
Taylor _d3 x0 ∈ R, r > 0. 3 f : I := B(x0, r) −→ R; n ∈ N+. 3 f R I 2��M n "
8��J f R� x0 �
 n � Taylor �A6=
Tn(f)(x, x0) :=

n
∑

k=0

1

k!
f (k)(x0)(x − x0)

k, x ∈ R.��
Rn(f)(x, x0) := f(x) − Tn(f)(x, x0) = αn(f)(x, x0)(x − x0)

n (x ∈ I)= f R x0 �
 n " Taylor OA�.Z
αn(f)(x, x0) := Rn(f)(x, x0)(x − x0)

−n, 0 < |x − x0| < r, αn(f)(x0, x0) = 0.?+
#)7
(A) 1� f (n)f x0 ℄ae, S

lim
x→x0

αn(f)(x, x0) = 0

(B) 1� f (n)f x0 ℄`^, S
lim sup

x0 6=x→x0

|αn(f)(x, x0)(x − x0)
−1| 6

1

n!
|f (n+1)(x0)|.

(C) 1� f (n)f I 
`^, S�N x ∈ I, �R$N x0 � x V�
 ξ 5�
αn(f)(x, x0) =

1

(n + 1)!
f (n+1)(ξ)(x − x0), x ∈ I.�N��
 x0, n ∈ N+, �C

T (x) := Tn(f)(x + x0, x0), R(x) := Rn(f)(x + x0, x0), α(x) := αn(f)(x + x0, x0).gb H 
R(0) = R′(0) = · · · = R(n)(0) = 0.3 x ∈ I, x 6= x0.

(A) 5K Lagrange ZX�6 n ���
R(x) = R(x) − R(0) = R′(x1)x = (R′(x1) − R′(0))x = R′′(x2)x1x · · · = R(n)(xn)xn−1 · · ·x1x,.Z x1 D�R 0 � x V�� · · · , xn D�R 0 � xn−1 V��N7

α(x) = (R(n)(xn) − R(n)(0))
xn−1 · · ·x1x

xn
. (1)-* |α(x)| 6 |R(n)(xn)−R(n)(0)|. �%;!� R(n)f x = 0 ℄ae, �	 0 6= x → 0 4� 0 6= xn → 0,9G

lim
x→0

α(x) = 0, � lim
x→x0

αn(f)(x, x0) = 0.�,�� x, 0 < |x| < r, �J h(t) := R(tx), 0 6 t 6 1. -* h(k)(t) = R(k)(tx)xk, k = 1, · · · , n,

h(0) = h′(0) = · · · = h(n)(0) = 0.
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(B) �J
δ(t) := h(t) − h(1)tn, 0 6 t 6 1. (2)-*

δ(0) = h(0) = 0, δ(k)(0) = h(k)(0) = 0, k = 1, · · · , n − 1.�% (2), ?+M
δ(n)(t) = h(n)(t) − n! h(1). (3)[I� δ(1) = 0 = δ(0), K Rolle �(�UM

t1 ∈ (0, 1) 5� δ′(t1) = 0 = δ′(0).QK Rolle �(�UM
t2 ∈ (0, t1) 5� δ′′(t2) = 0 = δ′′(0).F�'<�W�Æ n �0�

tn ∈ (0, tn−1) 5� δ(n)(tn) = 0.�% (3), TI>\
R(x) =

1

n!
R(n)(tnx)xn =

1

n!
R(n)(tnx)xn.N7

αn(f)(x, x0)

x − x0
=

1

n!

R(n)(tn(x − x0))

x − x0
=

1

n!

f (n)(tn(x − x0) + x0) − f (n)(x0)

x − x0
.��

∣

∣

∣

αn(f)(x, x0)

x − x0

∣

∣

∣

6
1

n!

∣

∣

∣

f (n)(tn(x − x0) + x0) − f (n)(x0)

tn(x − x0)

∣

∣

∣

,

(.Z tn ∈ (0, 1) P x M�). LN�� f (n) f x0 `^, ?+��
lim sup

x0 6=x→x0

∣

∣

∣

αn(f)(x, x0)

x − x0

∣

∣

∣
6

1

n!
|f (n+1)(x0)|.

(C) �J
γ(t) := h(t) − h(1)tn+1, 0 6 t 6 1. (4)LN f (n) f I 
`^, ?+&GBR (2) 5K Rolle �( n + 1 ��UM

tn+1 ∈ (0, tn) 5� γ(n+1)(tn+1) = 0.L���
h(1) =

1

(n + 1)!
R(n+1)(tn+1x)xn+1.[I�

R(n+1)(y) = R(n+1)(f)(y + x0, x0) = f (n+1)(y + x0)?+/�
R(x) =

1

(n + 1)!
R(n+1)(tn+1x)xn+1 =

1

(n + 1)!
f (n+1)(tn+1x + x0)x

n+1.� ξ = tn+1x + x0, :D�$N x0 � x0 + x V� (YE x 6= 0). 2,
#�7
αn(f)(x, x0) =

1

(n + 1)!
f (n+1)(ξ)(x − x0). �
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