B - 7|

p

(4.1.24)
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On the other hand, by Lemma 4.1.10 and (4.1.9), (4.1.12), one can easily obtain

oP () (@) = f(z) = —5= > Hy(L, 60) (B (f) (=) — f(x)),
AL =0
where
CL% 1, (=0,
5071
Hy(L,6) < CY (L—g)pe 7o, 1<e< -1,
p=0
CL%, ¢=1L.

Therefore, by an elementary computation, we get

L—-1
o (1)) — f@)] < O S IBR() @) = f@) + B () - 11
£=0

Now applying the following Hardy—Landau inequality:

"1 k P
Z‘EZ ‘ (L> Zai, ap >0, p>1,

p—1

we get from (4.1.24)

> lo () = 1P < 00) (25 )" SO IB) - f1P

k=0 k=0

By (4.1.19), (4.1.16) and (4.1.11), we conclude

YIS — fI? < C(d, ) ZIU‘S+1 - fI”.
k=0

(4.1.25)

(4.1.26)

Noticing § +1 > g, by Holder inequality, one can easily verify that the right-hand side

of (4.1.26) is dominated by a multiple of the left -hand side of (4.1.25). This, together

with (4.1.20), yields the converse inequality and completes the proof.

4.1.3 Proofs of Theorems 4.1.1 and 4.1.2

a

To prove Theorems 4.1.1 and 4.1.2, we need some known results on orthogonal series.

Let {¢r}72, be a complete orthonormal system satisfying

Sup |pklloo < C < 00
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with respect to the Lebesgue measure on (0, 7). For f € L(0, ), write

— / " FOd(e) de

The following lemma, can be easily obtained by applying the Riesz -Thorin interpolation

theorem.

Lemma 4.1.11. Suppose 1 < p < o0, % + % = 1 and the notations are the same as the
above.
(i) If2<p<ooand f € LY, then
00 1
(3 lax(h)IF)” < Clfll,
k=0

with C' > 0 independent of f.

(it) If1 <p <2 and {ar(f)}2, € P, then

11 < (3 lalHP)?
k=0

The following two lemmas were due to [St-W2].

Lemma 4.1.12. Suppose f € LP(0,7), 1 < p < oo and the notations are as the above.

(i) If 1 <p<2, then

(Zm WP+ 172) < Ol

(1i) If2 <p < oo, then

£y < O(Zm WP+ 1)

Lemma 4.1.13. Let f(z) be a function on (0,7) with Fourier coefficients ay(f) with
respect to {¢r}. Then

1

(ka k1)) <o / F@)Plal™ dz)?,

whenever0§a<ﬁ,qZpandﬁ:%—i—%—l—i-azO.
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Proof of Theorem 4.1.1. We get the idea from [Gi-Mo]. Invoking (4.1.12) with
d=X:= %, noting Ep (1) = 1, we have

(d,%’@

B} (f)(z) — f(z) =% /07r (Sa(f)(l“) - f(ac))Pk 2 )(cos 0) sin? 26 db, (4.1.27)

with v} as in (4.1.13). Let

(2k + 3d — 2)D'(k + 1) (k + 3d — 2)
T(k+d— DIk + 451

1
5 _(d—3.4=8 . 0 -
) 2PI§ 22 )(cos 9) sin®~* 3 cos' T

N D

or(0) = (

Then it follows from (0.0.21) that {¢x}?°, forms an orthonormal basis of L?[0,7]. By a

straightforward computation, (4.1.27) can be rewritten as

By (f)(x) — f(x) = B /0 ' F(0)¢r(0) dO =: Brag(Fy), (4.1.28)
where
S z) — f(z 0
F,(0) = a(f)iirzg /(@) cos’ 3
and

(k4 3d—2)T(k + 3d - 2)T(k + 45\ 5 (4n) T D(k + 2)
’“_( T(k+d— 5Tk +1) ) ‘

It is easy to verify

0 <cqg < pr <dy.

(i) Applying Lemma 4.1.11 (i) to the orthonormal system {¢y(0)}7°, above and the

function F,(0), we get for 2 < p < oo,

6: B = f@””p)% < O(/OTr |Fm(9)|qd9)%a

k=0

which, together with Theorem 4.1.7 and the fact

, 6e(0,m), (4.1.29)

o) ~ | SO 1E) (s

implies (4.1.3) and completes the proof of (i).

(ii) Invoking Lemma 4.1.11 (ii), we get for 1 < p < 2,

1

([ 1m0 an) < (S 1B - 1@P)
0 k=0
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which, again by Theorem 4.1.7 and the fact (4.1.29), implies the desired result of (ii). This

completes the proof. O
Theorem 4.1.2 can be proved by using Theorem 4.1.7 and Lemmas 4.1.12 and 4.1.13.

Since the proof runs along the same lines as that of [Gi-Mo], we omit the detail.

4.1.4 Proof of Theorem 4.1.3

The following lemma can be found in [Be-Sh, P124].

Lemma 4.1.14. Let ¢ be a nonnegative measurable function on (0,00) and suppose « €

(0,00) and 1 < p < oo. Then

([ [srmy sy <([emaorty

([ [Too®) ey < 2([Cwvord). 131)

Proof of Theorem 4.1.13. (4.1.7) for 2 < p < oo is a consequence of part (i) of

and

Theorem 4.1.2. For the case p < 2, we start from the representation

B (f)(2) — () =L / 150N @) — F@IPLT T (cos B sint 2. (4.1.32)

0

We break the integral in the right-hand side of (4.1.32) into three parts:

N N
’Yk/ +k / ) +’Yk/ =Tp1 + Tgo + I 3.
0 = z

Now write ¢, (0) = Sy(f)(z) — f(z). By Holder inequality and elementary calculations,

we get

Z Lo lP < OZ( k+1) /(Hl)_l 62(0)]d0)”
k=0
<0 / = [ p@ ]

which, by (4.1.30), is estimated by

M

2 | (0)|P
C /0 oa do.
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Similarly, for p > ﬁ,

Z|Ik2|p<02(k+ A= 5/

(k+1)~1
<c 7]

oty [t

where the last inequality follows from (4.1.31).

|¢x(9)|9%—2—5d9)”

-1

_ 11)/ $2(6)03 . X[0,% de‘p ds

w3 »

Finally, since p > ﬁ, the following estimate is obvious:

Z|fk3|p < c/ b ()P (7 — 6)*P d6.

k=0

Putting these together, we complete the proof. O

4.1.5 Proofs of Theorems 4.1.5 and 4.1.6

Proof of Theorem 4.1.5. (i) We first prove (4.1.8) for r = 1. Tt follows from

Theorem 3.1.11 and Corollary 3.2.16 that

o) = £l % (. (4.1.33)

From the monotonicity of the function wy (f,-), we have

o0

/wl(f’ ~Y w (. 1 D 1<p<oc. (4.1.34)
0

k=1
Now combining (4.1.33) and (4.1.34) yields (4.1.8) for r = 1.
Next, we prove (4.1.8) for general r > 0. From the first case, it will suffice to prove

thatfora>ﬁ>%

The inequality
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is obvious, since ( see [ Rusl])

wa(fa t)p < Cwﬁ(fa t)p

whenever o > 3 > 0.

Now we consider the converse inequality

/0 (f’ Pt < 0/ wal/,1)p dt. (4.1.35)

We use the following result

ws(f, 1), < CtP / L walf uy du, (4.1.36)

¢ uBtl
where a > 3, t > 0. The inequality (4.1.36) can be derived by following the standard
method in [Dil].

Now by (4.1.36),

/ wﬁ(;;a )pdt<0/ 1B 2 / waqujrl) d) "
0 t
< C/ t’B__/ wa(fvu)pX[O,l](u) d_U)Sﬂ

uP U t’

which, by Hardy inequality (4.1.31), implies (4.1.35).
The proof of (ii) is almost identical to that of (i). (The only difference is that (4.1.33)

is valid for all 1 < p < oo in this case.) O

Proof of Theorem 4.1.6. (i) Notice that

wr(fat);) </2t wr(fao)s
ey

p — 1 .
7 2 dd =o(l), ast— 0+
We get
wr(f,t)p = ot 1) o(t"), ast— 0+.

But it follows from [Wa-L, P192, Corollary 4.6.4] that w,(f,t), = o(t"), as t — 0+ if and

only if f = constant. This finishes the proof of (i).
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(ii) Notice that for 6 > 0 and 1 < p < oo,

ST = Fllp < Cs > Mo (f) = Fllp-
j=0

=0
Without loss of generality, we may assume § > A. From the proof of Theorem 4.1.1 (i), it
follows that (4.1.8) is valid with » = s = 1 and with A replaced by 6. Thus, from (i), we

conclude f = constant. This completes the proof. O

4.2 Strong approximation by the Cesaro means with criti-

cal index in the Hardy spaces H”(S!) (0 <p<1)

Let H? = HP(S%') (0 < p < 1) denote the real Hardy space on S?~!. Given a distribution
f on S%1 assume a,‘z( f) denotes its Cesaro mean of order § > —1. ( We give the precise
definitions of HP(S?"!) and of(f) in Section 4.2.1 below.) The following statements on
the uniform boundedness of the Cesiro means in HP(S?~!) were proved in [CTW].

(i) FOT0<p§1a’nd5>5(p);:%_%,

Z ||Ug||(HP,Hp) < 0.
k
(i) The estimate in (i) is sharp in the sense that

1) —

Sl;P ||Uk||(HP,Hp) = o0

whenever 6 < d(p). In fact, more can be stated: For 6 < d(p),

1) —

Sl}ip HUkHw(HT’,LP) = 00,

while for 6 = d(p),

1
ol (#re,10) > C(log k).

(11i) For 0 < p <1 and the critical index 6 = (p),

Sl;PHUI(sz(HP,Lp) < o0.
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For p=1 and § = X, the above weak type estimate fails.

The main goal in this section, as suggested in the title, is to consider the strong
approximation by the Cesaro means with critical index. Before stating the main result,
we have to introduce some necessary notations. Given a distribution f on S%1, let f(")
(r > 0) denote the r-th order derivative of f. (See Section 4.2.1 for precise definition.)

Forr >0and 0 < p <1, let W; denote the function class

W= {f e B4y ) ¢ Hp(Sd*I)}.
Define the K-functional K, (f,t)g» by

Kooty = inf{ | — glo + #7llg s = g € Wy }.

For 0 < p <1and f € H?, let E;(f,H?) (j = 0,1,---) be the best approximation of f,
by spherical harmonics of degree less than or equal to j, in the space HP(S%1).

The main result in this section can be stated as follows.

Theorem 4.2.1. Let 0 <p <1 and § = d(p) := % - ‘—Qi. Then for f € HP(S®1),

N
1
o (f) = Fllf = Y ;Ef(f, o).

Jj=1

N
i=1

L =

As a consequence, we have

Corollary 4.2.2. Suppose 0 <p <1 and § = d(p) := % — ‘—2i. Then for f € HP(S®),

-

o~ ll92(f) = 1l ;
loglN;H e )k E SCK{)<f’(log1N) )Hp'

In the case of Riesz means for the periodic functions, Theorem 4.2.1 was due to [Be2]
while Corollary 4.2.2 was due to [C-J-Lu]. Our proof here relies heavily on a new charac-
terization of the Hardy space HP(S?~1), which is in terms of the maximal Cesaro operator.
Our approach is different from those of [Be2] and [ C-J-Lu]. We remark that it appears to

be difficult to obtain Theorem 4.2.1 and Corollary 4.2.2 simply by following the technique



126

developed in [Be2] and [ C-J-Lu]. ( This can be seen from the arguments in [CTW] and
[Chen].)
Similar results for the generalized Riesz means Rz’a( f) can be stated as follows. ( We

give the precise definition of Ri’a( f) in Section 4.2.1 below.)

Theorem 4.2.3. Let « >0, 0 <p <1 andd =d(p) := % — ‘—2i. Then for f € HP(S4™1),

N

N
3 %IIR;?’“(f) S %Ef(f, ).
j=1

j=1

Corollary 4.2.4. Leta >0, 0<p <1 andd =d(p) := % - ‘—Qi. Then for f € 