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5.OI t x = y, . max(x, y) = x, Y
zn =

{

xn, � n = 2k − 1 y,

yn, � n = 2k y.
k = 1, 2, · · ·. lim

n→+∞

zn = x, , max{xn, yn} � {zn}  ;X�%&R 1.2 3 lim
n→+∞

max(xn, yn) = x.t x 6= y, 
/x x > y. . ∃N ∈ N+ � s.t. � n > N y�& xn > yn. (�
lim

n→+∞

max(xn, yn) = lim
n→+∞

xn = x.

7.OI x lim
n→+∞

f(n) = f , lim
n→+∞

g(n) = g. . ∀ε > 0, ∃N1, N2 ∈ N+ � s.t. � n > N1y�&
f − ε < f(n),� n > N2 y�&
g(n) < g + ε.l N = max{N1, N2}, .� n > N y�&

f − ε < f(n) ≤ g(n) < g + ε,%�� f < g + 2ε. ,% ε  q �>� f ≤ g �>
lim

n→+∞

f(n) ≤ lim
n→+∞

g(n).

1



Æ� 1.3

2.OI Y fn = (1 + 1
n
)n+1 �S$fM5
!|

n
√

a1a2 · · ·an ≤ a1 + a2 + · · · + an

n
(ak ≥ 0, k = 1, 2, · · · , n)��

en =

(

1 +
1

n

)n

· 1 ≤
(

n(1 + 1
n
) + 1

n + 1

)n+1

= en+1,9
1

fn

=

(

n

n + 1

)n+1

· 1 ≤
(

(n + 1) n
n+1 + 1

n + 2

)n+2

=
1

fn+1
.0�} {en} �%/��, {fn} �%Cv�'%(

2 = e1 ≤ en < fn ≤ f1 = 4,%�%&J&R3�X {en}+∞

n=1 �V�Y
gn =

n
∑

k=0

1

k!
, n ∈ N+..� n > 2 y�

gn − en =

n
∑

k=2

1

k!

(

1 −
(

1 − 1

n

)

· · ·
(

1 − k − 1

n

))

.: �� k ≥ 2 y
0 < 1 −

(

1 − 1

n

)

· · ·
(

1 − k − 1

n

)

≤ 1 + · · · + (k − 1)

n
=

k(k − 1)

2n
,�

|gn − en| ≤
1

2n

n
∑

k=2

1

(k − 2)!
=

1

2n
gn−2.�,

+∞
∑

k=0

1

k!
= lim

n→+∞

gn = lim
n→+∞

en.

5.(3)OI "�
(n!)2 = (n · 1)[(n − 1) · 2][(n − 2) · 3] · · · (1 · n) ≥ nn,
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4
n
√

n! ≥ √
n.�, ∀ε > 0, ∃N = [ 1

ε2 ] � s.t. � n > N y�&
| 1

n
√

n!
| <

1√
n

< ε.>
lim

n→∞

1
n
√

n!
= 0.

(4) 2`�" n > 1 y� n
√

n > 1. x n
√

n = 1 + an, (an > 0) �.&
n = (1 + an)n = 1 + nan +

n(n − 1)

2
a2

n + · · · + an
n > 1 +

n(n − 1)

2
a2

n,>��
| n
√

n − 1| = |an| <

√

2

n
.(� ∀ε > 0, ∃N = [ 2

ε2 ] � s.t. � n > N y�&
| n
√

n − 1| <

√

2

n
< ε.>

lim
n→∞

n
√

n = 1.

6.OI % a1 =
√

a > 0 3 a1 =
√

a <
√

a1 + a = a2. x ak < ak+1 �> ak <
√

ak + a �.
ak + a <

√
ak + a + a = ak+1 + a ��, √

ak + a <
√

ak+1 + a �> ak+1 < ak+2. %��6b.3�)q  <p� n &� an < an+1 �> {an} #/�'� a > 0 y� a1 =
√

a < 1 + a. x ak < 1 + a �. ak+1 =
√

ak + a <
√

1 + a + a <
√

1 + 2a + a2 = 1 + a. 4%��6b.3 {an} &uJ 1 + a.=u�%�%&J&R3 {an}<��-�xg� α. ) a2
n+1 = an+aW(Y n → +∞l<���

α2 = α + a,I�
α =

1 ±
√

1 + 4a

2
.
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%( an > 0 ��� α > 0. 4
lim

n→+∞

an =
1 +

√
1 + 4a

2
.

9.OI %�x3)�& n & an > 0, bn > 0 �4
an+1 =

an + bn

2
≥

√

anbn = bn+1,�,
an+1 =

an + bn

2
≤ an + an

2
= an, bn+1 =

√

anbn ≥
√

bnbn = bn,h
an ≥ bn ≥ b1 = b, bn ≤ an ≤ a1 = a.> {an}, {bn} M��%&J�X�4<�M�-�x

lim
n→+∞

an = A, lim
n→+∞

bn = B,) an+1 = an+bn

2 W(Y n → +∞ l<��� A = A+B
2 . 4 A = B �>

lim
n→+∞

an = lim
n→+∞

bn.
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Æ� 1.4MK 2.(6) t lim
k→+∞

ak = a ∈ R , .
lim sup
k→+∞

(ak + bk) = a + lim sup
k→+∞

bk, lim inf
k→+∞

(ak + bk) = a + lim inf
k→+∞

bk.OI �%� 3� lim sup
k→+∞

ak = a = lim inf
k→+∞

ak,% (4) O�� lim sup
k→+∞

(ak + bk) ≤ lim sup
k→+∞

ak + lim sup
k→+∞

bk = a + lim sup
k→+∞

bk.�2 lim sup
k→+∞

(ak + bk) ≥ lim inf
k→+∞

ak + lim sup
k→+∞

bk.x lim inf
k→+∞

ak = A, lim sup
k→+∞

bk = B ∈ R. )q  ε > 0, ∃N > 0, � k ≥ N y&�
inf
k

ak > A − ε, sup
k

bk < B + ε,��)q  k > N, ak > A − ε, 4
ak + bk > A − ε + bk,

sup
k

(ak + bk) ≥ sup
k

(A − ε + bk) = sup
k

bk + A − ε

lim sup
k→+∞

(ak + bk) ≥ lim sup
k→+∞

bk + A − ε%( ε q ���
lim sup
k→+∞

(ak + bk) ≥ lim inf
k→+∞

ak + lim sup
k→+∞

bk = a + lim sup
k→+∞

bk,

lim sup
k→+∞

(ak + bk) = a + lim sup
k→+∞

bk.� lim sup
k→+∞

bk = +∞ ; −∞ y�2`

���Zm�
nP� O�2` lim inf
k→+∞

(ak + bk) ≤ lim sup
k→+∞

ak + lim inf
k→+∞

bk

lim inf
k→+∞

(ak + bk) = a + lim inf
k→+∞

bk. 2
(7) t lim

k→+∞

ak = a ∈ (0, +∞) , .
lim sup
k→+∞

(akbk) = a lim sup
k→+∞

bk, lim inf
k→+∞

(akbk) = a lim inf
k→+∞

bk.OI 62`"�2!|�
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1).∀ k ∈ N+, bk ≥ 0 y�P�( (6), �2
(lim inf
k→+∞

ak)(lim sup
k→+∞

bk) ≤ lim sup
k→+∞

(akbk) ≤ (lim sup
k→+∞

ak)(lim sup
k→+∞

bk).

2). t lim sup
k→+∞

bk > 0, . {bk} 9&
j+��( 0 �?��X�
b+
k = max{bk, 0} =

{

bk, �bk > 0y;

0, �bk ≤ 0y. b+
k ≥ 0, h lim sup

k→+∞

bk = lim sup
k→+∞

b+
k . ) {ak}, {b+

k } $ 1) 9 H[�&
(lim inf
k→+∞

ak)(lim sup
k→+∞

b+
k ) ≤ lim sup

k→+∞

(akb+
k ) ≤ (lim sup

k→+∞

ak)(lim sup
k→+∞

b+
k ).�� lim sup

k→+∞

(akb+
k ) = a lim sup

k→+∞

b+
k = a lim sup

k→+∞

bk,� lim sup
k→+∞

(akb+
k ) = lim sup

k→+∞

(akbk)+ = lim sup
k→+∞

(akbk). ("�0� k �& ak > 0)�� lim sup
k→+∞

(akbk) = a lim sup
k→+∞

bk.

3). t −∞ < lim sup
k→+∞

bk ≤ 0, .Ol�0� c > 0, {� lim sup
k→+∞

(bk + c) > 0, ,$
1),2) 9 H7>O�

4). t lim sup
k→+∞

bk = −∞, !|�p�T�)"-2!|O
nP� 2`� 2
(8) t ∀ k ∈ N+, ak > 0, h lim inf

k→+∞

ak ∈ (0, +∞) , .
lim sup
k→+∞

1

ak

= (lim inf
k→+∞

ak)−1OI �% (7) 9 
!|��
1 = lim inf

k→+∞

(
1

ak

· ak) ≤ lim sup
k→+∞

1

ak

lim inf
k→+∞

ak ≤ lim sup
k→+∞

(
1

ak

· ak) = 1. 2MK 5 x&1�X {a(k)}+∞

k=1, 2`
lim sup
k→+∞

k

√

a(k) ≤ lim sup
k→+∞

a(k + 1)

a(k)
; lim inf

k→+∞

a(k + 1)

a(k)
≤ lim inf

k→+∞

k

√

a(k).OI 62`"�2!|�x lim sup
k→+∞

a(k+1)
a(k) = A, (1)
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t A = +∞, 
!|�p�T��x 0 ≤ A < +∞. % (1),∀ ε > 0, ∃N > 0, � i > Ny�
ai+1

ai

< A + ε.ql n > N, u|9Y i = N, N + 1, · · · , n − 2, n− 1, F0 n − N 2
!|����
aN+1

aN

aN+2

aN+1
· · · an

an−1
< (A + ε)n−N ,��

an < aN (A + ε)−N · (A + ε)n, > n
√

an < n

√

aN (A + ε)−N (A + ε).Y n → +∞��lu<�� lim sup
n→+∞

n
√

an ≤ lim sup
n→+∞

n

√

aN(A + ε)−N (A + ε) = A+ε,% ε  q ��
!|�2� 2MK 5 x lim
k→+∞

xk = lim
k→+∞

yk = 0, ∀ k ∈ N+, yk > yk+1 > 0.k2�t lim
k→+∞

xk−xk+1

yk−yk+1
= l ∈ (R ∪ {−∞, +∞}), .

lim
k→+∞

xk

yk

= lOI 62 l ∈ R i��%� 3 ∀ ε > 0, ∃N > 0,� n > N y�l− ε
2 < xn−xn+1

yn−yn+1
<

l + ε
2 , " yk > yk+1 > 0, �� (l − ε

2 )(yn − yn+1) < xn − xn+1 < (l + ε
2 )(yn − yn+1).)q m, n > m > N , &

(l − ε

2
)(yn − yn+1) < xn − xn+1 < (l +

ε

2
)(yn − yn+1),

(l − ε

2
)(yn−1 − yn) < xn−1 − xn < (l +

ε

2
)(yn−1 − yn),

· · ·

(l − ε

2
)(ym − ym+1) < xm − xm+1 < (l +

ε

2
)(ym − ym+1),�� (l − ε

2 )(ym − yn+1) < xm − xn+1 < (l + ε
2 )(ym − yn+1),

l − ε

2
<

xm − xn+1

ym − yn+1
< l +

ε

2" xm

ym

− l = (xm−xn+1

ym−yn+1
− l)(1 − yn+1

ym

) + xn+1−lyn+1

ym

, ��
|xm

ym

− l| = |(xm − xn+1

ym − yn+1
− l)||(1 − yn+1

ym

)| + |xn+1 − lyn+1

ym

|
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" ym > yn+1, h lim
k→+∞

xk = lim
k→+∞

yk = 0, > lim
k→+∞

(xn+1 − lyn+1) = 0, ��)o& 
m ��- N1 > 0, � n > N1 y� |xn+1−lyn+1

ym

| < ε
2 , "�

|xm

ym

− l| = |(xm − xn+1

ym − yn+1
− l)||(1 − yn+1

ym

)| + |xn+1 − lyn+1

ym

| < ε,�
lim

k→+∞

xk

yk

= l. 2
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Æ� 1.5MK 4 x= ∅ 6= A ⊂ R
n, $ x ∈ R

n. $ d(x, A) �� x � A  LQ�> d({x}, A).2`� x ∈ A  �0	��D� d(x, A) = 0.OI �0��t d(x, A) = 0,Ax x /∈ A,a℄ x ∈ A
c
, A

c �N=����- δ > 0�{� B(x, δ) ⊂ A
c
, �� d(x, A) ≥ d(x, A) ≥ δ, ) d(x, A) = 0 \*���Ax
�T�

x ∈ A.	���t x ∈ A �Ax d(x, A) = δ > 0 �. B(x, δ
2 ) ∩A = ∅, B(x, δ

2 )∩A 6= ∅, ��
A ⊂ A\B(x, δ

2 ) ⊂ A, , A\B(x, δ
2 ) ��=�) A � A  ��\*��� d(x, A) = 0.2MK 7 x E ⊂ R

n, E 6= ∅. � E  n�<�$�� =:?� E
′

, G? E  ��=�5& ∅′

= ∅. 2`� E = E
′ ∪ E.OI 1).∀ x ∈ E,t x /∈ E,�2 x ∈ E

′\E�Ax x /∈ E
′\E,. ∃ r, B(x, r)∩(E\{x}) =

B(x, r) ∩ E = ∅, �� B(x, r) ∩ E 6= ∅, �� E ⊂ E \ B(x, r) ⊂ E, E \ B(x, r) ��=�0) E  &!\*��� x ∈ E
′ \ E �> x ∈ E

′ ∪ E,E ⊆ E
′ ∪ E;

2).∀ x ∈ E
′ ∪E, t x ∈ E �. x ∈ E ��x x ∈ E

′ \E, Ax x /∈ E, . x ∈ E
c
, E

c �N=����- r > 0 �{� B(x, r) ⊂ E
c
, > B(x, r) ∩E = B(x, r) ∩E = ∅, 0) x ∈ E

′\*���Ax
�T� x ∈ E � E
′ ∪ E ⊆ E.=u���� E = E

′ ∪ E. 2MK 8 x E ⊂ R
n, E 6= ∅, x ∈ R

n. s7 ∀ r > 0, 	y&
B(x, r) ∩ E 6= ∅,9B(x, r) ∩ Ec 6= ∅a℄K� x � E  
J$�� E  �&
J$>� =:?? L. 2`� L = E \ E̊.OI 1).∀ x ∈ L, ")q  r �& B(x, r) ∩ Ec 6= ∅, �� x /∈ E̊, �2 x ∈ E. Ax

x /∈ E, . x ∈ E
c
, >�- r > 0, B(x, r) ⊂ E

c
, �� B(x, r) ∩ E = B(x, r) ∩ E = ∅. )�x\*���Ax
�T� x ∈ E, > L ⊆ E \ E̊.

2).∀ x ∈ E \ E̊," x /∈ E̊,�� ∀ r > 0,& B(x, r)∩Ec 6= ∅;�2 B(x, r)∩E 6= ∅. Ax
∃r > 0, B(x, r)∩E = ∅,. B(x, r)∩E = ∅,1.t B(x, r)∩E 6= ∅,O� E ⊂ E\B(x, r) ⊂ E,0) E  &!\*��� B(x, r) ∩ E = ∅ �a℄ x /∈ E, \*��� B(x, r) ∩ E 6= ∅ �
x ∈ L, "� E \ E̊ ⊆ L.
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=u���� L = E \ E̊. 2MK 12 2`
R�)z���+�OI �_6�ET�2�
R��z� ��#w>O�xn�
R�=:� I,
R�==: B = {
√

2, 2
√

2, 3
√

2, · · · , n
√

2, · · · },A = I \ B, > I = A ∪ B; a℄z�=
R = I ∪Q = A∪B ∪Q. "� B 9 Q '�O�=��� B ∪Q ��O�=�a℄- B 9
B ∪ Q 4B&��#w�x� g :

g : B −→ B ∪ Q?
R�= I �z�= R 4B ��#w f s��
f : I −→ R

f(x) =

{

g(x), �x ∈ By;

x, �x ∈ Ay��
R�)z���+� 2
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Æ� 1.6MK 1 k (1) lim
min(x,y)→+∞

( xy
x2+y2 )x2

, (2) lim
x2+y2

→0+

sin(xy)√
x2+y2

.F (1). " min(x, y) → +∞����_
/r� x > 0, y > 0,a℄ x2 +y2 ≥ 2xy ≥ 0,�� xy
x2+y2 ≤ 1

2 , �� ( xy
x2+y2 )x2 ≤ (1

2 )x2

, �� 0 ≤ lim
min(x,y)→+∞

( xy
x2+y2 )x2 ≤ lim

x→+∞

(1
2 )x2

=

0. ��
lim

min(x,y)→+∞

(
xy

x2 + y2
)x2

= 0.

(2). ) lim
t→0+

sin(t)
t

= 1  2`Zm�a℄
0 ≤ | sin(xy)

√

x2 + y2
| ≤ | sin(xy)

xy
· xy

x2 + y2
·
√

x2 + y2|��
lim

x2+y2
→0+

sin(xy)
√

x2 + y2
= lim

x2+y2
→0+

sin(xy)

xy
· lim

x2+y2
→0+

xy

x2 + y2
· lim

x2+y2
→0+

√

x2 + y2 = 0. 2MK 3 2`8� f(x, y) = sin(xy) - R
n u
�7U��~zu

∀ δ > 0, sup{f(P ) − f(Q) : |P − Q| < δ} = 2.OI ) ∀ δ > 0, � n ∈ N+, n > π
δ
y�x P = (n, π

2n
), Q = (n, 3π

2n
), .

|f(P ) − f(Q)| = | sin(n · π

2n
) − sin(n · 3π

2n
)| = | sin(

π

2
) − sin(

3π

2
)| = 2,)q  P, Q,|f(P ) − f(Q)| ≤ 2 ��p ���

∀ δ > 0, sup{f(P ) − f(Q) : |P − Q| < δ} = 2.8� f(x, y) = sin(xy) - R
n u
�7U�� 2MK 5 x f : R

n −→ R. 2`� f ∈ C(Rn)  �0	��D�� R  ^2N= G -
f 4� *� {x ∈ R

n : f(x) ∈ G} '�N=�OI 	���>�3 f ∈ C(Rn) �) R 9 q N= G, ?g*�� f−1(G), 
/x f−1(G) 6= ∅. l ∀ x ∈ f−1(G),f(x) ∈ G, . f(x) � G  d$�>�-
varepsilon > 0 {� B(f(x), ε) ⊆ G, &U�8��8�3 ∃δ > 0, � |y − x| < δ y�K& |f(y) − f(x)| < ε, > f(y) ∈ B(f(x), ε), �� f(B(x, δ)) ⊆ B(f(x), ε) ⊆ G, B(x, δ) ⊆

f−1(G), �� x � f−1(G)  d$�% x  q ��3 f−1(G) �N=�
11



�0���3 R  ^2N= G - f 4� *� f−1(G) '�N=�) ∀ x ∈ R
n,

f(x) ∈ R, ~zu�) ∀ ε > 0 '& f(x) ∈ B(f(x), ε), " B(f(x), ε) �N=���g*� f−1(B(f(x), ε)) ��N=� x ∈ f−1(B(f(x), ε)), �- δ > 0, {� B(x, δ) ⊆

f−1(B(f(x), ε)), �K��)q  |y − x| < δ, '& |f(y) − f(x)| < ε, �� f ∈ C(Rn).2

12


