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·�@31nÙ§6,��È©nØ�A^,!ØL“­�”Ú“­¡”þ�1�.È©.

�ÙUY?ØÈ©nØ3)ûäN�Ôn�ÚAÛ�¯K¥�A^.ù
¯KéXX

|(field)�Vg,¤�9�È©��1�.È©.k�Öþrùa?Ø��/�þ�È

©(vector calculus)0.

·�éu­¡È©�?Ø,�
;�AÛþ�E,5,��9 R
3 ¥�­¡.

§ 1 |(field)�Vg êþ|�FÝ|

3ÔnÆ¥,?ØL/>|0§/^|0§/å|0.§�©O´>!^!å�^��

m.~X,�¬�^c�k��^å�^��,�NØ�L�^cål10���m.
/

¥�Úå�^��Ò��õ,�N�r����XÑ�þ, 3ù�����p,kN

õ�(N±�kÚå
�p�^,ù���/å|0Ò��E,.��·��Ö>þé

�,'X�¥Õ�/:>Ö0�k��^����UØ�L10á�úp.XJ��Ä§

�Õá�·>�^,ù���10á�úp��m,Ò´§�)�·>|.

lêÆþ5£ãþã��«ÔnÆ�|,Xú:ÒØ�´“k��^��”,
´3

�^��Sz:?�¢S�^���Ú��.
�|�Ø7Û�uR
3�¥.ÏdêÆ

¥“|” �VgÒ�Ä�� R
n(�ëÏm8)� R

n�N�.�,,l R
n(�ëÏm8)�

R�N�f ,��±��|–~þ|.

½Â 1.1(|, field) � V ´ R
n ¥�Ø��m8, ¿� F : V −→ R

n.rN F �

�þ(vector),P�� ~F ,¡ (V, ~F )�|(½�þ|),�ÃIrN½Â� V �,{¡ ~F �|.

½Â 1.2(êþ|) � V ´ R
n ¥�Ø��m8,¿� f : V −→ R. ¡ (V, f)�ê

þ|,�ÃIrN½Â� V �,{¡ f �êþ|.

éXuÔn�9AÛÆ�A^,·��?ØëY�,½öäk���ê($��p
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�“1w5”)�|.

~ 1.1(­å|) �â Issac Newton�Úå½Æ,?Ûü��: AÚ B �m,Ñä

k�páÚ�å,Ù���

|~FAB| = |~FBA| = Gm
A
m

B
d(A, B)−2

Ù¥, m
A
Ú m

B
©O�L�:AÚ�:B��þ, ~FABÚ ~FBA ©O�Ll A� B �

å(��“B éu A�å),Úl B � A�å(��“Aéu B �å); d(A, B) > 0�L:

AÚ: B �m�ål(d�Ø����¹eþªâ�¢��Î);G´�kÚå~ê(§

����´ 6.67259× 10−11 �3

Z�×¦2 ).

�/¥��»�R(Ù���7340úp).r/¥Ä�¤�:, u�:,�þ�

M(Ù���� 5.9742× 1024Z�).@o, ux = (x1, x2, x3) ∈ R
3, (|x| > R)?,�þ

�m(x)��:�É/¥�Úå�

F (x) = −GMm(x)|x|−3x ½^�þ�{ ~F (x) = −GMm(x)|x|−3~x.

y3 V := {x ∈ R
3 : |x| > R}, (V, ~F )Ò´/¥�)�­å|.

�Û�3/¥L¡�þ,�éu/¥���
ó�~����S,�Ä��:��

þ m�éu/¥�þ
ó�~��, �:É��­å(/¥Úå) ~F Cq�u�þ m

�­å\�Ý ~g�¦È, = ~F = m~g. g���R��e,��� 9.8 �
¦2 .

~ 1.2(êþ|�FÝ|) � V ´ R
n ¥�Ø��m8, f : R

n −→ R. @

o (V, f)´��êþ|.XJ f ??��, f ′(x) = (f1(x), · · · , fn(x)) x ∈ R
n, @o

(Rn, f ′)�� (V, f)�FÝ|. 31�Ù§1¥QùL,�êf ′ �~��FÝ( gradient),

¿S.þ^∇f L«, �P�grad f . �â1�Ù§1,1.5 �(J, ∇f �Ñ
 f Cz�

ì����.

w�w n = 1��/´kÃ�.ù�êþ| (R, f)�FÝ|´ (R, ~f ′),�ê f ′(x)

�w�´�þ(~f ′(x)),Ùå:�ê¶þ�:x,Ù��� |f ′(x)|, Ù���f ′(x) > 0�

�ê¶����, 
�f ′(x) < 0��ê¶�K��. du�kü��U���,
§

����ê� f ′(x)��K¤(½,¤±PÒ f ′(x)�PÒ ~f ′(x)���±Ø\«O(�

n > 1�,ÎÒ ~f ′½Nk�«J2��^,��ï§��}Ø�.·�¦^�þPÒ�´

�l{¤�S.
®.

�c ∈ f(V ). ¡­¡

Sc = {(x, y, z) : F (x, y, z) = c}
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�|(V, f)(½¼êf)���¡ (f ��Ó� c�­¡).N´y²(��SK),�∇f(P )Ø

´"�þ�,§���R�uL:P���¡Sc (L­¡Sþ�:P���ℓ�SR�,

��´ ℓ�S 3 P :?��²¡R�).

�þ|÷X­�½­¡�È©,��1�.È©,§��°(½Â©O3e¡ü!

¥�Ñ.

S K 5.1

ES1nÙ § 6'u­�Ú­¡�Ä�Vg.

§ 2 1�.­�È©

k£��e­���g,L«,�[�?Ø�1nÙ §6.2.

�[a, b] ´k�«m, f ´[a, b] �R
n ¥�C1aN�(C�)µ

∀t ∈ [a, b], f(t) = (f1(t), · · · , fn(t)),

Ù¥fk ∈ C1[a, b], k = 1, · · · , n.·�¡

L : = {f(t) : t ∈ [a, b]} (2.1)

� C1a­�§¡f�§�L«.5½�t1 < t2 �, L þ�:f(t1) 3f(t2) c¡, ù

�, ÌXt O����
5½
­����. �,, -g(t) = f(−t), t ∈ [−b,−a]. K

dg L«�­�E´ L ,�ØLd�­������5��.XJéu��t ∈ [a, b],

|f ′(t)| > 0,K` f ´ L����KL«. XJ­�Läk���KL«, K¡��

�K­�.

�L´R
n¥��^�K­�, f´§����KL«,X(2.1). éu[a, b]�?�©

:|Ω: t0 = a < t1 < · · · < tm = b, PS(L ; f, Ω) �^gé(f(t0), f(t1), · · · , f(tm)

�ò���, =

S(L ; f, Ω) =

m
∑

k=1

|f(tk) − f(tk−1)|.

½Â

S(L ; f) := sup{S(L ; f, Ω) : Ω�[a, b]�©:|}.
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·�y²L, S(L ; f)����KL« f ��{Ã'.Ïd,ù���½Â�­�

L ��Ý,P� |L |.

·��¦Ñ
�K­���ÝO�úª: �L´�K­�§f : [a, b] −→ R
n ´

§��KL«.@o

|L | =

∫ b

a

|f ′(t)| dt. (2.2)

éud(2.1) ½Â��K­� L ,l:f(a) �:f(t) (U5½��) ��ã��Ý

´

s(t) =

∫ t

a

|f ′(τ)| dτ, t ∈ [a, b].

·�y²L,d¼ê s : [a, b] −→ [0, |L |]këY��¼êt : [0, |L |] −→ [a, b]. u´·

���­�L �XeL«

φ(s) = f(t(s)), 0 6 s 6 |L |, (2.3)

·�Qy²,¼êφ´ L ��KL«,��g,L«.3(2.3)¥,g,L«/Ï�KL«

f �¼ê t�EÜ�Ñ,�é²w,§��KL« f (9�6u f � t )�À�Ã'.

·��� φ′ = f ′(t(s))t′(s) =
f ′(t(s))

|f ′(t(s))| ´ R
n ¥�ü �þ(=�Ý�1��þ).

§´ L 3:φ(s) ?(�φ �Ñ���) �ü ��þ(ë�1�Ù§6, 6.1).�
rN φ′

��þ5�,·�r§P�
−→
φ′ (�,ùP{¿Ø7�).

��þ~φ′´L ��AÛ5���x, �L ����½�,��þ��KL«f�

äN�{Ã'¶�L ���U¤������, ��þd~φ′ C�−~φ′.

XJ�K­�L�g,L« φ´ C2 a�,@o·�¡ |φ′′(s)| �L 3:φ(s) (s ∈
[0, |L |]) ?�­Ç, ¡ ~φ′′(s) ���(XJ|φ′′(s)| 6= 0) �T:?�Ì{�.

N´w�, ­Ç9Ì{��­����Ã', §�x�´­���­G¹.

�L´R
n ¥��K­�§f´§��KL«. �h ´L �R �N�. ·���,X

J h(f(t)) ∈ L[a, b],K h÷L �1�.­�È©�

∫

L

h(P ) dP =

∫ b

a

h(f(t))|f ′(t)| dt.

w,, 1�.­�È©��þÒ´«mþ�½È©. XJL Ò´�ã(^«m[0, ℓ]

L«) @o,Ò��£��©¿Âe�È©.ØL5¿, `�÷�ã[ℓ, 0](�[0, ℓ]=��

��)�È©�, ·���E,´÷[0, ℓ] �È©.�Ò´`,1�.­�È©���Ã

'. ù�·�y3�?Ø�1�.È©ØÓ.
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�L ´R
n ¥��^�K­�, P|L | = ℓ. �

φ : [0, ℓ] → L ⊂ R
n,

φ(s) = (φ1(s), · · · , φn(s)) (s ∈ [0, ℓ])

´L �g,L«. yb� g´L � R
n �N�(C�),

∀φ(s) ∈ L (s ∈ [0, ℓ]), ~g(φ(s)) = (g1(φ(s)), · · · , gn(φ(s))).

ùp�
rNg(φ(s))´R
n¥�:§¦^�þÎÒ�±IP£
éu:φ(s) �\I

P¤.·���Lþ:φ(s)?���þ´ ~φ′(s) = (φ′

1(s), · · · , φ′

n(s)).@oSÈ

~g(φ(s)) · ~φ′(s) =

n
∑

k=1

gk(φ(s))φ′

k(s).

½½½ÂÂÂ 2.1 XJéuz�k ∈ {1, · · · , n},Ñk

gk(φ(s))φ′

k(s) ∈ L[0, ℓ]

K¡È©
∫ ℓ

0

~g(φ(s)) · ~φ′(s) ds =

n
∑

k=1

∫ ℓ

0

gk(φ(s))φ′

k(s) ds (2.4)

� g (½ ~g)3L þ�1�.­�È©, P��

∫

L

~g(P ) · d~P =

∫

L

~g(φ(s)) · d~φ(s).

5 2.1 ·�éu�
{¤þ3e�,�8E�¦^�PÒ��
`².� P =

φ(s) ∈ L �,/ª/r d~P Ú d~φ(s)À��Ô, n)�PÒ

(dφ1(s), · · · , dφn(s)),


“·”L«SÈ.rC�gIþ¥þÎÒP�“ ~g ”�Ð?´UrN“SÈ”�“ê¦”�«

O. u´(2.4)ª�mà��¤

∫

L

~g(φ(s)) · d~φ(s) =

n
∑

k=1

∫ ℓ

0

gk(φ(s))dφk(s),

Ù¥PÒ
∫ ℓ

0

gk(φ(s)) dφk(s) (k = 1, · · · , n)

L«�´È©
∫ ℓ

0

gk(φ(s))φ′

k(s) ds (k = 1, · · · , n).
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�r L þ�: φ(s) P� x = x(s) = (x1(s), · · · , xn(s)), §�1 k �IP�xk =

xk(s)�, d~PÒ´ d~x.u´(2.4)Ò��¤
∫

L

~g(P ) · d~P =

∫

L

~g(x) · d~x.

Ù¥·�vkr ~g(P )�¤ ~g(~P ) ,´Ï�a��Þ@�Þ�Àú�JØ�Ð.Ù¢��

�ÞÑØ�,�Ð��|¢, ·�Ø��Òvr R
n (�) n = 1��/)¥�“:”Ú“�

þ”\±«O.

5 2.2 du φ′´ü �þ,§Ú1 k�I¶�Y�´

αk(s) := arccosφ′

k(s), k = 1, · · · , n,

@o1�.­�È©(2.4) ��¤

∫

L

~g(φ(s)) · d~φ(s) =

∫ ℓ

0

n
∑

k=1

gk(φ(s)) cos αk(s) ds.

5 2.3 (éu���/~^PÒ�`²) l½Â 2.1��wÑ, �UCL ���

�, duφ′ �UCÎÒ, ¤±1�.È©(2.4) ��UCÎÒ.XJ·��­�Ò´R¥

��ã[a, b],@oéuf ∈ L[a, b],
∫

(a,b)

f

L«�´1�.­�È©,

∫ a

b

f(x) dx = −
∫ b

a

f(x) dx

KL«�´UìgCþO\���(X¶����)�1�.­�È©, du3Ó��

�þ��þ�SÈ�u3%@����eü�þ�����£��KÎÒ¤�¦È§

¤±éu���/§o´Ø^�þSÈ�ÎÒ. ù´{¤þ�S./¤�§F"%¥

²x§Ø�k?Û· .

½Â1�.­�È©/Ïu­��g,L«,�´O�1�.­�È©%v7�

�½¦^­��g,L«.

½n 2.1 �R
n ¥�­�L ´�K�, f : [a, b] −→ L´§��KL«. � g´

L � R
n �N�. XJ

~g(f(t)) · ~f ′(t) ∈ L[a, b],

K g÷L �1�.­�È©
∫

L

~g(P ) · d~P =

∫ b

a

~g(f(t)) · ~f ′(t) dt.
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y 3½n�^�e, ¼ê s(t) =

∫ t

a

|f ′(τ)| dτ, (t ∈ [a, b])k�¼ê t = t(s) s ∈
[0, ℓ]. 3È©

∫ b

a

~g(f(t)) · ~f ′(t) dt

¥�CþO�t = t(s), �

∫ b

a

~g(f(t)) · ~f ′(t) dt =

∫ ℓ

0

~g(f(t(s))) · ~f ′(t(s))t′(s) ds.

du f(t(s)) = φ(s) T´­��g,L«(�(2.3)),2�â

~φ′(s) = ~f ′(t(s))t′(s),

¤±
∫ b

a

~g(f(t)) · ~f ′(t) dt =

∫ ℓ

0

~g(φ(s)) · ~φ′(s) ds. �

5 2.4 ① g,/5½,÷Xdk�ã�K­�é¤�­�,1�.­�È©��

ãþ�È©�Ú(�,�±Ú����).

② l½Â 2.1��wÑ, XJL ´4­�, @o, ����(½, lL �?Û�:

å©, �ù:ª�, , 1�.­�È©��Ñ´���. ¤±, �L´4­�(dk�^

�K­�ë�
¤)�, 3�^­�þ�1�.­�È©Ø7`²­��©:Úª:,


�5½Ù��=�.

y3·�Þ~5`²1�.­�È©�Ôn�µ.�ó�§·�ÏL¢~5w�

w§1�.­�È©´A^È©Ø)ûÛ«¢S¯K�êÆóä.

~ 2.1 �½å| (R3, ~F ),Ù¥

~F (x, y, z) = (F1(x, y, z), F2(x, y, z), F3(x, y, z))

L«�:3 �(x, y, z) ∈ R
3 ?É�å. �k���:m l �P0(x0, y0, z0) ÷�­

�´»L $Ä� �P (x, y, z). ·�5(½å|éd�:¤��õ.

XJL T´�ãP0P , 
å~F ´����ÑØC�, @o, å|��õ�~F 3�

þ
−−→
P0P �����ÝK�

−−→
P0P ��Ý�¦È, =

W = ~F · −−→P0P .

,
, å~F Ø7Ø� �Cz, ´»L Ø7´��ã. �þ¡AÏ�/e�úªéu

·�½Â¤¦�õ�

W =

∫

L

~F (P ) · d~P
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=å|~F ÷L �1�.­�È©.

~2.2 (Y ~ 2.1). �å|´/¥L¡�­å|. d�, å´d�:��þm �

­å\�Ý(w¤´���e�~�þ) ~g �¦È�Ñ.

XJ�þ�m��:P 3ç

�²¡¥÷k�^�K­�é¤

�­�L d:A £Ä�
:B,

@où�L§¥­å��õ�

W =

∫

L

m~g · d~P .

6
-

O x

y

·
A����������·B·P?g

Uã«��IX, �L ±g,L«

P (s) = (x(s), y(s)), s ∈ [0, ℓ], (ℓ = |L |).

@o~g = (0,−g) (·�^i1g L«­å\�Ý�þ���¤.u´

W = −
∫ ℓ

0

mgy′(s) ds = mg(y(0) − y(ℓ)).

·�w�W =d©:AÚª:B �pÝ��¤û½,
�L�/GÃ'.

~ 2.3 �L ´R
3 ¥Î¡x2 + y2 = 1 �²¡x + y + z = 0 ���, ÷z ¶��

�mÃÚ^{K5½Ù��. ¦

J =

∫

L

(y − z) dx + (z − x) dy + (x − y) dz.

) Äk·�5¿�, ùp�È©ªf¦^
52.1¥¤5½��{. ·���

L = {(x, y, z) : x2 + y2 = 1, x + y + z = 0}.

-x = cos θ, y = sin θ, 0 6 θ 6 2π. �z = − cos θ − sin θ. 
dAÛ�*	�,θ �O�

�L�5½����. ¤±

J =

∫ 2π

0

[2 sin θ + cos θ)x′(θ) + (−2 cos θ − sin θ)y′(θ)

+ (cos θ − sin θ)z′(θ)] dθ

=

∫ 2π

0

(−2 sin2 θ − 2 cos2 θ − 1) dθ = −6π. �

N¬�e1�.­�È©�1�.­�È©�ØÓ�?:
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1�.��È¼ê´ê�¼ê,1�.K´�þ�¼ê. ?n R
n¥�­�þ�1

�.È©�r­�“Ã� ”/.¤��?1(��ãþ�)È©, 
?n1�.È©�

Ø�.�,ù�È©�©¤ n�“©þ”(�È¼ê�­���þ�SÈ� n�|¤Ü

©)�Ú.

S K 5.2

1. �L = {(x, y) ∈ R
2 : x2 + y2 = r2} (r > 0), �_����. ¦:

∫

L

( x + y

x2 + y2
dx − x − y

x2 + y2
dy

)

.

2. �L ´R
2 ¥±(1, 0), (0, 1), (−1, 0), (0,−1) �º:���/­�, �_���

�. ¦:
∫

L

1

|x| + |y| (dx + dy).

3. �L �Ú�{(a cos θ, a sin θ, bθ) : θ ∈ [0, 2π]} �θ O\���. ¦:
∫

L

y dx + z dy + xdz.

4. �L þkå|F = −k(x, y)(k > 0). ¦�:P ÷�±L = {(x, y) : x2 + y2 =

a2} (a > 0) ±_����$Ä�±�, å|¤��õ.

§ 3 ÷­��Newton-Leibnizúª

½n 3.1 (Newton-Leibnizúª) � V = {x ∈ R
n : |x| < M} (M > 0).�½

��ëY��þ| (V, ~F ). XJ�3êþ| (V, f),¦� f´ F����¼ê(���

��ê, antiderivative),= f ′ = F ,�Ò´`, (V, ~F )´ (V, f)��ê|(=FÝ|),@o

÷X V¥�?Û(Åã)�K­� L ,
∫

L

~F (x) · d~x = f(B) − f(A),

Ù¥ A, B ©O´L�å:Úª:.

y � L�g,L«� φ : [0, ℓ] −→ L , φ(0) = A, φ(ℓ) = B. @o�â½

Â(�(2.4))
∫

L

~f(x) · d~x =

∫ ℓ

0

n
∑

k=1

Fk(φ(s))φ′

k(s) ds.
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du f ′ = F ,¤±

∂f(x)

∂xk

= Fk(x), k = 1, · · · , n, x ∈ V,

d

ds

(

f(φ(s)
)

=
n

∑

k=1

∂f(x)

∂xk

∣

∣

∣

x=φ(s)
φ′

k(s) =
n

∑

k=1

Fk(φ(s))φ′

k(s).

u´
∫

L

~F (x) · d~x =

∫ ℓ

0

d

ds

(

f(φ(s)
)

ds.

éuþªmà¦^®��N-Lúª,Ò�¤
y². �

5 3.1 ①`�þ| (V, ~F )´ëY�,��´ ~F��©þFkÑ´ Vþ�ëY¼

ê.½n3.1¥�ù�^��,�±·�~f(~X“ ~F3L þëY”Òv

).

② ½n 3.1�y²¦^
®��N-Lúª,�§�(Øw,´®��N-Lúª��

«í2.

③ ½n 3.1´SK5.3K1�A~.

④�âÔnÆ��µ,XJ�þ| (V, ~F )´êþ| (V, f)��ê|(=FÝ|),�Ò

´`, f´ F����¼ê,@o¡ f � F ��� ³¼ê(potential function),d�

¡ (V, ~F )��Å|(conservative field).{¤þ,�âåÆ��µ,õC�¼ê f��

ê(derivative) f ′���FÝ(gradient),¿P f ′� grad f½∇f(Ö ∇�nabla).

½n 3.2 � V ´ R
3 ¥�Ø��ëÏm8, ~F = (P, Q, R) : V −→ R

3,Ù¥,

P, Q, R ∈ C1(V ). y²: (V, ~F )´,êþ| (V, f)��ê|(= f ´ ~F ��� ³¼

ê)�7�^�´
∂P

∂y
=

∂Q

∂x
,

∂Q

∂z
=

∂R

∂y
,

∂R

∂x
=

∂P

∂z
. (3.1)

y � f ´ ~F �����ê.P f1 =
∂f

∂x
, f2 =

∂f

∂y
, f3 =

∂f

∂z
.@o,f1 = P, f2 =

Q, f3 = R.du fj ∈ C1(V ), j = 1, 2, 3,@od�·Ü�ê�¦�gSÃ',=(Uì

þã'u �ê�PÒ�5½)

f12 = f21, f23 = f32, f31 = f13.

ùn��ªTÐÒ´^�(3.1). �

5 2.6 ^�(3.1)3���¹e¿Ø¿©,ë�SK5.2K10.

~ 2.4 � F (x, y, z) = (2xyz + 3y2, x2z + 6xy − 2z3, x2y − 6yz2), (x, y, z) ∈ R
3.

①y² ~F ÷v^�(3.1).
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② ¦ ~F �����ê(= ³¼ê).

④ � L = {r(t) = (t2et, t +
√

t, et cosπt) : 0 6 t 6 4},(÷ t O\���). ¦
∫

L

~F (r) · d~r.

) P ~F = (P, Q, R). @o ①

∂P

∂y
= 2xz + 6y,

∂P

∂z
= 2xy,

∂Q

∂x
= 2xz + 6y,

∂Q

∂z
= x2 − 6z2,

∂R

∂x
= 2xy,

∂R

∂y
= x2 − 6z2

ddy¢
(3.1).

② r P (x, y, z) = 2xyz + 3y2w� x�¼ê
¦Ù�¼ê,�

f(x, y, z) :=

∫

P (x, y, z) dx =

∫

(2xyz + 3y2) dx = x2yz + 3xy2 + c(y, z),

Ù¥ c(y, z)´ (y, z)���¼ê,§� xÃ'.

- ∂f
∂y

= Q,�

x2z + 6xy +
∂c(y, z)

∂y
= x2z + 6xy − 2z3.

l

∂c(y, z)

∂y
= −2z3.

éuC� y¦d¼ê��¼ê,�

c(y, z) = −2yz3 + d(z),

Ù¥ d´ z�¼ê,� (x, y)Ã'.@o

f(x, y, z) = x2yz + 3xy2 + c(y, z) = x2yz + 3xy2 − 2yz3 + d(z).

- ∂f
∂z

= R,�

x2y − 6yz2 + d′(z) = x2y − 6yz2.

l
 d′(z) = 0.@o d(z) =~ê. ·��d = 0,Ò�� ~F �����ê f(x, y, z) =

x2yz + 3xy2 − 2yz3.
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③ �âNewton-Leibnizúª,
∫

L

~F (r) · d~r = f(r(4)) − f(r(0)) = f(16e4, 6, e4) − f(0, 0, 1) = 1524e12 + 1728e4. �

·�rN�e§1�.­�È©Ú1�.­�È©��§�´)ûÔn,åÆ¯K

�óä, §´R¥�È©nØ��«A^§O@�§´�o#�È©nØ.ïÆÖöõ

�öS±BÙö/Ýº�{§
Ø73­��Eâ?n�{!¯K£ù�õ´AÛ¯

K¤þ�s�m.

S K 5.3

1. �f, g ∈ C1(R3), L ´R
3 ¥{ü�K­�, ©:�A, ª:�B. y²eã'u

1�.­�È©�©ÜÈ©úª:
∫

L

f(P )~g′(P ) · d~P = (fg)(B) − (fg)(A) −
∫

L

g(P )~f ′(P ) · d~P .

2. � V := {(x, y, z) ∈ R
3 : z > 0} , F (x, y, z) := (y ln z, x ln z, xyz−1), (x, y, z) ∈

V.� L := {r(t) = (cosπt, sin πt, 1 + t) : 0 6 t 6 1}.¦| (V, ~F )÷L (U t�O

\��)�1�.È©(XJr| (V, ~F )w�´å|,@o¤¦�È©Ò´å|÷

¤�­�¤��õ.)

3. (�þK) �L´ V ¥�?¿��K­�,©:� A,ª:� B.y²È©
∫

L

~F (r) · d~r

�� AÚ B � �k'.

4. r½n 3.2í2� R
n (n > 3)¥.

5. � V ´ R
n (n > 2)¥�Ø�ëÏm8.y²: R

n ¥�þ| (V, ~F )´�Å|�¿©

7�^�´,÷|S?Û�K4­��1�.È©Ñ´".

6. � V = R
2 \ {(0, 0)},¿�

F (x, y) := (
−y

x2 + y2
,

x

x2 + y2
) (x, y) ∈ V.

①y²: ~F3 V þ??÷v(3.1).

②� C ´ü �±(_����).y²:

∫

C

~F (P ) · d~P 6= 0.
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③ �þ ~F 3 V þk ³¼êí?

④ � V+ := {(x, y) : x > 0}, f(x, y) = arctan(yx−1), (x, y) ∈ V+.

y²:3 V+ þ f ′ = ~F .

7. �ä| (R3, ~F )´Ä�Å,XJ´,¦Ñ ~F � ³¼ê.

① ~F (x, y, z) = (yz + 1, xz + 1, xy + 1);

② ~F (x, y, z) = (y + z, z + x, x + y);

③ ~F (x, y, z) = (cosx + 2yz, siny + 2zx, z + 2xy);

④ ~F (x, y, z) = (6xy3 + 2z2, 9x2y2, 4xz + 1);

⑤ ~F (x, y, z) = (x sin y, y sin z, z sin x);

⑥ ~F (x, y, z) = (0, 2yz − z2, y2 − 2yz);

8. �å| (R3, ~F )Xe:

~F (x, y, z) = (x, y, z)(x2 + y2 + z2 + 3)−
3
2 .

y²d|�Å,¿¦§l: (−1, 3, 4)� (2, 0, 3) (÷?¿�K­�)¤��õ.

§ 4 R
2 ¥�Green úª

�L ´R
2 ¥��^4­�, §dk�^�K­�Ä�é(
¤. �L ´m8D

�>., =D \ D = L . ¿�D äkXe5�: ∀c ∈ R, 8Ü

{x ∈ R : (x, c) ∈ D}, {y ∈ R : (c, y) ∈ D}

��m«m(�8���m«m). Xe5½L ���, ¦�/<3L þ÷Xù���

 cr�Do3<��>0.ù´��é�*�£ã5�é. XJ����Ä��:�

5½,�N�±ù�`: (5½L ���)/¦�L þ:P ?���þ(L þ�kk�

�:?�±vk��þ)
−→
PA ^��^=π

2 ¤�
−−→
PB �, P :´PB ∩ D

c
�4�:.0

¡ù����'uD �_���� (½��). �F = (P, Q) ´D → R
2 �C1 a�N

�, §3D þëY. @okGreenúª

∫

L

~F (x, y) · d−−−→(x, y) =

∫

D

(∂Q

∂x
− ∂P

∂y

)

dx dy,

Ù¥�à´÷Xþ¡£ã�“_����”�1�.­�È©.
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Green úúúªªª���yyy²²² �âúª¥D �A�, ½Â

a = inf{x ∈ R : (x, y) ∈ D, y ∈ R}, b = sup{x ∈ R : (x, y) ∈ D, y ∈ R},

φ1(x) = inf{y ∈ R : (x, y) ∈ D}, φ2(x) = sup{y ∈ R : (x, y) ∈ D}, x ∈ (a, b).

@o, ­�

L1 := {(x, φ1(x)) : x ∈ (a, b)}

����­�

L2 := {(x, φ2(x) : x ∈ (a, b)}

�K�TÜ¤L . u´, dz¤\gÈ©��{�
∫

D

∂P

∂y
dxdy =

∫ b

a

dx

∫ φ2(x)

φ1(x)

∂P (x, y)

∂y
dy

=

∫ b

a

(P (x, φ2(x)) − P (x, φ1(x)) dx.

�âéu1�.­�È©��{�5½§·�k
∫

L1

P dx = −
∫

(a,b)

P (x, φ1(x))dx,

∫

L2

P dx =

∫

(a,b)

P (x, φ2(x))dx.

u´
∫

L

P dx = −
∫

D

∂P

∂y
dxdy.

Ón
∫

L

Q dy =

∫

D

∂Q

∂x
dxdy.

üªÜå5y�Greenúª. �

íØ eR
2 ¥�m8D ëÓÙ>.L �±dk�õ�÷vGreen úª^��8

Ü©n
¤, K3D 9Lþdúª¤á.

~ 4.1 ¦�­È©

J =

∫

D

x2 dxdy,

Ù¥D = ∆(0, 0)(1, 0)(0,−1)´±(0, 0), (1, 0), (0,−1)�º:�n�/.

) éF (x, y) = (0, 1
3x3) 3D þ^Green úª, �

J = −
∫

−−−−−−→

(0,0)(1,0)

1

3
x3 dy −

∫

−−−−−−−−→

(1,0)(0,−1)

1

3
x3 dy −

∫

−−−−−−−−→

(0,−1)(0,0)

1

3
x3 dy

= −
∫

−−−−−−−−→

(1,0)(0,−1)

1

3
x3 dy =

∫ 0

1

−1

3
x3 dx =

1

12
.
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~ 4.2 �²¡þ4­� C �¤«� D,÷vGreenúª�^�. y² D �¡È

|D|�XeO�:

|D| =
1

2

∫

C

(−y, x) · d−−−→(x, y).

y �âGreenúª,

∫

C

(−y, x) · d−−−→(x, y) =

∫

D

(1 + 1)d(x, y) = 2|D|. �

S K 5.4

1. ^Greenúª�È©.

(1)

∫

L

(x + y)dx − (x + y)dy, L´^��ý�±.

(2)

∫

L

ex(1 − cos y)dx − ex(y − sin y)dy, L = {(x, sin x) : 0 < x < π},

÷ xO\���.

(3)

∫

L

(x2 + y)dx + (x − y2)dy, L = {(x, x
2
3 : 0 < x < 1}, ÷xO\���.

2. ^Gaussúª�È©.

(1)

∫

S

x2dydz + y2dzdx + z2dxdy, S´V = (0, a)3�L¡�	ý(a > 0).

(2)

∫

S

(x2 cosαpha + y2 cosβ + z2 cos γ)dS,

S = {(x, y, z) : x2 + y2 = z2, 0 < x < h}, (cosα, cosβ, cos γ)�LSþ

:(x, y, z)?�ü {�þ,�cos γ < 0.

(3)

∫

S

(xy2dydz + yz2dzdx + zx2dxdy),

S = {(x, y, z) : x2

a2 + y2

b2
+ z2

c2 = 1},�	ý(a, b, c > 0).

3. ^­�È©�­�¤�¡È.

(1)(/�x = r cos3 t, y = r sin3 t. � r = 1�d­�Xeã:
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–1
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(2)�Ô�(x + y)2 = ax (a > 0)Ú Ox¶. � r = 1�d­�� Ox¶¤�Xeã:
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§ 5 1�.­¡È©

duõ��m¥�“­¡”'�E,('“­�”E,�õ), éu­¡����?Ø

´Ù§�§�?Ö, ¤±ùp�?ØR
3 ¥�­¡. ó���91�Ù§1.5 ¥!�L

�R
n × R¥�(n�)­¡.
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k��:ES.

�{üå�,�D = [a, b] × [c, d] ´R
2 ¥�k.Ý/,½öD´Ù§aq�/{ü0

�«�.

① kES�K­¡�Vg. �f ´D �R
3 ��é��C1 aN�, f ′ ��3D þ

??Ñ�u2. ¡

S = f(D) = {f(u, v) = (x(u, v), y(u, v), z(u, v)) : (u, v) ∈ D}

� R
3 ¥��K­¡, ¡f�ù�­¡��KL«. 'éX­¡�L«, `f(D)´ÐÙ

3Dþ�­¡.

­¡´��AÛé�,��k���KL«,ù�­¡Ò���K�.

② ·��½Â
­¡þ�ÿÝ. �D = [a, b]× [c, d] ´R
2 ¥�k.Ý/, f ´D

�R
3 �C1 aü�, f ′ ��3D þ??Ñ�u2.�E ⊂ f(D). XJE'uN�f��

�A´R
2��ÿ8,@oÒ`E´­¡f(D)þ��ÿ8,¿äkÿÝ(½`¡È)

|E| =

∫

A

∣

∣

∣

∂f

∂u
× ∂f

∂v

∣

∣

∣ dudv.

ù�½Â�ÿÝØ�6uN�f�äN/ª,§´­¡Sg��k�Ýþ5�.

③ k
ÿÝ,�XÒ�½Â(�K­¡þ�)�ÿ¼ê,9(1�.)È©,��Ú½Ó

1nÙ¥½Â R
nþ�È©��.

duSþ�ÿÝ´/ÏuR
2�R

3�N�½Â�.¤±Sþ�È©��/Ï

uR
2�R

3�Ó��N�£�R
2þ�È©.äN`5Ò´eã½n.

�D ´R
2 ¥���m8, f ´D �R

3 �C1 aü�, f ′ 3D þ??��2. �S

´df(½�ÐÙ3D þ�­¡, =S = f(D). �h´Sþ�2Â¢�¼ê,½Â

ξ(u, v) = h(f(u, v))|f ′

u × f ′

v|,

@o

h ∈ L(S ) ⇐⇒ ξ ∈ L(D),

��h ∈ L(S )�
∫

S

h(P ) dP =

∫

D

ξ(u, v) dudv.

y3?Ø1�.­¡È©.
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1�.­¡È©�Vg,�´�)û¢S¯KJÑ�.kÞ�~.

~ 5.1 �3R
3�ý¥

V = {(x, y, z) : ax2 + by2 + cz2 6 1} (a, b, c > 0)

�¥%(=�I�:)?k��>þ�q�:>Ö.¦§�)�·>|ÏLV�L¡S�

>ÏþΨ.

d>Æ½Æ,Sþ:P = (x, y, z)?�>|rÝ��þ

~E(P ) = λqr−3~r, ~r =
−−→
OP = (x, y, z), r = |~r|,

Ù¥λ´����~ê.r Sþ: PNC��¬∆S (P )þ�:?�|r,Cq@��

uP:?�|r,r∆S (P )�¡ÈP�|∆S (P )|.@o,ÏLd�¬�>ÏþCq�u

∆Ψ(P ) = ~E(P ) · ~n(P )|∆S (P )|,

ª¥~n(P )�­¡S3: P?�	{�,=T:?�²¡��� V	�ü {�þ. �

âù�g´,�V	BLS�>Ïþ�Sþ�1�.­¡È©

Ψ =

∫

S

~E(P ) · ~n(P ) dS (P ). (5.1)

�S±·��(ÛÜ�K�)L«

g(u, v) = (x, y, z) ∈ S , (u, v) ∈ D,

¦�S3: P = g(u, v)?�	{�� (g′u × g′v)(u, v)�� (a× bL« R
3¥��þ a�

�þ b�	È,����¦). 5¿�

~n(P ) =
(g′u × g′v)(u, v)

|(g′u × g′v)(u, v)| ,

¦^1�.­¡È©�O�úª,�

Ψ =

∫

D

~E(g(u, v)) · (g′u × g′v)(u, v) dudv. (5.2)

ØJäN/�ÑS�·��L«f¿�ÑΨ��(3�SK).

3ù�~¥,·�!�´“ÏLV�L¡S�>Ïþ”.“ÏL��­¡” ù{U)¹

�~£ØJn).?�Ú�Ä���“­¡�ý”�Vg§§´'u¤�Ä�­¡��

��N5�Vg.
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~£¥�Nõ­¡Ñk“üý”.·��±��3§��“�ý”æþùÚ, 
3§�

�“,�ý”æþ7Ú,±««O.

éu��ÐÙ3k.Ý/þ��K­¡S , �f : D −→ S´§��KL«. @

o�þ(f ′

u × f ′

v)(u, v)´:f(u, v)?­¡��²¡�{�þ§���­¡3:f(u, v)?

�{�þ. ·�rù��þ/����ý0§��´­¡dÙL«fû½��ý§{¡

��éu¤��L«f
ó��ý. XJ·�½Âg(u, v) = f(v, u), (v, u) ∈ D, @

og�´S��KL«§�´dL« gû½��ý,=�éuL«g
ó��ý,T�d

L«fû½��ý/��0,/��0��´

(g′1 × g′2)(u, v) = −(f ′

1 × f ′

2)(v, u), (v, u) ∈ D.

ù�ý���éuL«f
ó�Ký.

@o,z��K­¡Ñkü�ý.¯KÑ3­¡Ø�K��/§½ö`��äN�


§õê¯KÑ3­¡ÛÜ/�K
�NþØ�K��/.

�IêÆ[A.F.Möbius@31858cÒuy,r����^��àÛ=180 Ý2�

,�àÊå5,¤¤��fÒvkü�“ý”.ù���f,��Möbius�.§�dXe�

N� g(u, v) = (x(u, v), y(u, v), z(u, v))�Ñ:

x(u, v) = (2 + u sin
v

2
) cos v, y(u, v) = (2 + u sin

v

2
) sin v,

z(u, v) = u cos
v

2
, (u, v) ∈ [−1, 1]× [0, 2π].

·��±^MapleN´/xÑù^�f.

> x:=(u,v)->(2+u*sin(v/2))*cos(v);y:=(u,v)->(2+u*sin(v/2))*sin(v);

> z:=(u,v)->u*cos(v/2);

> plot3d([x(u,v),y(u,v),z(u,v)], u=-1..1,v=0..2*Pi);
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l�Nþ5w§g(u, 0) = (2, 0, u) = g(u, 2π), u ∈ [−1, 1],¤± gØ´�KL«. 


��±?�Úy²dMöbius�(g([−1, 1] × [0, 2π]))Ø�3�KL«§�Ò´`§§Ø

´�K­¡.,
é²w§§�dü��K­¡/Ã­U/0ë�
¤.

3ù^Möbius�¥,�P0 = g(0, 0) = g(0, 2π).@o

(g′u × g′v)(0, 0) = (−2, 0, 0),

(g′u × g′v)(0, 2π) = (2, 0, 0).

��,vk�{d�þ(g′u × g′v)û½­¡3:P0?�/ý0, ù�AÛ��*´���.

'u/ý0§·�Ø�î��êÆ½Â
�ÉAÛ��*,kü�ý�­¡��V

ý­¡, 
�·���Ä@
�dk���K­¡Ã­U/�±ý��N��
ë�

¤�Vý­¡. ~X,ý¥¡^Lý¥¥%�²¡�©�¤ü��K­¡,§�ë�å

5��ÿ��±ý��N��. Möbius��,�N´/dü��K­¡ë�
¤,�

%Ã{�±§��/ý0��N��.±�rdk���K­¡Ã­U/�±ý��N

��
ë�¤�Vý­¡{¡�/dk���K­¡ë�¤�Vý­¡0.

É(5.1),(5.2)éu,·��Ñ1�.­¡È©�½ÂXe.

½½½ÂÂÂ 5.1 �S = g(D)´k���K­¡ë�¤�Vý­¡, g : D −→ S /́©

¡0�K�L«.^~n(P )�LSþP:?dgû½�ü {�þ,=

~n(P ) =
g′u × g′v
|g′u × g′v|

(u, v), P = g(u, v).
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�f´S�R
3�N�.e~f(P ) · ~n(P ) 3Sþk1�.­¡È©,K¡

Ψ =

∫

S

~f(P ) · ~n(P ) dS (P ), (5.3)

½�d/

Ψ =

∫

D

~f(g(u, v)) · (g′u × g′v)(u, v) dudv (5.4)

�f÷S��éu¤��L«g
ó��ý�1�.­¡È©, P��
∫

S

~f(P ) · d ~S (P ) ½

∫

S+

~f(P ) · d ~S (P ).

5½f÷S�Ký�1�.­¡È©�
∫

S−

~f(P ) · d ~S (P ) = −
∫

S+

~f(P ) · d ~S (P ).

5 5.1 �ýÚKý,���ûu<�À½�­¡�L«/ª.·�rPÒ d ~S (P )

/ª/n)� ~n(P )dS (P ).

Ó1�.­¡È©��, 1�.­¡È©�´)û¢S¯K�óä§Ø´#�È

©Ø
´R
2þ(5¿,·�?Ø��´��­¡)�È©Ø�,�«A^.

��Ú\'u1�.­¡È©�S.��{.

½Â 5.2 �S = g(D)´k���K­¡ë�¤�Vý­¡, g : D −→ S /́©

¡0�K�L«. �h´S�R�k.ëYN�.5½

∫

S

h(x, y, z) dydz =

∫

D

h(g(u, v))

∣

∣

∣

∣

∣

∣

y′

u z′u

y′

v z′v

∣

∣

∣

∣

∣

∣

dudv,

∫

S

h(x, y, z) dzdx =

∫

D

h(g(u, v))

∣

∣

∣

∣

∣

∣

z′u x′

u

z′v x′

v

∣

∣

∣

∣

∣

∣

dudv,

∫

S

h(x, y, z) dxdy =

∫

D

h(g(u, v))

∣

∣

∣

∣

∣

∣

x′

u y′

u

x′

v y′

v

∣

∣

∣

∣

∣

∣

dudv.

y3b�½Â 5.1¥�f = (P, Q, R)´S�R
3�ëYN�.@o,�â(5.4)Ú½Â

5.2,k
∫

S

~f(x, y, z) · d ~S (x, y, z)

=

∫

S

P (x, y, z) dydz +

∫

S

Q(x, y, z) dzdx +

∫

S

R(x, y, z) dxdy. (5.5)
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dªéu·�/ª/½Â

d ~S (P ) = ~n(P )dS (P ) = (dxdy, dydz, dzdx). (5.6)

~5.2 �3�m R
3 ���«� U ¥6ÄXØ�Ø �þ!Ô�(6N), 3:

(x, y, z) ?�6�´ ~V (x, y, z) (b�§�� �k'
Ø��mCz§½ö·���

Ä,�]���¹).@o¡(U, ~V )���6�|§{¡~V�6�|.�3 U Sk���

K­¡S§À½Ù�ý. 6N3ü �mSÏLS/¤À��ý0��þ(½��4

�:3�]�ÏLS��þ),��ÏLS¤À��ý�(]�)6þ. b�6N��Ý�

��ü §@oÓ~2aq��§6NÏLS¤À��ý�(]�)6þ�u~V3Sþ÷

X¤À��ý�1�.­¡È©.

S K 5.5

1. �S´±�:�¥%,>�� 2�Ã>©O²1u�I¶��¬�	L¡. ¦:
∫

S

(x + y) dydz + (y + z) dzdx + (z + x) dxdy.

2. �S´I¡{(x, y, z) : z =
√

x2 + y2 6 R}�eý.O�:
∫

S

x2y2z dxdy.

3. O�6�|~V = (y, z, x)�Î{(x, y, z) : x2 + y2 < R2, 0 < z < h}	�6þ.

4. O�:
∫

S+

(y dydz + z dzdx + xdxdy)

Ù¥S+ ´

S = {(u cos v, u sin v, v) : a < u < b, 0 < v < 2π} (a > 0)

�þý(={���z¶���Yb���ý).

5. �S ´��N[0, a]× [0, b] × [0, c]�>.�	ý(a, b, c > 0), ¿�f ∈ C[0, a], g ∈
C[0, b], h ∈ C[0, c].¦

I :=

∫

S

(f(x) dydz + g(y) dzdx + h(z) dxdy).
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6. )Ñ~ 5.1¥�Ψ.

§ 6 Gaussúª �þ|�ÑÝ

§ 6.1 Gaussúª

Gauss úª´Green úª�R
3 ¥�í2. ·�Ø�Qã'uÈ©«�Ú>.�

eZ��æ��5½, �ØQãy²(y²���Greenúªaqµrõ­È©z�\

gÈ©§2¦^Newton-Leibnizúª, 3�SK), ��ÑúªXe.

Gaussúª �V´R
3¥���Ð�4�áN§S´§�/L¡0§́ ��Ð�4

�Vý­¡. �~F = (P, Q, R) ´l V � R
3 � C1 aN�.@o÷S 	ý

∫

S

(P, Q, R) · d ~S =

∫

V

(∂P

∂x
+

∂Q

∂y
+

∂R

∂z

)

dxdydz. (6.1)

·�rù�þ���þ| (V, ~F )ÏLS �	ý�Ïþ.

~ 6.1 R
3 ¥·��áNV �NÈ�

|V | =
1

3

∫

S

(x, y, z) · d ~S (x, y, z).

ª¥S�V�L¡§��	��ý.

y 3 Gaussúª¥�\ (P, Q, R) = 1
3 (x, y, z) Ò�¤I(J. �

~ 6.2 ¦

J :=

∫

S

x2 dydz + y2 dzdx + z2 dxdy,

Ù¥S = {(x, y, z) : |(x, y, z) − (a, b, c)| = R},�	ý.

) �S ¤��¥�V .@odGaussúª

J = 2

∫

V

(x + y + z) dxdydz

= 2

∫

V

(x − a + y − b + z − c) dxdydz + 2(a + b + c)|V |.

2^Gauss úª�

2

∫

V

(x − a + y − b + z − c) dxdydz

=

∫

S

(x − a)2dydz + (y − b)2dzdx + (z − c)2dxdy.
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dé¡5´�

∫

S

(x − a)2 dydz =

∫

S

(y − b)2 dzdx =

∫

S

(z − c)2 dxdy = 0.

l
J = 8
3 (a + b + c)πR3. �

§ 6.2 �þ|�ÑÝ

½Â 6.1 � V´ R
3¥�Ø�m8, F : V −→ R

3 ´ C1 aN�, F = (P, Q, R).

¡
∂P

∂x
+

∂Q

∂y
+

∂R

∂z

��þ| (V, ~F )�ÑÝ( divergence), ½~F �ÑÝ, P� div ~F .

¦^ÑÝÎÒ,Gaussúª (5.1)���

∫

S

~F · d ~S =

∫

V

div ~F (x, y, z) dxdydz, (6.2)

Ù¥ ~F = (P, Q, R). @o,Gaussúª`�´, | ~F ÏLáN V �>. S �	ý�Ï

þ�ÑÝ div ~F3S ¤�áN V þ�È©.

�3: A ∈ V ?, div~F (A) > 0. �½¿©��δ > 0, ¦¥

B(A; δ) = {(x, y, z) ∈ R
3 : |(x, y, z) − A| < δ}

�4�B(A; δ) ⊂ V ,�3B(A; δ) þdiv ~F > 0. PB(A; δ) �L¡�

S = {(x, y, z) : |(x, y, z) − A| = δ}.

@o, UGauss úª,
∫

S

~F · ~dS =

∫

B(A,δ)

div ~Fdxdydz > 0.

¦div ~F > 0 �:�|(V, ~F ) �“
:”, ¦div ~F < 0 �:K���“¦:”.

S.þ�rFÝÎÒ ∇w���/ª�þ(�/ª/ë��þ$�):

∇ :=
( ∂

∂x
,

∂

∂y
,

∂

∂z

)

,


rÑÝP�:¦�/ª:

div ~F = ∇ · ~F .
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�(V, F ) ´êþ|, F ∈ C2(V ). @o§�FÝ|(V,∇F ) �ÑÝ�

∇ · (∇F ) =
∂

∂x

(∂F

∂x

)

+
∂

∂y

(∂F

∂y

)

+
∂

∂z

(∂F

∂z

)

=
∂2F

∂x2
+

∂2F

∂y2
+

∂2F

∂z2
.

½Â

∆F =
∂2F

∂x2
+

∂2F

∂y2
+

∂2F

∂z2
.

¡∆�Laplace �f. @o,

div (gradF ) = ∆F.

~ 6.3 ¦:>Öq �)�·>|�ÑÝ.

) �:>Ö u�:.@o, �â¥Õ½Æ,:~r = (x, y, z) 6= (0, 0, 0) ?�>|

rÝ�

~F =
λ

|r|3 r, |r| = (x2 + y2 + z2)
1
2 ,

Ù¥λ �q �~ê�. u´

div ~F = λ
( ∂

∂x

x

|r|3 +
∂

∂y

y

|r|3 +
∂

∂z

z

|r|3
)

= λ
[ 3

|r|3 − 3
1

|r|4
(x2

|r| +
y2

|r| +
z2

|r|
)]

= 0.

Øq ¤3� �	, Ù§:ÑQØ´
:�Ø´¦:. @o, ÏL?ÛØ���:�4

­¡�>ÏþÑ´".

S K 5.6

1. �ÑGaussúª�y².

§ 7 R
3 ¥�Stokesúª ^Ý

§ 7.1 R
3 ¥�Stokesúª

�D ´R
2 ¥�Ø��üëÏk.48. ¤¢D ëÏ, ��´D ¥?Ûü:�^

�3D S�k�^�K­�^gé(, ¤¢D üëÏ��´§�>. D\
◦

D´�^ë
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Y4­�. � g´D� R
3� C1a�é��N�, g′3Dþ??�� 2.@o, d g(

½
��ÐÙ3 Dþ��K­¡S = g(D).

Ö¿Xeb½.

� D �>. ∂D := D\
◦

D ´ R
2 ¥�k�^�K­�é¤�­�, §'u D

�“_����” (ù«£ã5�éc¡®^L). 5½ S�>.� ∂S = g(∂D). ´

�(�gg�) ∂S ´ R
3 ¥�k�^�K­�é¤�­�. 5½ ∂S ‘����±�

∂D‘ ����N��.

�â ∂S �ù���, ·�ù�5½ S �þý,¦�“_X S �{��� S w

�, ∂S ����_����” (ùq´��£ã5�é).

·��ÿ/¦^�
�êÆ�ó5£ã·��ïÄé�,8�´!�K@
¢�

þ¿Ã#SN�æ���y��±AÛ��*. �&ù��´“��u�” �.

y�S þ½ÂXC� ~F : S → R
3,

~F (x, y, z) = (P (x, y, z), Q(x, y, z), R(x, y, z)),

Ù¥ P, Q, R3 R
3 ����¹S �v
��m8þkëY� �ê.

Stokes úª 3þã^�e,÷ ∂S �1�.­�È©�÷ S �1�.­¡È

©kXe'X:

∫

∂S

~F (x, y, z) · d−−−−−→(x, y, z) =

∫

S

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

dydz dzdx dxdy

∂
∂x

∂
∂y

∂
∂z

P Q R

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

.

Ù¥,mà/ªP{�(�¿g´�1�.­¡È©
∫

S

(∂R

∂y
− ∂Q

∂z

)

dydz +
(∂P

∂z
− ∂R

∂x

)

dzdx +
(∂Q

∂x
− ∂P

∂y

)

dxdy.

3y²Stokes úª�c, ·�k`²Green úª´§�A~. ��-

S = {(x, y, 0) : (x, y) ∈ D}, f = (P, Q, 0),

�\þ¡�úª, ·�Ò��
∫

∂D

(P, Q, 0) · d
−−−−−→
(x, y, 0) =

∫

∂D

(P, Q) · d
−−−→
(x, y) =

∫

D

(∂Q

∂x
− ∂P

∂y

)

dxdy.

Äuù�¯¢, ·�`, Stokes úª´Green úª�“�­z” í2.
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Stokes úª�y²

�{üå�, ·�Ö¿b½L«­¡S �C� g´C2 a�. �,, éuStokesú

ª�¤á, ù�b½Ø´7��.

P

g(u, v) = (x(u, v), y(u, v), z(u, v)).

� D�>. ∂DkëêL«

∂D = {h(t) = (u(t), v(t)) : a 6 t < b}.

@o ∂S ��ëêL«

∂S = {g(h(t)) : a 6 t < b.}

�â½n 2.1
∫

∂S

P (x, y, z) dx =

∫

(a,b)

P (x, y, z) (x′

uu′(t) + x′

vv′(t)) dt

=

∫

(a,b)

(P (x, y, z)x′

u)u′(t)dt + (P (x, y, z)x′

v)v
′(t) dt

=

∫

∂D

(

P (x, y, z)x′

u

)

du +
(

P (x, y, z)x′

v

)

dv.

éumà�1�.­�È©¦^Green úª, �
∫

∂S

Pdx =

∫

D

[ ∂

∂u
(Px′

v) − ∂

∂v
(Px′

u)
]

dudv.

N´�Ñ

∂

∂u
(Px′

v) − ∂

∂v
(Px′

u)

= (P ′

xx′

u + P ′

yy′

u + P ′

zz
′

u)x′

v − (P ′

xx′

v + P ′

yy′

v + P ′

zz
′

v)x
′

u

= P ′

z

∣

∣

∣

∣

∣

∣

z′u x′

u

z′v x′

v

∣

∣

∣

∣

∣

∣

− P ′

y

∣

∣

∣

∣

∣

∣

x′

u y′

u

x′

v y′

v

∣

∣

∣

∣

∣

∣

.

@o
∫

∂S

Pdx =

∫

D



P ′

z

∣

∣

∣

∣

∣

∣

z′u x′

u

z′v x′

v

∣

∣

∣

∣

∣

∣

− P ′

y

∣

∣

∣

∣

∣

∣

x′

u y′

u

x′

v y′

v

∣

∣

∣

∣

∣

∣



 dudv.

umà¦^1�.­¡È©�O�úª,�
∫

∂S

Pdx =

∫

S

P ′

zdzdx − P ′

ydxdy.
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Ó��O��Ñ
∫

∂S

Qdy =

∫

S

Q′

xdxdy − Q′

zdydz,

∫

∂S

Rdz =

∫

S

R′

ydydz − R′

xdzdx.

ònªÜ¿, �
∫

∂S

~f(x, y, z) · d
−−−−−→
(x, y, z) =

∫

S

(P ′

z − R′

x)dzdx

+ (Q′

x − P ′

y)dxdy + (R′

y − Q′

z)dydz

=

∫

S

∣

∣

∣

∣

∣

∣

∣

∣

∣

dydz dzdx dxdy

∂
∂x

∂
∂y

∂
∂z

P Q R

∣

∣

∣

∣

∣

∣

∣

∣

∣

. �

íØ 7.1 e­¡S 9Ù>.�dk��÷vþãStokes úª^���¬Ã­

S/T�/©¤, KStokes úª�,¤á.

íØ 7.2 �V = {(x, y, z) : |x|, |y|, |z| 6 M} (M > 0). �f = (P, Q, R) ´V →
R

3 �C1 aN�. @o, ^�

(∗) ∂R

∂y
=

∂Q

∂z
,

∂P

∂z
=

∂R

∂x
,

∂Q

∂x
=

∂P

∂y

3 V ??¤á�¿©7�^�´ f ÷ V S?Û�K­��1�.È©���û½u

­��©:Úª:� �, �Ò´`

(∗∗) ( 3 V S�)1�.­�È©�´»Ã'.

y dStokes úª�,�Iy(∗∗) =⇒ (∗).

é?¿� A = (x, y, z) ∈ V ,½Â

F (x, y, z) =

∫

~OA

P (u, v, w)du + Q(u, v, w)dv + R(u, v, w)dw.

PA′ = (x + h, y, z), Ù¥h ∈ R, |h| > 0 ¿©�.@o, k

∂F

∂x
(x, y, z) = lim

h→0

1

h

∫

~AA′

(Pdu + Qdv + Rdw) = P (A).

Ó�/

∂F

∂y
(A) = Q(A),

∂F

∂z
(A) = R(A).



§ 7 R
3 ¥�Stokesúª ^Ý 385

u´

F ′(x, y, z) = (P, Q, R) = f.

=⇒ (∗). �

§ 7.2 ^Ý

�~F ´V �R
3 �C1 aN�, ~F = (P, Q, R). ½Â

rot ~F =
(∂R

∂y
− ∂Q

∂z
,
∂P

∂z
− ∂R

∂x
,
∂Q

∂x
− ∂P

∂y

)

��|(V, ~F ) (½N�~F ) �^Ý(rotation).

�3A ∈ V ?rot ~F (A) = ~n, |~n| > 0. 3LA:,�~n R��²¡þ���±A �¥

%, ±δ ��»��, ¦�±L ����7~n �mÃÚ^Ì1���. ��SÜP�D,

���~n ��ý. �δ v
��, D = D ∪ L ⊂ V , �3D þrot ~F �~n ��Cq, ÷

v(rot ~F ) · ~n > 0. 3D ÚL þ¦^Stokes úª, �

∫

L

~F (x, y, z) · ~d(x, y, z) =

∫

D

(rot ~F ) · ~dS

=

∫

D

(rot ~F ) · ~n

|n|dS > 0.

XJr~F w¤´6N��Ý. @o, rot ~F (A) = ~n L«�´6N3:A ?�µ^

G�(�)rÝ9��). ùÒ´^Ý�c�Ôn¿Â.^i, j,k�Ln�ü �þ.@o

/ªþ

rot ~F =

∣

∣

∣

∣

∣

∣

∣

∣

∣

i j k

∂
∂x

∂
∂y

∂
∂z

P Q R

∣

∣

∣

∣

∣

∣

∣

∣

∣

,

¤±, �^�¦PÒL«^Ý§=

rot ~F = ∇× ~F .

S K 5.7

1. |^Stokes úªO�e�­�È©.
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(1)

∫

Γ

ydx + zdy + xdz,

Ù¥Γ �x2 + y2 + z2 = a2 �x + y + z = 0 ���, ��´: lOx ¶��w

�, �_����?1.

(2)

∫

Γ

(z − y)dx + (x − z)dy + (y − x)dz,

Ù¥Γ ´l:A = (a, 0, 0) ²:B = (0, a, 0) �:C = (0, a, 0) 2£�:A �

n�/.

(3)

∫

Γ

(y2 − z2)dx + (z2 − x2)dy + (x2 − y2)dz,

Ù¥Γ ´²¡x + y + z = 3
2a�á�N(0, a)3�L¡���,_(1, 1, 1) ��w

�,Γ �_����?1.

2. ¦R
2�R

2�N�ω (3R
2þ) ��¼ê.

(1) ω =
(

10xy − 8y, 5x2 − 8x + 3
)

,

(2) ω =
(

(x + y + 1)ex − ey, ex − (x + y + 1)ey
)

.

3. ¦

ω =
( y

3x2 − 2xy + 3y2
,− x

3x2 − 2xy + 3y2

)

3D = (−∞, +∞) × (0, +∞) þ��¼ê.

4. ¦

ω =
(

1 − 1

y
+

y

z
,
x

z
+

x

y2
,−xy

z2

)

3V = (0, +∞) × (0, +∞) × (0, +∞) þ��¼ê.

5. �(R3, ~V ) ´�Ý|, V (x, y, z) = (x2, y2, z2). ¦|ÏL

S = {(x, y, z) : x2 + y2 + z2 = 1, x, y, z > 0}

�þý�6þ.

6. �~F ´R
3 �R

3 �C2 aC�, u, v, φ ∈ C2(R3), a ∈ R
3. y²:

(1) ∇ · (∇× ~F ) = 0,

(2) ∇× (∇φ) = 0,

(3) ∇ · ∇φ = ∆φ,

(4) ∇ · (φa) = φ∇ · a + a · ∇φ,

(5) ∇× (φa) = φ∇× a + ∇φ × a,
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(6) ∇ · (v∇u) = ∇v · ∇u + v∆u.

7. �F ∈ C1(R3), P ∈ R
3. �∇F (P )Ø´"�þ�§§���R�uF�L:P�

��¡Sc.
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C1a­�, 359

∆, 381

∇, 366

div(divergence), 380

rot(rotation), 385

Gauss

Gauss úª, 379

grad(f), 358

Green, George

=I<( 1793∼ 1841), 369

Laplace, Pierre Simon

{I<( 1749∼ 1827), 381

Laplace�f, 381

Möbius, Augustus Ferdinand

�I<(1790 ∼1868), 375

Newton-Leibnizúª, 365

Stokes

Stokes, George Gabriel

=I<( 1819∼ 1903), 381

Stokesúª, 381

�Å|(conservative field), 366

�¦, 374, 385

|(field), 357

1�.È©, 357

>|rÝ, 374

>Ïþ, 374

{�þ, 374, 375

��ê(antiderivative), 365

Ký, 375

¥Ô

Coulomb§Charles-Augustin de§

{IÔnÆ[,1736c-1806c, 381

å|éd�:¤��õ, 363

6þ, 378

¦:, 380

SÈ, 361

��þ, 360, 361

­Ç, 360

­¡, 357

­¡�ý, 374

­¡��KL«, 373

­�, 357

­��L«, 359

­��g,L«, 359

ÑÝ, 380

388
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êþ|, 357

FÝ(gradient), 358

FÝ|, 358

Ïþ, 379

	È, 374

�kÚå~ê, 358

 ³¼ê(potential function), 366

�þ|, 357

�þ�È©, 357

^Ý, 385

�¼ê, 365


:, 380

ÐÙ3Dþ�­¡, 373

�ý, 375

�KL«, 359

�K­�, 359

­å|, 358

­å\�Ý, 358

Ì{�, 360


