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2. 1 [ 6 u Z � 0 4 � 4 I l 3 ( " ) R � ) � o 6 A 4 E � � ( ([3]) N � $ , j � 4 � 0 4 �

4 � Z 4 � 4 � ; ) I ( 8 l 3 � ; 0 95 • l G � � C u  2 6 * * % � � W L 4 e = 2 :71828� � �

P L I Z 4 � � e P L I Z 4 . I C � Z 4 � � @ u I E � � ; ) � ( k l 3 I � 6 � � J ? b 0 4 �
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M � g E � � ! � " � 9 i o 6 I u � �

x1 [ W K R _

U h b � 2 � � L 4 b N u ? b � � N A � C � 4 � � � Q A � � L 4 � �

L d 1(4 X ). � f ) = N F Q u I 
 � � ! - f P ( � L ) 4 X � " I f = f f (n)g1
n=1 : D

� � ~ D � ~ = " 
 � � an ; bn J J A � f (n). ? � � f I / � f (N) = f f (n) : n 2 Ng � 4 X )

U � ( �

L d 2(4 X I � e ). � f = f f (n)g1
n=1 ) ( � L ) 4 X � ` 2 Q. � � Z � � � I k 2 N, E &

H F nk 2 N, % H D n > n k " jf (n) � ` j <
1
k

; s e � ; 6 4 X f - S F � e `, " I lim
n!1

f (n) = `:

� � Z � � � I k 2 N, E & H F nk 2 N, % H D n > n k " f (n) > k , s e � ; 6 4 X f _

� F � e 1 ( V I * W � ), " I lim
n!1

f (n) = 1 :

� � Z � � � I k 2 N, E & H F nk 2 N, % H D n > n k " f (n) < � k, s e � ; 6 4 X f _

� F � e �1 ( V I j W � ), " I lim
n!1

f (n) = �1 :

" - S I � m U . I _ � �

L d 3(� � X |Cauchy X ). � f = f f (n)g1
n=1 ) 4 X � � � Z � � � I k 2 N, E & H F

nk 2 N, % H D m; n > n k " jf (m) � f (n)j <
1
k

; s e � ; 6 4 X f ) � � X ( � Cauchy X ).

L U 1. - S 4 X � ) � � X �

+ � � 4 X f - S F `. s e �" • k 2 N [ @ � E & H F nk 2 N, % H D n > n k " �

jf (n) � ` j <
1
2k

: � ) �D m; n > n k " �

jf (m) � f (n)j < jf (m) � ` j + j` � f (n)j <
1
k

:�

L d 4. � f � g U ) 4 X � � � lim
n!1

�
f (n) � g(n)

�
= 0 s e ; 6 f � g J $ �

a � � 4 X I J $ ~ ^ > � a � o �Z - o � 9 O o �

L d 5(B X ). � f � g U ) 4 X � g 2 � C � 4 / � x s " � � Z � � � n 2 N, � N 3

g(n) < g (n + 1) : s e �- 4 X f f
�
g(n)

�
g1

n=1 P f I B X � " - P f � g.

L U 2. � f ) � � X � ! = I B X � = J $ �

a � � �

L U 3. � f � g g � - S F a � b, � c; d 2 Q, s e

lim
n!1

�
cf (n) + dg(n)

�
= ca+ db; lim

n!1

�
f (n)g(n)

�
= ab:

� � � , b 6= 0, s e

lim
n!1

f (n)
g(n)

=
a
b

:

? � � � b 6= 0, D n 2 g @ " � � g(n)b > 0 . O � < �

f (n)
g(n) Z � @ I n � R � � s e � >
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F = I � e � E � � � e h % g(n) = 0 ' a 	 " } �

R L I + n | � � a � �

x2. Y [

� Z A � ) 4 � � % � \ � W I ! 7 4 ! 4 ` ( ; � ^ 7 4 x ' B ).

L d 6(� A 4 X ). � 4 X f ang1
n=1 d F 	 an 2 f 0; 1; � � � ; 9g; n 2 N � Z � � � k 2 N U

& H F n > k % an < 9. R � j 4 f (n) = 0 :a1a2 � � � an ; n 2 N: Z � � � m 2 Z, - 4 X

f m + f (n)g1
n=1 P � A ( 4 ) X �

L U 4. � A X ) � � X �

+ � � g = f m + f (n)g1
n=1 ) � A X � ~ 6 f (n) = 0 :a1a2 � � � an ; n 2 N. Z � � v I k 2 N,

D �; � 2 N � �; � > k " a � �

jg(� ) � g(� )j = jf (� ) � f (� )j < 10� k <
1
k

:�

L U 5. � v � t � � X �> � O � � t � A X � - J $ �

+ � � f = f f (n)g1
n=1 ) � � X �

Z � k 2 N, > � nk 2 N % H D �; � � nk " � jf (� ) � f (� )j < 10� k� 1: � t M � + < t  I

nk d F nk < n k+1 ; k 2 N. � f (nk) l . " � 9 P v � 0 I j 4 � � � jf (nk) � f (nk+1 )j < 10� k� 1

s e f (nk) � f (nk+1 ) I j 4 � ' 6 R � j 4 P � N k R � � I 4 D U ) � | I � ~ ; ) 6 � f (nk )

I � ? & > � � _ m @ 	

f (nk) = m + 0 :a1a2 � � � akbk
k+1 bk

k+2 � � � :

D j 4 0:a1a2a3 � � � " � 9 P v � 0 " �R � g(k) = m + 0 :a1a2 � � � ak ; k 2 N:

� j 4 0:a1a2a3 � � � � 9 P v � 0 � ! � U 8 D v o � � ) � < � I ak 
 $ P 9, ( " U h R

� g(k) = m + 1 : Z � 8 D v I � H ) �> � N 2 N, % H aN < 9 \ D k > N " � � ak = 9. �

( 8 � H _ �R � 	

D 1 � k < N " bk = ak ; bN = aN + 1 ; D k > N " bk = 0 :

 R � g(k) = m + 0 :b1 � � � bk :

s e � � � � � H _ � g = f g(k)g1
k=1 U ) � A X � �

jf (nk) � g(k)j < 10� k :

= \ � g � f I B X f f (nk)g1
k=1 J $ � w = R L 2, g � f J $ � Z K � � � A 5 � " g G I U t

� A X ) " D v J $ I � �

L d 7 (Y [ ). � f = f m + 0 :a1a2 � � � ang1
n=1 ) � A X � ~ 6 m 2 Z; an 2 f 0; 1; � � � ; 9g �

< an " � 9 P v � 0 � s e � ! 7 j 4

�f = m + 0 :a1a2a3 � � �

. I � f Z � I Y [ . 
 D $ 4 < . I � 
 ( � U h � , I ) " I R.
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U h A F �� A X � $ 4 - % * O W � � Z � �

L U 6. � v � A X f f (n)g1
n=1 ; f g(n)g1

n=1 . s e

(1) f f (n) + g(n)g1
n=1 , f f (n)g(n)g1

n=1 � f� f (n)g1
n=1 U ) � � X �

(2) � � > � N 2 N % H D n > N " � f (n) 6= 0, s e f 1
f (n+ N ) g1

n=1 ~ ) � � X �

+ � 1 b (1) ) n a I � U h J + 1 b (2).

� f (n) = m + 0 :a1a2a3 � � � an , ~ 6 � m 2 Z; 0:a1a2a3 � � � ) " � 9 P v � 0 I j 4 �  �

f (N ) 6= 0. � m � 0 ! D n > N " �

f (n) � f (N ) > 0:

� m < 0 ! f (n) � � 1 + 0:a1 � � � an : � � < ak " 
 P 9, D � a` 6= 9. s e D n > ` " �

f (n) � f (`) + 10 � ` � � 10� ` :

= \ �

jf (n)j � � 10� ` :

E - � � � � � H _ �U > � * 4 � 2 Q � � ` 2 N, % H D n > ` "

jf (n)j � �:

s e �D �; � > ` + N "

j
1

f (� )
�

1
f (� )

j � � � 2jf (� ) � f (� )j:

� ; D ) � 1 b (2) . O � �

L d 8($ 4 I 7 ! � : ). � f; g U ) � A X � s � � f f (n) + g(n)g1
n=1 J $ I � A X " I

f + g; � � f f (n)g(n)g1
n=1 J $ I � A X " I fg . � R

�f � �g I � � / � � _ 	

�f + �g = f + g; �f �g = fg:

 � � f� f (n)g1
n=1 J $ I � A X " I � f , � � 1 �

�f I / � � R P � �f = � f . �

�f + ( � �g) . I

�f � �g I ) � " I

�f � �g. � � > � N 2 N % H D n > N " � f (n) 6= 0, s e � � f 1
f (n+ N ) g1

n=1

J $ I � A X " I

1
f . � R

1
�f

=
�

1
f

�
:

L d 9($ 4 I @ j ). v R $ 4 r = m + 0 :a1a2a3 � � � , ~ 6 m 2 Z. � � m � 0 \ m � � <

an " 
 ) Y � ! - r P * 4 � " I r > 0; � � m � � < an 
 ) Y � ! - r P Y � " I r = 0; �

� m < 0, ! - r P j 4 � " I r < 0. � $ 4 a; b d F a � b > 0, ! 6 a @ � b " I a > b, � 6 b

j � a " I b < a. �� " @ � � " I � � � �� " j � � " I � � � �

? � R � 7 L 
 � U h 1 , I ~ � � L 4 � W L 4 I R � � 3 � m & � D v " G I 2 ) U h

E � $ 4 l . " + � = I G @ ) 4 � � t f j j 4 I � � R � 8 � R I � : ~ � Q 6 1 , I � : �

W K 7 � 1 , I : _ ~ � : . O � \ � � Z � W e j 4 L 
 D � i � e j 4 ( � � 0 P v � 0 I W e )

j 4 s | 7 n 7 ! � : � N � U h D � S � : 5

p
2� = (1 :414213� � � )(3:141592� � � ) = 4 :44288� � � ; 4� � = 0 :858407� � � ; � � = � 4+0:858407� � � :
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b � U h D � 6 � x1 6 � � L 4 � Q 6 7 n I ~ � 4 X I ? b � � $ 4 � R 6 
 $ * � � �

� U h I ? b + L 
 � $ 4 � R 6 7 n �

L U 7. R ) L � I � ~ ; ) 6 � � R 6 � � � X � R - S �

+ � � f = f f (n)g1
n=1 ) R 6 I � � X �� $ 4 f (n) l . " � 9 P v � 0 I ! 7 j 4

f (n) = mn + 0 :an
1 an

2an
3 � � � ; mn 2 Z; an

k 2 f 0; 1� � � ; 9g; k 2 N:

[ � L 4

g(n) = mn + 0 :an
1 an

2an
3 � � � an

n ; n 2 N:

� R � 8 � R � 9,

0 � f (n) � g(n) < 10� n :

� ) � � L 4 X g = f g(n)g1
n=1 � 4 X f J $ �� � g J $ I � A X " I h = f h(n)g1

n=1 , � � h

Z � I $ 4 " P

�h. w = R � 8 � R � 9,

0 � �h � h(n) < 10� n :

s e �w = R � 2(Z � $ 4 X I � m ),

lim
n!1

h(n) = �h:

= \ � � h J $ I $ 4 X f - S F

�h 2 R.�

L d 10($ 4 I � 4 � ' ). � $ 4 r � ' . " � 9 P v � 0 I ! 7 j 4

r = m + 0 :a1a2a3 � � � :

s e " 


r = m +
1X

n=1

ak10� k

. I r I ! 7 � 4 � ' �

b � D � 6 � U h Z � 4 6 ^ x � u F I� W e " v � j 4 � 7 � � W I , I L 2 �

� ( 0 I G � � U h J 6 � 6 $ 4 � $ . f ( � $ 4 ; ) � I 3 i o �

L U 8 (� L 4 � W L 4 U � R 6 3 i ). � r 2 R; � > 0: s e � � R & H F � L 4 a � W L

4 b, % H

a 2 (r � �; r + � ); b 2 (r � �; r + � ):

+ � � n 2 N 2 g @ � %

�
n < �: � r 2 Q, ! � a = r + 1

n ; b = r + �
n � 
 � R L I } � �

� r ) W L 4 � � R � 10 � - P ! 7 � 4

r = m +
1X

k=1

r k10� k :

� a = 10 � n + m +
P n

k=1 r k10� k ; b = � 10� n +
P n

k=1 r k10� k : s e � a ) � L 4 � b ) W L 4 �

 �

r < a < b < a + �: �
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x3. V b N [ � g [ N [ P M [ N [

U h � � M � I A � R 6 I � % � D � _ X 9 8 m & 	

(a; b); [a; b); (a; b]; [a; b]; (�1 ; b); (�1 ; b]; (a;1 ); [a;1 ); (�1 ; 1 ) = R;

~ 6 �1 < a < b < 1 .

L d 11. � f ) I � I $ � 4 � � = I F R I 
 � � � x0 2 I . � � Z � � v I " > 0 E &

H F � > 0, % H D jx � x0j < � � x 2 I " �

jf (x) � f (x0)j < ";

s e ; 6 f � x0 8 R s �D x0 ) I I � ( H ) X P " � ~ � � x0 R s . H ( � ) R s � � � f �

I I g P 8 U R s � ; 6 f � I � R s � " I f 2 C(I ) ( D L 2 C P Continuous I / D q ).

L d 12. 6 I � I � 4 f x s " ( ( ), 0 I ) D x; y 2 I; x < y " � � f (x) < f (y)

(f (x) > f (y)).

a � � � f � I � x s " ( ( ), ! f > � R � � f (I )( f I / � ) � I a � 4 � " I f � 1.

L U 9 (R s � 4 � � 6 % / ). � f 2 C(I ); x; y 2 I . � f (x) = a < c < f (y) = b, ! > � �

4 � x; y - % � % H f (� ) = c.

+ � ` B ^ c = 0 I � m �

" � � � o � D � P x < y; a < b . " I 0 = [ x; y]. � I 0 ^ J g . [x; x+ y
2 ], � [x+ y

2 ; y].

� f ( x+ y
2 ) = 0, �

x+ y
2 = � ; % H f (� ) = 0. � f ( x+ y

2 ) 6= 0. s e �D f ( x+ y
2 ) < 0 " � �

x1 = x+ y
2 ; y1 = y; I 1 = [ x1; y1], % H f (x1) < 0 < f (y1). � f ( x+ y

2 ) > 0, ! � x1 = x; y1 =
x+ y

2 ; I 1 = [ x1; y1]. � % f (x1) < 0 < f (y1) . O � � � � I 1 �  $ � 3 ? b � � � I 1 ^ J g � �

f � I 1 I 6 P � Y / � ! ? b D 7 1 � h ! � g . I U t j � % 6 � � � t � " I I 2 = [ x2; y2], %

H f (x2) < 0 < f (y2) . O � # s 9 i ( t . s � � � e < � H � � % - 6 P � P f - Y P � ! ? b

6 1 �h ! �H � X � % I n = [ xn ; yn ]; n 2 N. ~ 6 � I n ) I n� 1 I � � � U h A F

xn � xn+1 � yn+1 � yn ; yn � xn = 2 � n (b� a):

s e �� R � 4, 4 X f xn g1
n=1 � f yng1

n=1 J $ �Z � � � k 2 N, D � > � > k
b� a " �

0 � x � � � < y � � x � = 2 � � (b� a) <
1
k

:

} � R � 3, f xn g1
n=1 ) � � X � s e � w = R L 7, = - S F � t $ 4 � . a � � � - J $ I f yng1

n=1

� - S F � . � \ � f (xn) < 0 < f (yn )  � f 2 C(I ): < �

f (� ) = lim
n!1

f (xn ) � 0 � lim
n!1

f (yn) = f (� ):

� ; H F f (� ) = 0 : U h Z � c = 0 I � m + n W R L �

b � c 6= 0. [ g(x) = f (x) � c,  Z g % � � + I ( $ � ; H F R L I 1 b � �

L U 9 K ] X � % � I R s � 4 I / � ) � % �

( ) R L 9 I l l � �

L U 10. � f 2 C(I ) � f x s " ( � x s ( ). s e a � 4 f � 1 2 C(f (I )).
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+ � � f 2 C(I ) x s " � " J = f (I ). = � 3 J b � J ) � % � f � 1
I P = � % I F � %

J I x s " 
 � f I w 
 � �D � ) x s " I �

� y0 2 J; f � 1(y0) = x0 2 I . U h J + n f � 1
� y0 R s �

Z � � v I " > 0, � � x0 + " 2 I , U h " f (x0 + ") = y1 2 J ; � � x0 � " 2 I , U

h " f (x0 � " ) = y2 2 J . g � 8 � H J R � * 4 � : D x0 + " 2 I � x0 � " 2 I " �R �

� = min( y1 � y0; y0 � y2); D x0 + " 2 I � x0 � " 62I " �R � � = y1 � y0; D x0 + " 62I �

x0 � " 2 I " �R � � = y0 � y2. D x0 + " 62I � x0 � " 62I " R � � = 1.

� � f x s " � < � � > 0.  � � D x 62(x0 � "; x 0 + ") C x 2 I " � f (x) 62(y0 � �; y 0 + � ).

U h Y R �D y 2 J; jy � y0j < � "

jf � 1(y) � f � 1(y0)j < ": �

b � U h J R � 0 4 � 4 �

e U 11. � x 2 R; n 2 N. R �

Sn (x) =
nX

k=0

1
k!

xk :

� q = 2([ jxj] + 1) ; m; n 2 N; n > q , !

jSn+ m (x) � Sn(x)j � qq2� n :

( U h � [x] � ' " @ � x I G @ ) 4 � )

+ � a � �D k � q " � k! > q k� q
 � 2jxj < q . < � �D n � q " �

jSn+ m (x) � Sn (x)j �
n+ mX

k= n+1

1
k!

jxjk � qq
n+ mX

k= n+1

2� k � qq2� n :�

w = ( t � L � U h H , �Z � � � $ 4 x, f Sn (x)g1
n=1 U ) � � X �

L d 13 (g [ N [ ). � 4 X f Sn (x)g1
n=1 I � e " I ex , . I e I x < j 
 I P x I � 4 �

ex
. I � e P L I 0 4 � 4 �

L U 12. Z � � � x; y 2 R,

exey = ex+ y :

+ � � Sn � � L 10 < R � � [

f n (x; y) = S2n (x + y) � Sn (x)Sn (y):
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U h �

S2n (x + y) =
2nX

� =0

1
� !

(x + y)� =
2nX

� =0

2nX

� = �

1
� !

x � 1
(� � � )!

y� � �

=
2nX

� =0

2n� �X

� =0

1
� !

x � 1
� !

y�

=

 
nX

� =0

nX

� =0

+
n� 1X

� =0

2n� �X

� = n+1

+
2nX

� = n+1

2n� �X

� =0

!
1
� !

x � 1
� !

y� :

� ) U h H F

f n (x; y) =

 
n� 1X

� =0

2n� �X

� = n+1

+
2nX

� = n+1

2n� �X

� =0

!
1
� !

x � 1
� !

y� :

= \ �

jf n (x; y)j � Sn� 1(jxj)
�

S2n (jyj) � Sn (jyj)
�

+ Sn (jyj)
�

S2n (jxj) � Sn (jxj)
�

:

� � f Sn (u)g1
n=1 - S � [ n ! 1 ; H F

lim
n!1

f n (x; y) = 0 = lim
n!1

S2n (x + y) � lim
n!1

Sn (x) lim
n!1

Sn (y):

� ; H F < q I 1 � � �

L U 13. [ f (x) = ex ; x 2 R. s e � (1)f x s " 
 (2) f � R � R s � / � ) (0; 1 ):

+ � w = Sn I R � ( ) � L 11) , G � � � x � 0; n 2 N s e �

1 + x +
1
2

x2 � Sn+2 (x) = 1 + x + x2
nX

k=0

1
(k + 2)!

xk � 1 + x + x2Sn (x):

[ n ! 1 , H

1 + x +
1
2

x2 � ex � 1 + x + x2e2:

� ; H F

ex � e0 = 1 ; (1 � x2)ex � 1 + x:

� R L 12, H e� x = 1
ex . ( | � U h / ` + n W f (x) > 0:

Z � y > 0; x 2 R, w = � k I 1 � � �

ex+ y � ex = ex (ey � 1) > ex (1 + y) > 0.

s e U h + n W 1 b (1).

G � � U h � J H �D 0 < x < 1 "

1 + x < e x �
1

1 � x
;

1
1 � x

> e � x > 1 + x:

� ; D , �Z � � � " > 0, 2 } jxj < "
1+ " ; �

1 � " < 1 � j xj � ex �
1

1 � j xj
< 1 + ":

s e � = R � 11, f � x = 0 8 R s � � % � J &

ex+ y � ex = ex (ey � e0)
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; + H f � R � R s � � � f (k) > 1 + k; f (� k) < 1
1+ k Z � � � k 2 N . O � U h H F 1 b (2).�

L d 14 (M [ N [ ). � 4 ex
I a � 4 . I � e P L I Z 4 ( � C � Z 4 ) � 4 � " I log.

� a > 0; n 2 N. U h � � , G � a I n < j 0 I ) n t a g / I � � " I an . � � a = elog a;

\ w = R L 12,n t a = elog a
g / I 1 � ) e(n log a) , < � � �

an = e(n log a) ; log(an ) = n loga:

P 0 l ' � � � � E � & � � I / � K k I I 
 a Q �R � f (a) = an ; a > 0. s e = J &

f (a + b) � f (a) = b
n� 1X

k=0

(a + b)n� 1� kbk ; (a; b > 0)

D , � f � (0; 1 ) � R s � x s " � / � P (0; 1 ). � ) � w = R L 9, f I a � 4 f � 1
) (0; 1 ) �

I x s " R s � 4 � . I n < w � 4 ( U h 2 > * 4 I * w ). " f � 1(u) = u
1
n . � � u

1
n = elog(u

1
n ) ,

s e w = R L 12, H F

u = en log(u
1
n ) ; logu = n log(u

1
n ); u

1
n = e

1
n log u ; (u > 0):

w = ( k 1 � � U h 7 � # E 5 �Z � a > 0 � * � L 4 r = m
n ; m; n 2 N

ar =
�
a

1
n

� m = em log
�

a
1
n

�
= er log a:

w = ( t ( $ � U h I 5 _ 3 R � �

L d 15(� a P L I 0 4 � 4 ). � a > 0; x 2 R. � a I x < j � R P

ax = e(x log a) :

I P x I � 4 � = . I � a P L I 0 4 � 4 �

U h A F � � � a > 1, ! loga > 0. s e ax
) x I x s " R s � 4 � / � ) (0; 1 ). � �

0 < a < 1, ! loga < 0. s e ax
) x I x s ( R s � 4 � / � � ) (0; 1 ). � ) U h I 5 _ 3 R

� �

L d 16(� a P L I Z 4 � 4 ). � a > 0; a 6= 1. � � a P L I 0 4 � 4 I a � 4 . I � a

P L I Z 4 � 4 � " I loga.

? � w = R � � U h H , F Z � � � I x; y 2 R; a > 0

�
ay � x = ex log(ay ) = exy log a = axy =

�
ay � x :
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