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§4. A�ëY¼ê9ÙÈ©

½ÂÈ©�8�, Ø==´�
XnØ�ïÄ, ��)û¢S�¯K, ù�´C�zcc�È©nØ
ïá�Ð©. y3·�5�ÄÈ©�O�. �±ég,/��, ���Ñéu��é���¼ê�È©�
�{, Ø
¦^½Â,A�vkÙ§��U.·�¢SU��,´rõ�¼ê�È©�O�z¤��¼ê�È
©�O�.
éu��¼ê�È©,·�¤UO��,8��.�Ò´@
Ð�¼ê�È©.

ù!·�klnØþ5ïÄ'�Ð�¼ê�È©. e�!2éu��Ð�¼ê�È©��[�?
Ø.�,·��AT?�Ú�Ä^Ð�¼ê5Cq��¼ê��{.

e¡!��Rn¥�Ý/,Ñ��>©O��I¶²1�SÜØ��k.Ý/,QØ7´4��Ø7´
m�.

½½½ÂÂÂ4.1 �f´Dþ�¢�¼ê. XJ�38E ⊂ D,|E| = 0,�3D \E�z:?fÑ(�éuD)ëY,
(ó�

∀rall x ∈ D \ E, ∀rall ε > 0, ∃δ > 0, �y ∈ D ∩B(x; δ)�, |f(x) − f(y)| < ε,

@oÒ`f3DA�ëY. XJf3Dþk.�A�ëY,Ò`f ∈ R(D).

·�^ÎÒR(D)�L3DþA�ëY�k.¼ê��N,¿3VgÍ¶��IêÆ[G.F.B.Riemann
(1826∼1866).

w,,C(D) ⊂ R(D).

½n4.1 R(D) ⊂ L(D).

y �f ∈ R(D). ·��Iy²f3D�ÿ. ·���(�§1, ~1),|D| = |
◦
D |, =|D\

◦
D | = 0, Ù

¥
◦
D�LD�SÜ.·�^∂D := D\

◦
D �LD�>.,§´"ÿÝ8.

dufA�ëY, ¤±�38ÜE ⊂ D, |E| = 0, f3D \E�z:Ñ�éuDëY.

-A :=
◦
D \E. �c ∈ R.

éux ∈ A(f > c) := {y ∈ A : f(y) > c}, dëY5��3δ = δ(x) > 0,¦

B(x, δ) ⊂
◦
D (f > c).
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PdB(x, δ(x)) = G(x),§´m8.-
G =

⋃

x∈A

G(x).

@o,G´m8,¿� ( ◦
D (f > c) \ E

)
⊂ G ⊂ (

◦
D (f > c)).

��

D(f > c) =
◦
D (f > c) ∪ (∂D)(f > c) ∪ E(f > c)

= G ∪ (∂D)(f > c) ∪ E(f > c).

u´,D(f > c)�ÿ.y�f�ÿ. �

y3·�^“Ýþ�ª”5�xR(D).

½Â4.2 �D´ Rn¥�Ý/.XJ∆j , j = 1, · · · ,m´k��Ý/,÷v^�

∆k

⋂
∆j = ∅ � k 6= j,

m⋃

j=1

∆j = D, (4.1)

@oÒ¡ P = P(D) := {∆1, · · · ,∆m}�D���©{(partition).¿P

|P| := max{diam(∆j) : j = 1, · · · ,m}, (4.2)

Ù¥, éu?¿�E ⊂ Rn, diam(E) := sup{|u − v| : u, v ∈ E �LE��»(diameter).éu?¿�r > 0,-

Pr(D) := {P(D) : |P(D)| 6 r}. (4.3)

½Â4.3 �D´Rn ¥�Ý/, f : D −→ Rk..éu?¿� P(D) := {∆1, · · · ,∆m},

f−
P

:=
m∑

j=1

ujχ∆j
, f+

P
:=

m∑

j=1

vjχ∆j
, (4.4)

Ù¥uj = inf{f(x) : x ∈ ∆j , vj = sup{f(x) : x ∈ ∆j , j = 1, · · · ,m. ©Orf−
P

Úf+
P

��f'u©{P�e
�F¼ê±9þ�F¼ê.

½n4.2 �D´ Rn ¥�Ý/, f : D −→ Rk..@o f ∈ R(D)�¿©7�^�´f ∈ L(D))¿�é
u?�� Pk ∈ Pk−1 (D), k = 1, 2, · · ·

lim
k→∞

∫

D

f−
Pk

=
∫

D

f = lim
k→∞

∫

D

f+
Pk
. (4.5)

y � f ∈ R(D). @o,�â½n4.1, f ∈ L(D).�E ⊂ D´f�ØëY:��N. @oÿÝ|E| = 0.

�x ∈ D \E.@oéu?¿� ε > 0, �3��êN ,¦�� y ∈ D �|y− x| 6 N−1�, |f(x) − f(y)| <
ε.u´�k > N�,éu?¿� Pk ∈ Pr(D)Ñ¤á

0 6 f(x) − f−
Pk

(x) < ε.
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l


lim
k→∞

f−
Pk

= f, a.e.

��êM´|f |�þ..éu?�� ε > 0,�âEgorov ½n,�3A ⊂ D¦�|A| < εM−1, ¿�3D \
Aþ {f−

Pk
}∞
k=1��Âñ�f ,=

lim
k→∞

sup{f(x) − f−
Pk

(x) : x ∈ D \A} = 0.

@o

0 6
∫

D

f − f−
Pk

=
∫

A

f − f−
Pk

+
∫

D\A
f − f−

Pk

6 M |A| + sup{f(x) − f−
Pk

(x) : x ∈ D \A}|D \A|

6 ε+ sup{f(x) − f−
Pk

(x) : x ∈ D \A}|D|.

dd��

lim sup
k→∞

∣∣∣
∫

D

f − f−
Pk

∣∣∣ 6 ε.

l
,4 ε → 0+Ò��

lim
k→∞

∫

D

(
f − f−

Pk

)
= 0.

�±��aq/��

lim
k→∞

∫

D

(
f+

Pk
− f

)
= 0.

y3�f ∈ L(D),¿�éu?���� Pk ∈ Pk−1 (D), k = 1, 2, · · · (4.5)ª¤á.@o

lim
k→∞

∫

D

(
f+

Pk
− f−

Pk

)
= 0. (4.6)

e¡·�y²,¢SþØ7b� f ∈ L(D),�Iéu�� {Pk}∞
k=1,(4.6)ª¤áÒUíÑ f ∈ R(D).

éux ∈ D,·�½Âf3x?�a�(jump)�

j(f)(x) = inf
δ>0

sup
{

|f(u) − f(v)| : u, v ∈
(
B(x, δ)

⋂
D

)}
.

w,ù�e(.¢�δ → 0+��4�.´�, f3x ∈ D?ëY�¿©7�^�´j(f)(x) = 0 (S
K3.4,K7).

d j(f)�½Â��,éu�� k ∈ N+ÚA�z�x ∈ D

0 6 j(f)(x) 6 f+
Pk

(x) − f−
Pk

(x).

¤±(4.6)%¹ ∫

D

j(f) = 0.

dª�duj(f) = 0 a.e.l
 f ∈ R(D). �
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½n4.2w�·�, éuR(D)¥�¼ê,�U½n4.2¥�ü�4� lim
k→∞

∫

D

f−
Pk

½ö lim
k→∞

∫

D

f+
Pk

�5O

�ÙÈ©.~^�0�e�F¼ê f−
Pk

Úþ�F¼ê f+
Pk

�m�¼ê´fξ :=
m∑

j=1

f(ξj)χ∆j
,Ù¥ ξj ∈ ∆j , j =

1, · · · ,m��¿À�.¼êfξ�È©
∫

D

fξ =
m∑

k=1

f(ξj)|∆j | (4.7)

Ï~�� f�RiemannÚ. ù«O�È©��{,��RiemannÈ©{,§���éuR(D)�¼ê·^.

~4.1 r Qn��n�'~ê8.r Qn �A�¼ê��Dirichelet¼ê(�§3,~3.1). y3·�rù�
¼êP�f .�D´SÜØ��k.�¬.w,,f3Dþ??ØëY(¢Sþ j(f)(x) = 1),¤±f /∈ R(D).

l,��¡5`,éuD���©{P
∫

D

f−
P

= 0,
∫

D

f+
P

= |D|.

~4.2 �D = (0, 1), Q ∩D = {rj : j ∈ N+}. �δ > 0.½Â

Bj(δ) = {x ∈ R : |x− rj | < 2−j−1δ}, G(δ) =
+∞⋃

j=1

Bj(δ).

@o,G(δ)´R¥�k.m8.Pf = χG(δ)∩D . ·�`�δ < 1�,f /∈ R(D).

y éuz�m ∈ N+,½Â©{

Pm =
{

∆m
k = D ∩

[k − 1
m

,
k
m

)
: k = 1, · · · ,m

}
, m ∈ N+.

@o,éuϕm := f−
Pm
, ψm := f+

Pm
,·�k

ϕm(x) =
m∑

k=1

inf{f(x) : x ∈ ∆m
k }χ∆m

k
, ψm =

m∑

k=1

sup{f(x) : x ∈ ∆m
k }χ∆m

k
,

Ù¥Xê

inf{f(x) : x ∈ ∆m
k } =






1, � ∆m
k ⊂ G,

0, � ∆m
k ⊂ Gc,

0, � ∆m
k ∩G 6= ∅ ¿� ∆m

k ∩Gc 6= ∅.

sup{f(x) : x ∈ ∆m
k } =






1, � ∆m
k ⊂ G,

0, � ∆m
k ⊂ Gc,

1, � ∆m
k ∩G 6= ∅ ¿� ∆m

k ∩Gc 6= ∅.

ddíÑ
ψm − ϕm =

∑

k:∆m
k ∩G 6=∅,∆m

k ∩Gc 6=∅

χ∆m
k
.

�´,duéuz�kÑw,¤á∆m
k ∩G ⊃ (∆m

k ∩G ∩ Q) 6= ∅,¤±
∫

D

ψm −
∫

D

ϕm =
∑

k:∆m
k ∩Gc 6=∅

χ∆m
k

>
∫

D∩Gc
1 = |D ∩Gc| > 1 − |G| > 1 − δ > 0.

4



§4 A�ëY¼ê9ÙÈ© 1 3 Ù È©Æ

@o,�â½n4.2, �δ < 1�f /∈ R(D). �

5 ~4.2L²,UìRiemann�Ýþ�ª(=RiemannÈ©{),þãm8D ∩ G´Ø�þÝ�.,
,U
ìLebesgue�Ýþ�ª(=Lebesgue È©{),D∩G��ℵ0�üüØ��m«m�¿8,Ù��(ÿÝ),Ò´
ù
m«m��Ý�Ú.¤±�±`, RiemannÈ©{���"�´Ø«@σ\5,
LebesgueÈ©{T´
±σ\5�Ñu:�.

~4.3 e¡½Â�(0, 1)þ�¼ê��Riemann¼ê:

f(x) =






1
q

� x´Q�©ê
p
q

(q ∈ N+),

0 � xØ´'~ê.

w,,f3(0, 1)�'~ê?mä. �xØ´'~ê, x ∈ (0, 1). ?�k ∈ N+,3(0, 1)S©1Ø�uk�Q
�©ê�kk��,§��x��CålP�δ.@o,�|y − x| < δ �y ∈ (0, 1)�,

|f(y) − f(x)| <
1
k
.

��,f3x:ëY.u´f3(0, 1)þA�ëY,l
Riemann¼êf ∈ R(0, 1) (·�g,/rR((0, 1)){�

�R(0, 1)).
�
∫

(0,1)
f = 0.

~4.4 �f´k.«mIþ�k.�üN¼ê,@of ∈ R(I).ù´Ï�,f�k�ê�mä:,¤±A�
ëY.

|^üN¼ê�A5,·��Ñeã��È©�¥�úª.ù�úª~�^uÈ©��O.

½n4.4(È©¥�úª) �I = [a, b]´R¥�k.«m. ef3IþüN, g ∈ L(I). @o,�3c ∈ I,¦
∫

I

(fg) = f(a)
∫

(a,c)
g + f(b)

∫

(c,b)
g.

y 6�@�f´üN~�,¿�f(b) = 0.

�m ∈ N+,m > 2.-

xmk = a+
k
m

(b − a), k = 0, 1, · · · ,m.

@o ∫

I

(fg) =
m∑

k=1

∫

(xm
k−1,x

m
k )

(fg) = Am +Bm, (4.8)

Ù¥

Am :=
m∑

k=1

∫

(xm
k−1,x

m
k )
f(xmk )g(x) dx,

Bm :=
m∑

k=1

∫

(xm
k−1,x

m
k )

(f(x) − f(xmk ))g(x) dx.

-G(x) =
∫

[a,x]
g. ^Ú�C�(�SK3.3K8�J«)�

Am =
m−1∑

k=1

(f(xmk ) − f(xmk+1))G(xmk ).

5
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5¿�G(a) = 0,·���

Am =
m−1∑

k=0

(f(xmk ) − f(xmk+1))G(xmk ).

dÈ©�ýéëY5á�w�G ∈ C(I).�

p = max{G(x) : x ∈ I}, q = min{G(x) : x ∈ I}.

5¿�éuz�k = 0, 1, · · · ,m− 1

f(xmk ) − f(xmk+1) > 0,

·���

qf(a) 6 Am 6 pf(a).

duëY¼êG�H¥m�,¤±�3cm ∈ I¦

Am = f(a)G(cm). (4.9)

,��¡,½Â

ω(t) = sup
{∫

E

|g| : E ⊂ I, |E| 6 t
}

(t > 0).

@odÈ©�ýéëY5�

lim
t→0

ω(t) = 0.

du

|Bm| 6
m∑

k=1

(f(xmk−1) − f(xmk ))ω(
b − a
m

) = f(a)ω(
b− a
m

).

¤±

lim
m→∞

|Bm| = 0. (4.10)

r(4.9)�\(4.8)� ∫

I

(fg) = f(a)G(cm) +Bm. (4.11)

du{cm}+∞
m=3´;8I¥�ê�,¤±7kÂñf�.Ã�@�§gCÂñ�c ∈ I.@o,3(4.11)¥

-m → +∞,Ò�� ∫

I

(fg) = f(a)G(c).

y3��éuf(b) = 0���.±h = f − f(b)�Of ,^®y�(J,�k,c ∈ I,¦

h(a)G(c) =
∫

I

(hg) =
∫

I

(fg) − f(b)
∫

I

g = (f(a) − f(b))
∫

[a,c]
g.

dd£�B�

f(a)
∫

[a,c]
g + f(b)

∫

[c,b]
g =

∫

I

(fg).

�füNO�,é−f^®y�(JB��yö. �
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S K 3.4

1 �{ü¼ê

φ =
m∑

k=1

ckχEk

�L�ª¥ÃEkÑ´k.«m,K¡φ��F¼ê.y²:ef ∈ R(a, b),K∀rall ε > 0, �3�F¼
êφ,¦ ∫

(a,b)
|f − φ| < ε.

2 �D´ Rn¥�Ý/, f ∈ R(D).ef > r > 0,K
1
f

∈ R(D).

3 �D´ Rn¥�Ý/,f ∈ R(D).ef > 0,K
√
f ∈ R(D).

4 �f(x) =
1
x

−
[ 1
x

]
, x > 0.¦y: f ∈ R(0, 1).

5 y²: ¼ê3�:?ëY�¿©7�^�´§3ù:?�a��u".

6 �f´~3¥�Riemann¼ê.éuz�x ∈ (0, 1)�Ñj(f)(x).

7 ½Â

f(x) =






sin 1
x

x 6= 0,

0 x = 0.

¦j(f)(0).

8 �f, g ∈ R(D).y²:

2
∫

D

(fg) 6
∫

D

f2 +
∫

D

g2.

9 �f3RþüNO.y²: ∫

(0,m)
f 6

m∑

k=1

f(k) 6
∫

(1,m+1)
f.

10 ef3[a,∞)þüN,k.,�g ∈ L(a,∞), K�3c ∈ [a,∞]¦
∫

[a,∞)
(fg) = f(a)

∫

(a,c)
g + f(+∞)

∫

(c,+∞)
g,

Ù¥f(+∞) := lim
x→+∞

f(x).ù´Ã.«mþ�È©¥�½n.

11 � f ∈ L(0, 1), ε > 0.y²: �3 g ∈ R(0, 1)¦�
∫

(0,1)
|f − g| < ε.

12 � f ∈ R(0, 1), ε > 0.y²: �3 g ∈ C[0, 1]¦�
∫

(0,1)
|f − g| < ε.

13 �D´Rn¥�Ý/,E´Rn¥�"ÿÝ8. y²: f ∈ R(D \ E) ⇐⇒ f ∈ R(D).
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§5 �È©Ä�½n

ù!?Ø��¼ê.

§5.1 �È©Ä�½n

�−∞ < a < b < ∞.�f ∈ R[a, b].·�rPÒR([a, b])g,/{z�R[a, b],�aq�¹Ø2`².

·��¯K´XÛO�
∫

(a,b)
f .

�È©Ä�½n �f ∈ R[a, b].ef3[a, b]þk�¼êF ,K
∫

(a,b)
f = F (b) − F (a).

y �m ∈ N+¿©�.P

xk = a+
k
m

(b − a), k = 0, 1, · · · ,m.

@oPm := {[xk−1, xk) : k = 1, · · · ,m},´[a, b)©{.¿�

F (b) − F (a) =
m∑

k=1

(
F (xk) − F (xk−1)

)
.

�âLagrange½n(1�Ù1.2.4), �3ξk ∈ (xk−1, xk),¦

F (xk) − F (xk−1) = F ′(ξk)(xk − xk−1) = f(ξk)(xk − xk−1).

��

F (b) − F (a) =
m∑

k=1

f(ξk)(xk − xk−1).

duF ∈ C[a, b] ⊂ R[a, b),
þªmà´ f3 [a, b)þ'u©{Pm�RiemannÚ(�§4, (4.7) ),¿��m →
∞� |Pm| = m−1(b− a) → 0, ¤±-m → ∞�

F (b) − F (a) =
∫

(a,b)
f. �

�È©Ä�½nq��Newton-Leibnizúª,±�{��N-Lúª,

I.Newton, 1642∼1727; G.W.Leibniz, 1646∼1716.

e>·�^²;�PÒ5L««mþ�È©. XJ¢êa < b,f ∈ L(a, b), ·�P
∫ b

a

f(x) dx =
∫

(a,b)
f = −

∫ a

b

f(x) dx.

l,��¡5`,·�keã½n.

½n5.1 �f ∈ L[a, b]. ½Â

F (x) =
∫ x

a

f , x ∈ [a, b].

8
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@o,�x´f�ëY:�,F ′(x) = f(x). Ïd�f ∈ C[a, b] �,F´f����¼ê.
�f ∈ R[a, b] �,F ′ =
f, a.e.

y �x´f�ëY:.éuδ > 0, ½Â

j(f)(x, δ) = sup{|f(u) − f(v)| : u, v ∈ [a, b] ∩ (x− δ, x+ δ)}.

@oéuh 6= 0, x+ h ∈ [a, b]

h−1(F (x+ h) − F (x)) = h−1
∫ x+h

x

f.

l


|h−1(F (x + h) − F (x)) − f(x)| = |h−1
∫ x+h

x

(f(t) − f(x)) dt|

6 j(f)(x, |h|).

-h → 0, du
lim
δ→0

j(f)(x, δ) = j(f)(x) = 0,

Ò�F ′(x) = f(x). �

3È©
∫

(a,b) f¥,eÀa, b�~ê,Kr§��½È©,ÄK§��È©«mmà:�¼ê§(«mØ½�
È©)�Ñ
f����¼ê. Newton-Leibnizúª9½n5.1w�·��ù�¯¢,½NÒ´1�Ù§7¥
�/Ø½È©0�c�5d.

�â½n3.6�íØ2,·�����eã½n,§¦·��±3Ã.«mþ¦^Newton-Leibnizúª.

½n5.2 �f ∈ L(R),¿�éu��¢êa < b, f ∈ R[a, b]. ef3Rþk�¼êF ,K7k

lim
b→∞

F (b) =: B ∈ R, lim
a→−∞

F (a) =: A ∈ R,

¿� ∫

R
f = B −A.

r^�¥�R��/X[a,∞)½(−∞, b]��àk.�«m��A�(Ø�¤á. �

ÄuNewton-LeibnizúªÚ¦�¼ê��{(�1�Ù§7),·�e>�Ñ�A�È©{.

§5.2 ��È©{

Äk­�'uPÒ�5½µef ∈ L[a, b]§KP
∫

(a,b)
f =

∫ b

a

f(x) dx = −
∫ a

b

f(x) dx.

Ún5.3 �f ∈ C(R), φ ∈ C1[a, b], ψ ∈ C1[a, b].½Â

F (x) =
∫ ψ(x)

φ(x)
f(y) dy, x ∈ [a, b].

@o
∀rall x ∈ [a, b], F ′(x) = f(ψ(x))ψ′(x) − f(φ(x))φ′(x).

9
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y ½Â

G(u) =
∫ u

0
f(t) dt, u ∈ R.

@o

F (x) = G(ψ(x)) −G(φ(x)).

UEÜ¼ê¦��{K

F ′(x) = G′(ψ(x))ψ′(x) −G′(φ(x))φ′(x).

5¿�G′(u) = f(u)Ò�¤
y². �

51 ¼êf�½Â��Ø7´��R,��´CXϕ([a, b]) ∪ ψ([a, b])�«m=�.

½n5.4 �f ∈ C(R), ψ ∈ C1[a, b].@o

∫ ψ(b)

ψ(a)
f(y) dy =

∫ b

a

f(ψ(x))ψ′(x) dx.

y 3Ún5.3¥�φ = 0,�

F ′(x) = f(ψ(x))ψ′(x).

@o,^Newton-LeibnizúªÒ�

F (b) − F (a) =
∫ b

a

f(ψ(x))ψ′(x) dx. �

~~~5.1 ¦

A :=
∫ π

0

x sinx
1 + cos2 x

dx.

) ·�kr�È¼ê¥�ÏfxzK.·�^��{x = π − y ?nÈ©
∫ π

π
2

x sinx
1 + cos2 x

dx = −
∫ 0

π
2

(π − y) sin y
1 + cos2 y

dy.

u´

A =
∫ π

2

0

x sinx
1 + cos2 x

dx+
∫ π

π
2

x sinx
1 + cos2 x

dx

=
∫ π

2

0

π sinx
1 + cos2 x

dx.

2^��{,y = cosx�

A =
∫ 1

0

π
1 + y2 dy.

2^Newton-Leibnizúª,�

A = π
(

arctan 1 − arctan 0
)

=
π2

4
. �

52 ùp���{§Ù�â´Newton-Leibnizúª.^��{O�È©�,Ø�O��¼ê, ùpØ�
3rgCþ�£��¯K, Ø7�Ä����_5.

10
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§5.3 ©ÜÈ©{

�u, v ∈ C1[a, b].@o
(uv)′ = u′v + uv′.

�dNewton-Leibnizúª�Xe©ÜÈ©úª:

u(b)v(b) − u(a)v(a) =
∫ b

a

(uv)′ =
∫ b

a

u′v +
∫ b

a

uv′.

��B,~P
uv

∣∣∣
b

a
= u(b)v(b) − u(a)v(a).

~5.2 ¦A =
∫ ln 4

0
xe−xdx.

) -u(x) = −e−x, v(x) = x,^©ÜÈ©úª,�

A = −
1
4

ln 4 +
∫ ln 4

0
e−xdx.

�X^Newton-Leibnizúª�
A = −

1
4

ln 4 +
3
4
. �

N¹ �,öS

~5.3 �f3[a, b]þüN~�ëY. ½Â

∀rall x ∈ (a, b), F (x) =
1

x− a

∫ x

a

f.

y²:∀rall x ∈ (a, b), F ′(x) 6 0.

y

F ′(x) = −
1

(x− a)2

∫

(a,x)
f(t) dt+

1
x− a

f(x)

= −
1

(x− a)2

∫

(a,x)
(f(t) − f(x)) dt 6 0. �

~5.4 �e2 < a < b. @o ∫

(a,b)

dx
lnx

<
2b
ln b

.

y ©ÜÈ©�
I :=

∫

(a,b)

dx
ln x

=
x

lnx

∣∣∣
b

a
+

∫

(a,b)

dx
ln2 x

.

5¿� ∫

(a,b)

dx
ln2 x

6
1

ln a
I <

1
2
I,

�
1
2
I <

b
ln b

11
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dd��¤�yö. �

~5.5 �f ∈ C2[a, b], f(a) = f(b) = 0.@o
∣∣∣
∫

(a,b)
f

∣∣∣ 6
1
12

(b − a)3‖f ′′‖C[a,b].

y PI =
∫

(a,b)
f, d = b− c.^��{�

I =
∫ d

0
f(x+ a) dx =

∫ d

0
f(b− x) dx.

Pg(x) = f(x+ a), h(x) = f(b− x). @o

g, h ∈ C2[0, d], g(0) = g(d) = h(0) = h(d) = 0.

©ÜÈ©üg�

I =
∫ d

0
g(x) dx = −

∫ d

0
xg′(x) dx

= −d2g′(d) +
∫ d

0
xg′(x) dx +

∫ d

0
x2g′′(x)) dx

= −d2g′(d) − I +
∫ d

0
x2g′′(x)) dx.

dd

2I = −d2g′(d) +
∫ d

0
x2g′′(x)) dx.

Ón

2I = −d2h′(d) +
∫ d

0
x2h′′(x)) dx.

üª�\,^N-Lúª9��{,�

4I = −d2g′(d) − d2h′(d) +
∫ d

0
x2g′′(x) dx +

∫ d

0
x2h′′(x) dx

= −d2(f ′(b) − f ′(a)) +
∫ d

0
x2f ′′(x+ a) dx+

∫ d

0
x2f ′′(b− x) dx

= −d2
∫ b

a

f ′′(x) dx +
∫ b

a

(x− a)2f ′′(x) dx +
∫ b

a

(b− x)2f ′′(x) dx

=
∫ b

a

(
(x − a)2 + (b− x)2 − (b − a)2

)
f ′′(x) dx

=
∫ b

a

(
2x2 − 2(a+ b)x+ 2ab

)
f ′′(x) dx.

Ïd

2|I| 6 ‖f ′′‖c
∫ b

a

(b − x)(x − a) dx =
1
6

(b− a)3‖f ′′‖c,

ª¥‖f ′′‖c = ‖f ′′‖C[a,b] �.

12
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~5.6 �f ∈ C2(R)�÷veã�©�§:





f ′′ + f = 0,

f(0) = f ′(0) = 0.

¦f .

) ^�©Æ��{�{ü.Ï�

d
dx

((f ′)2 + f2) = 2f ′f ′′ + 2ff ′ = 2f ′(f ′′ + f) = 0

¤±,f2 + (f ′)2�~ê.�f(0) = f ′(0) = 0,�f = 0.

e^N-Lúª,K

f(x) =
∫ x

0
f ′(t) dt, f ′(t) =

∫ t

0
f ′′(s) ds.

u´

f(x) =
∫ x

0

( ∫ t

0
f ′′(s) ds

)
dt.

l


‖f‖C[0,1] 6
∫ 1

0

( ∫ t

0
‖f‖C[0,1]ds

)
dt

= ‖f ′′‖C[0,1]

∫ 1

0
t dt =

1
2

‖f ′′‖C[0,1].

u´df ′′ = −f ,�
1
2

‖f‖C[0,1] = ‖f‖C[0,1].

ù¿¢X‖f‖C[0,1] = 0.4í/éfk(x) = f(x+ k), k ∈ Z^®��(Ø,ÒíÑf = 0. �

~5.7 �f(x) = x−α, x > 0.@o,�α < 1�,f ∈ L(0, 1),�
∫

[0,1]
f(x) dx =

1
1 − α

.

y ?�ε ∈ (0, 1),^N-Lúª
∫

(ε,1)
f(x) dx =

1
1 − α

(1 − ε1−α).

^½n3.3, ∫

[0,1]
f(x) dx = lim

ε→0

∫

(ε,1)
f(x) dx.

¤± ∫

[0,1]
f(x) dx ==

1
1 − α

. �

~5.8 �f(x) =
sinx
x

, x > 0. ½Â

F (y) =
∫

(0,y)
f(x) dx, y ∈ R.

13
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½Â3Rþ�¼êF��È©�u£;�P�Si). ¦yf /∈ L(0,+∞)�´

lim
y→+∞

F (y) ∈ R.

y �y2 > y1 > 1.^È©¥�úª( ½n4.4),�3ξ ∈ (y1, y2),¦

F (y2) − F (y1) = y−1
1

∫ ξ

y1

sinxdx+ y−1
2

∫ y2

ξ

sinxdx.

¤±
|F (y2) − F (y1)| 6 4y−1

1 .

�âCauchyÂñOK,
lim

y→+∞
F (y) ∈ R. �

,��¡,éu?¿�m ∈ N+

∫

(0,+∞)
|f(x)| dx >

m∑

k=1

∫ (k+ 1
2 )π

(k− 1
2 )π

| sinx|
x

dx

>
m∑

k=1

2
(k + 1)π

∫ π
2

0
sinxdx

>
2
π

m∑

k=1

∫ k+2

k+1

dxπ
x

=
2
π

(ln(m+ 2) − ln 2).

þªmàÃþ..�f /∈ L(0,+∞). �

3± ���Ö¥, rÂñ�4� lim
y→+∞

∫

(0,y)
f(x) dx P�

∫ +∞

0
f(x) dx, ¿¡���~È©. ùp·

��
rNù´��A½�4�,
�;��f ∈ L(0,+∞)��/· , rù��~È©P�
∫ →+∞

0
f(x) dx.

·�A5¿,�X~5.8L²�,ù�4�´¢ê¿Ø¿�Xf ∈ L(0,+∞)(�,,éu�K�ÿ¼êù´é

�).
�f ∈ L(0,+∞)�
∫ →+∞

0
f(x) dxÒ´���~�È©.

S K 3.5

1 O�

1)
d
dx

∫ cosx

sin x
cos(πy2) dy; 2)

d
dx

∫ x2

0

√
1 + y2 dy;

3)
∫ 1

2

1
2

dx√
1 − x2

; 4)
∫ 1

0

√
1 − y2 dy;

5)
∫ π

2

0

dx
a cos2 x+ b sin2 x

(a, b > 0); 6)
∫ π

4

0
tan2 y dy;

14
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7)
∫ π

2

0

√
1 − sin 2xdx; 8)

∫ 5

1

dx
x(1 + x)

;

9)
∫ π

2

0

√
1 − sin 2xdx; 10)

∫ 5

0
|2 − x| dx.

2 y²
lim
m→∞

∫

(m,2m)

sinx
x

dx = 0.

3 �
P (x) =

1
π(1 + x2)

, ∀ε > 0, Pε(x) := ε−1P (ε−1x).

¦ ∫

R
Pε(x) dx.

4 �f ∈ L[a, b].½Â

∀x ∈ (a, b), F (x) =
∫

(a,x)
f.

y²Fäkeã5�:

∀ε > 0, ∃δ > 0, ¦�éu(a, b)S�?¿�xüüØ��m«m(ak, bk), k ∈ I ⊂ N+, ��
∑

k∈I

(bk − ak) < δ,

Òk
∑

k∈I

|F (ak) − F (bk)| < ε.

äkù«5��¼ê��´ýéëY�.

5 �f ∈ L[a, b].¦y:�3c ∈ [a, b],¦ ∫

[a,c]
f =

∫

[c,b]
f.

6 ^È©¦
lim
m→∞

1p + 2p + · · · +mp

mp+1 (p > 0).

7 �0 < a < 1,f(x) = x−a x > 0.y²f ∈ L(0, 1)¿¦
∫

(0,1)
f.

8 �f ∈ C(Rn), �∀p > 1 |f |p ∈ L(Rn). y²:

lim
p→∞

(∫

Rn
|f |p

) 1
p

= sup
x∈Rn

|f(x)|.

9 �f ∈ C[0, 1]. y²:

lim
p→∞

∫ 1

0
pe−pxf(x) dx = f(0).

15
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10 �f(x) = x−1 sinx−1, x > 0.y²:f /∈ L(0, 1),�´

lim
a→0+

∫ 1

a

f(x) dx ∈ R.

��~5.8@�,± ���Ö¥õrù��Âñ�4�P�
∫ 1

0
f(x) dx,��±x = 0�×:��

~È©½×È©.ùp·��
rNù´��A½�4�§
�;��f ∈ L(0, 1)��/· §

rù�×È©P�
∫ 1

0+
f(x) dx.A�5¿§§´¢ê§½`§Âñ§¿Ø¿�Xf ∈ L(0, 1). 
X

Jf ∈ L(0, 1),K
∫ 1

0+
f(x) dxÒ´��Ã×��~È©(x = 0ÒØ´×:).

11 ^MaplexÑÈ©�uSi(��!~5.8¤�ã�§¦ÑSi(π)��.
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