
�u[=��M���^o�1

———- 
%5>��L�Y|'N�7UA	<����F��X$4	u��℄U�	�{7-��-
 1998 � 12 2X���Xh�$�J:U3��D0oL�F�n ^Z�3��/AXh:zad:

�:5 �T, h�:5 $Y
F.
���& �U 0t�>�0BV!p4�
(1) X 64 �U�R��:NSpUFf��℄:h�Ff�:e'U
�'��4+)
�ySpU℄:h�Ff��%FfU\�
V3T�F��U�A�XJO 784 ��%��f�UX��sMUHl�4Ff:\�5BAF$)U4G
F�,�}y�UF�U?;�J_
eF�/��:?�
(2) 5"u℄pN
=b:�~X �UXPÆU{��W�N�%Re�~{��5X 67 �)
.6 �=b��EfME��""u�
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Ff 1, 2, 3, · · · , n, · · · Iu""u���I:H
�>X 67�X��~U|l�O n → ∞ 2
 1

n
→ 0 ��N�:
U
f�O

n → ∞ 2
 n → ∞ �8:JU�sM
tN
�j&Rh���9Y""u�3�6 �=b��E
,�"�""u ∞(h�
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�&(� n → ∞ �UHl�K
X 71 �W 3	 3 �I+R�
UeW
*�=� n → ∞ Iu"℄!KQ n2 → ∞ 
X 75 �W 2	 1 ��+R�~eW�
(3) 3��� �℄(	�9 Cauchy f�U\��#Ff {an}

∞

n=1 rWX2� xf5b�vrmF ε, wkqp`�mlF N , Aqxf5brmlF m, n, q^ m, n > N , �d# |am − an| < ε, �tO9Y �f���/C|�=bUFf: �f���/ e6?F�rL\W�i?F}O/
5��℄(wD&�
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\�VF�yd"F
b\�VF�yR"F.  "uU�ZH| (�C|) 
��zF:sF
sF�$\:��zF�,�L�~\�C|
 xf5�'�bKr?F a < b, wkqpd"F α ÆR"F β, Aq
a < α < β < b.
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� U
,�F r 9Y A U 9�.  	 r : A U)�
,���! r zUF℄.: A U)�
�tI; r a A U 93� 
)Z r = supA. ℄�
;W\� S� � S3�. �~"o�U$� A Uo��)Z inf A 
O: A Uo�
���!OLUF℄.: A Uo��*")��"o�U$�9Yd��.aeq#)Up&
�\X$:"�$��\h)�U$�U)��a ∞, ho�U$�Uo��: −∞.

(7) 3�!4F$U℄���jC| 5�d9�rb!r?F�wd93� � 5�dS�rb!r?F�wdS3�. oy��
�}WUC|�n . A :.XU4F$
,. b : A U)���� a ∈ A. ) c =
a + b

2
. 5 a, c � c, b �d
ZN
J+"�

)Ea a1, b1, rW

(i) I5 r ∈ A,6Ta1 ≤ r; (ii) b1: A U)�,�r� [a1, b1] ⊂ [a, b], b1 − a1 = 2−1(b − a).) c1 =
a1 + b1

2
. 5 a1, c1 � c1, b1 �d
ZN
J+"�

)Ea a2, b2, rW

(i) I5 r ∈ A,6Ta2 ≤ r; (ii) b2: A U)�,�r� b2 − a2 = 1
2 (b1 − a1) = 2−2(b − a).���|�}~�{�, T�fZ
 an, bn, n ∈ N∗, rW

(i) I5 r ∈ A,6Tan ≤ r; (ii) bn: A U)�,�r� ∀n ∈ N∗, an ≤ an+1 ≤ bn+1 ≤ bn, bn − an = 2−n(b − a).�1
 ∀m, n ∈ N∗,

0 ≤ am+n − an =
n

∑

k=1

(am+k − am+k−1)

≤

n
∑

k=1

(bm+k−1 − am+k−1) ≤

n
∑

k=1

b − a

2m+k−1
≤

b − a

2m−1
.�F {an}

∞

n=1 � {bn}
∞

n=1 ℄: �f
Ow℄=b�.OwU"us+a β1, β2. �t! limn→∞(an −

bn) = 0, TD β1 = β2. ��~F)Z β. fw\C|
 β : A U)����py
∀a ∈ A, ∀n ∈ N

∗ a ≤ bn,i n → ∞, TD β : A U)��h�py
Q u < β, 8O n >sL2
 u < an. �t
�L an U�M (i), I5 r ∈ A, 6T u < an ≤ r. Hf u .: A U)��V1 β = supA. C"�
(8) "e
yUT�
Ir7��C| luF(d�T(R�
"uV�: ∞ � −∞).

(9) 3�!4F$U℄���jC| 5�d�r?F(wdD&rv(.
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n ."4Ff A = {an}
∞

n=1, �I54F a, b 6T a ≤ an ≤ b (n ∈ N∗). fw\C|
 A N"�~=bUUf�� [a, b] hVsad~#�/ [a, a+b
2 ] � [a+b

2 , b], H�d~ON$V���~
)Z I1 = [a1, b1],6T I1 ON�"Ff A Uhuev�� I1 hVsad~#�/ [a1,
a1+b1

2 ]� [a1+b1
2 , b1], H�d~ON$V���~
)Z I2 = [a2, b2],6T I2 ON�"Ff A Uhuev����|�}��{� 
TR�f#�/ In = [an, bn], n ∈ N∗, M" o�M�

(a) 5 In N�" A Uhuev�
(b) a ≤ an ≤ an+1 < bn+1 ≤ bn ≤ b, bn − an = 2−n(b − a).5 I1 N� A U�v xn1

, 0)Z y1; 5 I2 N� A U5 xn1
�yU�v xn2

, (n2 > n1), 0)Z y2.���|�}��{� 
TR�~Ff {yk}
∞

k=1, O" o�M�
(c) {yk}

∞

k=1 : A U�~Uf (
%v~ k ∈ N∗, yk = xnk
, nk < nk+1);

(d) 
%v~ k ∈ N∗, yk ∈ Ik.! (b),(d) D
 {yk}
∞

k=1 : �f
Hf=b�C|℄"�
(10) X 69 �U�R 2 H
# |a| < 1, 8 limn→∞ an = 0 
��~=pUC|8m
�AHo��	4.�
3���C|�FB���~Cl�n !% |a| < 1, N�I5BAF p < q, 6T |a| < p

q
< 1. �� ε > 0, � N = [ 2p

(q−p)ε ] + 1, 	N
[x] M).8
 x UXLAF ([x] U\�5X 115�U�RN2�s
3�U
A,�
�tO n > N2

(

p

q

)n

=
1

(

1 + q−p
p

)n ≤
1

n q−p
p

≤
1

2p
(q−p)ε

q−p
p

< ε.Hf
O n > N 2 |a|n < ε. V1 limn→∞ an = 0.

(11) X 71 ���}W� limn→∞ an = a, limn→∞ bn = b 6= 0 3� limn→∞

an

bn

= a
b
�
C|Ho�	4
��}WUC|.x4
:~�ÆU
m
�:.�Ho�UÆ�

(12) X 77 �Za(W|S�h�V!Ff (|q| < 1) U��
Y7UHl:�'FU��
3��E�F �% �FrÆ U\�
u"℄!�%w� ∑

(5!sU2�
�Æ ).

(13) �%
FU"u
X 81 � 17–21 ~	�%'�h��UHl
: 50 e�
U:HU)N
u" B
��V�WRP
�'��[

X 106 � 8–10 ~��'��
(14) �%
F"uU\�
ε− δ )	�<asMF��sMV�U�UX �U)	
.��%
�u$Æ�%�&6"U�/�2:?.e
�.V��	D
�:~U�/8eW��Y.+�/:���1�:?U�
(15) X 92 � 93 ��% lim

x→0

sin x

x
= 1 U�5
*`z|�oI:�}UC|�j_.Æ�� ℄�.-)C|
 93 �U�RIV'[�
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(16) X 95 �QFX 4 ~U��V�C|
O x �x%h�L2
 (

1 +
1

x

)x �C%�~\F
���
.D:59
U A�Z)H�V�C|�U� 	 (3) NH
=�4F$U℄��
�tIÆC|Ff {

an =

(

1 +
1

n

)n}∞

n=1

: �f (1 (3)) IV�e
f�,.[��u8
IÆHC|4F$U℄��R7
�I.V%xWÆSIR4FU\���wEN�Tn an, :"^5U�4+U�GU�NHCsiU6_\S
B℄
an(x) :=

(

1 +
x

n

)n

, n ∈ N
∗, x ∈ C	N C M)xF*
. B℄

bn(x) :=

n
∑

k=0

1

k!
xk, n ∈ N

∗, x ∈ R�p&
�"���_ 
ÆC| {an(i)}∞n=1 (i2 = −1) =b
Æw. C| {bn(i)}∞n=1 =b�p&�3�5=�4F$U℄��U A)C|�xf5br?F	<r�F�x, 9E bn(x), m n → ∞>D& ( 0�T�z ex).
i��& %Z�G 0t�V!p4��%a�
FU�M
/AI��F�UzE
��PÆ
N�.��
%a�
FUX �UPÆ�M���C|
u8(.5"uU71u3td
�
(17) 3�C|� d�_1�9r$Y
FCd�r,(
F"�HU:OUG*"�).n . f :"�#�/ [a, b] )Ua�
F�fw nCl\C| f ")��-. f h)��� [a, b] hVsad~#�/ [a, a+b

2 ] � [a+b
2 , b]. �t
�d~#�/NJ+"�~
)Ea

I1 = [a1, b1], 6T f 5 I1 )h)��� [a1, b1] hVsad~#�/ [a1,
a1+b1

2 ] � [a1+b1
2 , b1]. �t
�d~#�/NJ+"�~
)Ea I2 = [a2, b2], 6T f 5 I2 )h)�����|�}��{� 
TR�f#�/ In = [an, bn], n ∈ N∗, M" o�M�

(a) f 5 In )h)��
(b) a ≤ an ≤ an+1 < bn+1 ≤ bn ≤ b, bn − an = 2−n(b − a).! (b) b\
 {an}

∞

n=1 : �f
Hf=b
%	"ua c. �tr� c ∈ [a, b]. !% f 5 c ZBa�
N�I5AF δ, 6TO |x− c| < δ � x ∈ [a, b] 2
 f(x) < f(c) + 1. h�py
IÆ n ∈ N∗ W�L
IV6 2−n(b−a) < δ
2 , ,� |an − c| < δ

2 . F2$" In ⊂ (c− δ, c+ δ). %:
%�
U n ∈ N∗,f5 In )")� f(c) + 1. �( (a) 
 f 5 In )h)�sd�Hf℄<eC|�
(18) 3�B�/C|� d�_1�9r$Y
Fdxkp
dxVp.n . f :"�#�/ [a, b] )Ua�
F�fw\C| f "XLG��L (17) 
$� {f(x) : x ∈ [a, b]} ")�
�t�L (7), O")��
)a β.
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!)��U\�D

%v~ n ∈ N∗, I5 xn ∈ [a, b], 6T
β − n−1 < f(xn) ≤ β. (∗)�Ff {xn}

∞

n=1 0)Z A.�L (9),A N�"�~=bUUf {yk}
∞

k=1 
)	"ua y. ! a ≤ yk ≤ b(k ∈ N∗) D y ∈ [a, b].!% f a�
N�
lim

k→∞

f(yk) = f(y).�t�L (∗), D f(y) = β = sup{f(x) : x ∈ [a, b]}, �I:H
 f 5 y ZKRXLG�C|℄"�
(19) 3�C|� 1�9r$Y
F2`t�p. �~}WV.% ; f C1� I 9r$Y
F

a, b ∈ I, a < b, f(a) < u < f(b). -+
ji c ∈ (a, b), Aq f(c) = u.n � [a, b] hVsad~#�/ [a, a+b

2 ] � [a+b
2 , b]. �t
�d~#�/NJ+"�~
)Ea I1 = [a1, b1], 6T f(a1) < u ≤ f(b1).� [a1, b1] hVsad~#�/ [a1,

a1+b1
2 ] � [a1+b1

2 , b1]. �t
�d~#�/NJ+"�~
)Ea I2 = [a2, b2], 6T f(a2) < u ≤ f(b2).���|�}��{� 
TR�f#�/ In = [an, bn], n ∈ N∗, M" o�M�
(a) f(an) < u ≤ f(bn) �
(b) a ≤ an ≤ an+1 < bn+1 ≤ bn ≤ b, bn − an = 2−n(b − a).! (b) D (1 (7) NUC|),{an}

∞

n=1 � {bn}
∞

n=1 =bR[�~"u c ∈ [a, b]. %:
�L f Ua��

lim

n→∞

f(an) = f(c) ≤ u ≤ lim
n→∞

f(bn) = f(c).�t f(c) = u. C"�
(20) 3����/ I )U
F f`s$YU\���� ε > 0 
I5 δ > 0,IÆ x, y ∈ I � |x−y| < δ,I" |f(x) − f(y)| < ε.,C|� d�_1�9r$Y
FC`s$Yr.n . f :"�#�/ [a, b] )UaF
F�-. f 5 [a, b] ).:�Ka�U
�t#I5
ε > 0, �% an ∈ [a, b], bn ∈ [a, b](n ∈ N∗), 6T

|an − bn| <
1

n
, |f(an) − f(bn)| ≥ ε.�L (8),Ff {an}

∞

n=1�"�~=bUUf {xk = ank
}∞k=1. %	"ua x. r� x ∈ [a, b]. ) yk = bnk

.�t!
|xk − yk| ≤

1

nk

≤
1

kD limk→∞ yk = x. %:
ε ≤ |f(xk) − f(yk)| ≤ |f(xk) − f(x)| + |f(yk) − f(x)|.
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!% f 5Z x Ba�
i k → ∞, )8$`�%g��QK ε ≤ 0, �
�~�~U=	�Hf℄<eC|�
i��&0BY%; oGgN� �V!p4�
(21) 3�C| Lagrange NG\℄� ;
F f i1� [a, b] 9$Y
i (a, b) gg n�-+ji
c ∈ (a, b), Aq

f ′(c) =
f(b) − f(a)

b − a
.

(,Y�(�?;�)n qTnT��}� f(a) = f(b).�L (18),f 5 [a, b] KRXLG�XzG�.XLGa M 
XzGa m.  	 M = m, 8 f a7G
F
BBQFag�. M > f(a),� m < f(a) h?E�<`
hq�a M > f(a). F2
I5 c ∈ (a, b)6 f(c) = M .�f
f ′(c) = lim

d→0+

f(c + d) − f(c)

d
= lim

d→0−

f(c + d) − f(c)

d
,	N
O d > 0 2 f(c+d)−f(c)

d
≤ 0; O d < 0 2 f(c+d)−f(c)

d
≥ 0. V1 f ′(c) = 0.5���Yo
i

g(x) = f(x) −
f(b) − f(a)

b − a
(x − a), x ∈ [a, b].�t
 g 5 [a, b] a�
5 (a, b) VQ
,� g(a) = g(b) = f(a). �L�CE9
I5 c ∈ (a, b), 6

g′(c) = 0, &
f ′(c) =

f(b) − f(a)

b − a
.

(22) �`s��E:^5)�jo\U�H�
�"U
t\S
dx, dy VV.
:�{)��e�Bg�EW\��`s�
45u3t���9m M. Spivak 5�k})U`!s� (
{#�l1V�
U���-
 1980 �X��) X 45 �)U�a����
 df
dx
wy:dsze4
Ia~ae{fXy�f dx Æ df rv
	J
CRb
r��0P`r,rCqfBv df = df

dx
· dx. �3� 8t 3.7, 143–145_.
%��&0BYK; �� �V!p4�

(23) �.\!s�. �/
F��"45U���ANL��.\!sST!/
FPÆ
�e8LU�v��b$\O��F��U�A�X$O 34 ��%�.\!s�UX�NH�/)U�.
FU.\!s�:�\
F f(x) 5�~�/)U�Æ/
FU$���W� 169 �H��fw�
F f(x) UN"/
F F (x) + C(C a��7F) 9Y
F f(x) U bv�~, )Z ∫

f(x) dx.
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^�\�:�U�ANUHlT��	4
�F��U�A��%�.\!s�UHl
�I�H:�~�
l^5�UHl�fPPT P.L.Wheeden, A.Zygmund U7UA� Measure and Integral �	 1977 �
 New York �X 98 �N�
F
F (x) =

∫ x

a

f(t) dt9Y f U�.\!s��a�O�O�
 	�D�7<RP�.\!s��E
b6.:2Æ9�
(24) �"\!s{�2
AN6 U:��/VsUsl
6T"u<aFfU"u�f�a�Æ� 	 2 BVsI�p&���oE\�p8��℄?�. n ∈ N

∗. �/ [a, b] U 2n VsUsZ:�
xnk = a +

k

2n
(b − a), k = 0, 1, 2, · · · , 2n.z�/

∆nk := [xnk−1, xnk], k = 1, · · · , 2n.
% [a, b] )U"�
F f , \�
Mnk = sup{f(x) : x ∈ ∆nk}; mnk = inf{f(x) : x ∈ ∆nk}, k = 1, · · · , 2n.Z�

In =

2n

∑

k=1

Mnk2−n(b − a), In =

2n

∑

k=1

mnk2−n(b − a), n ∈ N
∗.�1 (�: 2 BVsUÆB�


In ≤ In+1 ≤ In+1 ≤ In, n ∈ N
∗.%:

%"�
F f , �L (8),limn→∞ In ≤ limn→∞ In.7	�Tp limn→∞ In = limn→∞ In jH f i [a, b] 9 �
h�TpQ f i [a, b] 9r�~�

(25) 3�C|� [a, b] 9r$Y
F ��n .
F f 5 [a, b] )a���L (20), �� ε > 0, I5 N ∈ N∗, 6TO x, y ∈ [a, b] �
|x − y| < N−1 2
 |f(x) − f(y)| < ε. �tO n > N 2


0 ≤ Mnk − mnk ≤ ε, k = 1, · · · , 2n.Hf
In − In ≤ ε(b − a).V1
lim

n→∞

(In − In) = 0.�IC| f 5 [a, b] V!�
7



(26) 3�C|`!s �\℄ (Newton-Leibniz �8): ; f i [a, b] 9 �
F C f rh
F�-+
F (b) − F (a) =

∫ b

a

f(x) dx.n ��/ [a, b] 2n Vs
sZ)Z xnk = a + k
2n (b − a), k = 0, 1 · · · , 2n. �t

F (b) − F (a) =

2n

∑

k=1

(

F (xnk) − F (xnk−1)
)

.�L (21)(Lagrange NG\℄�
I5 ξnk ∈ (xnk−1, xnk), 6T
F (xnk) − F (xnk−1) = f(ξnk)(xnk − xnk−1),Hf

F (b) − F (a) =

2n

∑

k=1

f(ξnk)(xnk − xnk−1).�t
6 (24) U)�

In ≤ F (b) − F (a) ≤ In.i n → ∞, TN,C?�)y�X�UpCNeGUR ���|�}��{� 
j_Y
eG
m<g,Ck�O5|VF�N7 UpCpl
V;Ea ℵ0([(�)�i�.*|.
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