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Abstract

This paper develops an adaptive moving mesh method to solve a phase field model for the mixture of two incompressible fluids. The
projection method is implemented on a half-staggered, moving quadrilateral mesh to keep the velocity field divergence-free, and the con-
jugate gradient or multigrid method is employed to solve the discrete Poisson equations. The current algorithm is composed by two inde-
pendent parts: evolution of the governing equations and mesh-redistribution. In the first part, the incompressible Navier–Stokes
equations are solved on a fixed half-staggered mesh by the rotational incremental pressure-correction scheme, and the Allen–Cahn type
of phase equation is approximated by a conservative, second-order accurate central difference scheme, where the Lagrangian multiplier is
used to preserve the mass-conservation of the phase field. The second part is an iteration procedure. During the mesh redistribution, the
phase field is remapped onto the newly resulting meshes by the high-resolution conservative interpolation, while the non-conservative
interpolation algorithm is applied to the velocity field. The projection technique is used to obtain a divergence-free velocity field at
the end of this part. The resultant numerical scheme is stable, mass conservative, highly efficient and fast, and capable of handling
variable density and viscosity. Several numerical experiments are presented to demonstrate the efficiency and robustness of the proposed
algorithm.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

The hydrodynamics of the mixture of different fluids is
playing an increasingly important role in many scientific
and engineering applications. Among them one of the fun-
damental issues is the interfacial dynamics. The conven-
tional model for the mixture consists of separate
hydrodynamic systems of each component, together with
the free interface that separates different fluids. In recent
years, many researchers have studied the phase field
approach in various fluid flows, see, e.g., [6,17,22,26]. In
[22], a phase field model for the mixture of two incompress-
ible fluids is presented based on an energetic variational
formulation and solved by a Fourier-spectral method.
0045-7930/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.
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The phase field approach introduces a continuous tran-
sition region between the two bulk phases (e.g., solid/
liquid). This transition region is defined in terms of an
additional field variable (the phase field), which is formu-
lated to represent the dynamical evolution of the phase-
change interface. This is in contrast to methods which
assume a sharp interface between phases. At the cost of
solving an additional partial differential equation, the
advantage of the phase field method is that the location
of the interface does not have to be explicitly determined
(or tracked) as part of the solution. However, the discrete
phase field method for the interface dynamics should be
of high-order accuracy as well as high-efficiency. Up to
now, some numerical methods have been developed for
the phase field models, for example, the discontinuous
Galerkin method [35,36] and the Fourier-spectral method
[22], etc. The adaptive mesh methods [28,2] have also been
proved very effective for the phase field model. However, in
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those adaptive methods, the phase field model is not cou-
pled with the Navier–Stokes equations.

Adaptive moving mesh methods have important applica-
tions in a variety of scientific and engineering areas such as
solid and fluid dynamics, etc., where singular or nearly sin-
gular solutions are developed dynamically in fairly localized
regions of shock waves, boundary layers, and detonation
waves, etc. Numerically investigating these phenomena
requires extremely fine meshes over a small portion of the
physical domain to resolve the large solution variations.
Successful implementation of an adaptive strategy can
increase accuracy of the numerical approximations and
decrease the computational cost. Up to now, there have
been many important progresses in adaptive moving mesh
methods for partial differential equations, including grid
redistribution approach based on the variational principle
of Winslow [34], Brackbill [3], Ren and Wang [25]; moving
finite element methods of Miller and Miller [23], and Davis
and Flaherty [7]; moving mesh PDEs methods of Russell
et al. [4,16], and Ceniceros and Hou [5]; and moving mesh
methods based on the harmonic mapping of Dvinsky [9],
and Li et al. [19,20,8] as well as [40]. Computational costs
of moving mesh methods can be efficiently saved with locally
varying time steps [29]. To our knowledge, there is little or
no work on adaptive moving mesh methods of the phase
field model for the mixture of two incompressible fluids.

The main objective of this paper is to extend the adap-
tive moving mesh method developed in [30,31,39] to the
Allen–Cahn type phase field model for the mixture of
two incompressible fluids. The main difficulty in solving
the phase field model for the mixture of two incompressible
fluids is the divergence-free constraint of the velocity vector
and the mass-conservation of the phase field variable.
There are two popular approaches to deal with the diver-
gence-free constraint in the incompressible Navier–Stokes
equations. One is to introduce the stream function, see
[14,10], but it is mainly limited to two dimensional case.
The second method is to use the projection technique, see
e.g., [33,22,12,13], which can be easily extended to high-
dimensional problems. But both ways are known to have
problem in setting up artificial boundary conditions. The
Gauge method of E and Liu [11] and the Gauge–Uzawa
method of Nochetto and Pyo [24] are a kind of projection
methods but provide consistent boundary conditions.
Besides those methods, the penalty and sequential regular-
ization methods, see e.g., [21], are stabilization techniques
for the divergence-free condition but do not require any
artificial boundary condition, and their many (physical)
properties such as approximation of the energy law can
be relatively easy to obtain. The present work will focus
on the projection method. In all computational examples
the solution activates mostly inside the domain and thus
artificial boundary conditions will not be very important.

The paper is organized as follows. Section 2 first intro-
duces the Allen–Cahn phase field model for the mixture
of two incompressible fluids. Section 3 is devoted to the
implementation of the rotational incremental pressure-cor-
rection scheme for the incompressible Navier–Stokes equa-
tions on a fixed half-staggered quadrilateral mesh, and
presents a conservative, second-order accurate central dif-
ference scheme for the Allen–Cahn type of phase equation
with the Lagrangian multiplier. In Section 4, the iterative
mesh redistribution is discussed. During the iterative mesh
redistribution, the phase field and pressure is remapped
onto the newly resulting meshes by the high-resolution con-
servative interpolation, while the non-conservative interpo-
lation algorithm is applied to the velocity field. The
projection method is used to obtain a divergence-free
velocity at the end of the iterative mesh redistribution.
Thus the iterative mesh redistribution is divergence-free
for the velocity field and mass-conservative for the phase
field. Full solution procedure will be outlined in Section
5, ending with several remarks. Numerical experiments
are included in Section 6 to validate the robustness and effi-
ciency of the proposed adaptive approach. Conclusions
and future work are in Section 7.
2. A phase field model for the mixture of two incompressible

fluids

Let Xp be a two-dimensional (physical) domain with the
Cartesian Coordinate system x ¼ ðx; yÞ, and assume that
Xp is filled with two incompressible fluids separated by a
free moving interface. One fluid is included in a bubble
while the other is the ambient fluid. As in [22], a phase
function /ðx; tÞ is introduced to represent the interface at
the time t by the set fx : /ðx; tÞ ¼ 0g, and label the inside
and the outside of the bubble as fx : /ðx; tÞ > 0g and
fx : /ðx; tÞ < 0g, respectively. The dynamics of the phase
function /ðx; tÞ can be relaxed (approximated) according
to either Allen–Cahn or Cahn–Hilliard type of gradient
flow, depending on the choice of different dissipative mech-
anisms. Since numerical treatment of the Allen–Cahn
phase equation is simpler than that of the Cahn–Hilliard
phase model which involves fourth-order differential oper-
ators, see [22], this work chooses to use the modified (fluid
transported) Allen–Cahn phase equation

/t þ u � grad/ ¼ cðD/� f ð/Þ þ fðtÞÞ;
d
dt

R
Xp

/dx ¼ 0;

(
ð2:1Þ

where grad and D are the gradient and Laplacian opera-
tors, respectively, f(t) is the Lagrange multiplier corre-
sponding to the constant volume constraint in the last
equation, see [37], u is the fluid velocity, and the parameter
c denotes the elastic relaxation time. In Eq. (2.1), f ð/Þ ¼
F 0ð/Þ, where F ð/Þ ¼ ð/2 � 1Þ2=4ĝ2 is the usual double-well
potential, the parameter ĝ represents the capillary width
(width of the mixing layer). As shown in [37], the phase
field model (2.1) may be derived from a variation formula-
tion of the elastic (mixing) energy as

D/
Dt
¼ �c

dW
d/
¼ cðD/� f ð/ÞÞ; ð2:2Þ
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where the elastic (mixing) energy W ð/; grad/Þ is defined by

W ð/; grad/Þ ¼
Z

Xp

1

2
jgrad/j2 þ F ð/Þ

� �
dx:

Here D/
Dt is the material derivative D/

Dt ¼ /t þ ðu � gradÞ/,
and dW

d/ represents the variation of the energy W with
respect to /.

The system governing the mixture of two incompressible
fluids with same density (which is taken to be 1) and same
viscosity constants can be written as follows:

ut þ ðu � gradÞu� mDuþ gradp

þ kdivðgrad/� grad/Þ ¼ gðxÞ; ð2:3Þ
divu ¼ 0; ð2:4Þ

where g is the external body force, p is the pressure, m is the
kinematic viscosity, k corresponds to the surface tension,
and the term grad/� grad/ is the usual tensor product,
i.e., ðgrad/� grad/Þij ¼ gradi/gradj/. Since divðgrad/�
grad/Þ ¼ D/grad/þ 1

2
gradjgrad/j2, the momentum Eq.

(2.3) can be simplified as follows:

ut þ ðu � gradÞu� mDuþ gradp

¼ �kD/grad/þ gðxÞ; ð2:5Þ

here p has been redefined as p :¼ p þ 1
2
kjgrad/j2.

The coupled system (2.1), (2.3) or (2.5), and (2.4) is sup-
plemented with the initial conditions

ujt¼0 ¼ u0ðxÞ; /jt¼0 ¼ /0ðxÞ; x 2 Xp; ð2:6Þ
and boundary conditions

ujoXp
¼ 0;

o/
on

����
oXp

¼ 0; ð2:7Þ

where o/
on ¼ n � grad/, and n is the outward unit normal vec-

tor on the edge of the domain Xp. From (2.1) and the above
conditions, one derives easily

fðtÞ ¼ 1

jXpj

Z
Xp

f /ðx; tÞð Þdx;

where jXpj denotes the area of the solution domain Xp.

Remark 2.1. As ĝ! 0, the Cahn–Hilliard phase model
and Allen–Cahn type of phase equation coupling with the
Navier–Stokes equations (2.3) and (2.4) will tend to the
same limit, see [22] as well as [1].
p,
In

o

u,v

I

Fig. 3.1. Half-staggered mesh, see [12,13].
3. A projection method on a fixed half-staggered mesh

Our adaptive phase field method consists of two inde-
pendent parts: the evolution of the governing equation
and the mesh redistribution. The first part is discussed in
this section, while the second part will be introduced in Sec-
tion 4.

In the following, the incompressible Navier–Stokes
equations (2.3) and (2.4) will be solved by using the rota-
tional incremental pressure-correction scheme of Timmer-
mans et al. [32] on a fixed half-staggered mesh, and a
conservative scheme is given for Eq. (2.1). The main advan-
tage of the rotational incremental pressure-correction
scheme is that it can overcome the difficulty caused by
the artificial pressure Neumann boundary condition.

Give a partition of the physical domain Xp, fAjþ1
2;kþ

1
2
jj;

k 2 Zg, a uniform partition of the computational or logical
domain Xc is given with unit step sizes, i.e., Dn ¼ Dg ¼ 1,
and a partition of the time interval [0,T], ftn ¼ tn�1þ
DtnjDtn > 0; n 2 Ng, where Ajþ1

2;kþ
1
2

is a quadrangle with

four corners xj;k; xjþ1;k, xjþ1;kþ1, and xj;kþ1. For convenience,
define I0 :¼ fxjþ1

2;kþ
1
2
2 Xp; j; k 2 Zg and In :¼ fxj;k 2 Xp;

j; k 2 Zg, where xjþ1
2;kþ

1
2

denotes the centroid coordinates
of the quadrangle Ajþ1

2;kþ
1
2
. Let the scalar variables, e.g., p

and /, be approximated at cell centers by their cell averages

Ujþ1
2;kþ

1
2
ðtÞ ¼ 1

Ajþ1
2;kþ

1
2

��� ���
Z

A
jþ1

2
;kþ1

2

Uðx; tÞdx; U ¼ p or /;

ð3:1Þ
and the vectors such as the velocity u be approximated at
the cell corners, see Fig. 3.1, where Ajþ1

2;kþ
1
2

��� ��� denotes the

area of the control volume Ajþ1
2;kþ

1
2
. Moreover, the nota-

tions gradh, divh, and Dh are used to denote the discretiza-
tions of the gradient, divergence, and Laplacian operators,
respectively, but will be given later, where Dh ¼ divhgradh.

The discrete projection method for Eqs. (2.1)–(2.3) is
described as follows:

Algorithm 1.
Step 0: Give initial data /n; un; pn.
Step 1 (the fluid evolution step): Compute the intermediate

velocity field ~u ¼ ð~u;~vÞT on In by a semi-implicit
scheme:
~u� un

Dtn
� mDh~u ¼ �ðun � gradhÞun � gradhpn

� ðkDh/
nÞgradh/

n þ gðxÞ; ð3:2Þ
with homogeneous Dirichlet boundary conditions
~u ¼ 0; on oXp:
Step 2: (the projection step) Project the intermediate veloc-
ity field ~u onto the divergence-free vector space by
the standard Helmholtz decomposition
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~u ¼ unþ1 þ Dtngradhw
nþ1 on In;

divhunþ1 ¼ 0 on I0;

unþ1 � n ¼ 0 on oXp;

8><>: ð3:3Þ
and update the pressure pnþ1 by
hwdiv
wnþ1 ¼ pnþ1 � pn þ mdivh~u on I0: ð3:4Þ
(j,k)

Fig. 3.2. Half-staggered mesh for div and grad .
The projection step is equivalent to solving a pres-
sure Poisson equation together with the homoge-
neous Neumann boundary condition
h h
Dhw ¼ 1
Dtn

divh~u;

gradhw � n ¼ 0:

�
on I0: ð3:5Þ
Step 3 (the phase evolution step): Compute the phase field
/nþ1 by
/nþ1 � /n

Dtn
� cDh/

nþ1 ¼ �divhðunþ1/nÞ � cf ð/nÞ

þ cfðtnÞ on I0: ð3:6Þ
The detailed definitions of the discrete operators
gradh, divh, and Dh used in the above projection
method are presented as follows. The gradient,
divergence, and Laplacian operators are first trans-
ferred into the logical domain Xc by the coordinate
transformation x ¼ xðnÞ as follows:
grad/ ¼ 1

J
ðyg/n � yn/g;�xg/n þ xn/gÞ

T

ðnon-conservativeÞ

¼ 1

J
ððyg/Þn � ðyn/Þg;�ðxg/Þn þ ðxn/ÞgÞ

T
;

ðconservativeÞ ð3:7Þ

divu ¼ 1

J
ðygun � ynug � xgvn þ xnvgÞ

ðnon-conservativeÞ

¼ 1

J
ððyguÞn � ðynuÞg � ðxgvÞn þ ðxnvÞgÞ;

ðconservativeÞ ð3:8Þ

Dw ¼ 1

J
ððJ�1y2

gwnÞn � ðJ�1ynygwgÞn
� ðJ�1ynygwnÞg þ ðJ�1y2

nwgÞg
þ ðJ�1x2

gwnÞn � ðJ�1xnxgwgÞn
� ðJ�1xnxgwnÞg þ ðJ�1x2

nwgÞgÞ; ð3:9Þ
where J ¼ xnyg � xgyn is the Jacobian matrix of the
coordinate transformation. Then all partial deriva-
tives involved in (3.7) and (3.8) are approximated
by using second-order accurate central finite differ-
ence scheme. For example, the non-conservative
gradient of a scalar variable is approximated on
In, see Fig. 3.2, by�

gradhw ¼

1bJ dðygÞ dðwnÞ � dðynÞ dðwgÞ;

� dðxgÞ dðwnÞ þ dðxnÞ dðwgÞ
�T

; on In; ð3:10Þ
where
dðwnÞj;k :¼ wjþ1
2;kþ

1
2
�wj�1

2;kþ
1
2
þwjþ1

2;k�
1
2
�wj�1

2;k�
1
2

� �
=2;

dðwgÞj;k :¼ wjþ1
2;kþ

1
2
�wjþ1

2;k�
1
2
þwj�1

2;kþ
1
2
�wj�1

2;k�
1
2

� �
=2;

dðZnÞj;k :¼ Zjþ1;k�Zj�1;K

� �
=2; dðZgÞj;k :¼ Zj;kþ1�Zj;k�1

� �
=2;bJ j;k ¼ bxn byg � bxg byn

� �
j;k
; Z ¼ x or y:
Similarly, the conservative divergence of the veloc-
ity vector is approximated on I0, see Fig. 3.2, by
divhu ¼ 1bJ ðygu� xgvÞn þ ð�ynuþ xnvÞg
� �

on I0;

ð3:11Þ

where
ððygu� xgvÞnÞjþ1
2;kþ

1
2
:¼ 1

2
bygu� bxgv
� �

jþ1;k
� bygu� bxgv
� �

j�1;k

� �
;

ðð�ynuþxnvÞgÞjþ1
2;kþ

1
2
:¼ 1

2
ð� bynuþ bxnvÞj;kþ1�ð� bynuþ bxnvÞj;k�1

� �
;

bJ jþ1
2;kþ

1
2
¼ jAjþ1

2;kþ
1
2
j:
From (3.10) and (3.11), a discrete Laplacian opera-
tor Dh ¼ divhgradh is gotten. For the Poisson prob-
lems in Algorithm 1, such defined Laplacian
operator Dh ¼ divhgradh will give a mimetic discret-
ization [27] and a linear algebraic system with a
symmetric and semi-definite coefficient matrix.
Many methods can be used to solve this linear sys-
tem, for example, the algebraic multigrid (AMG),
the conjugate gradient (CG) method, and the mul-
tilevel dissection method, see [13,12]. In this study,
the AMG package [18] or the CG method have
been used to solve this linear system.

If the mesh is uniformly rectangular, then the approx-
imations (3.10) and (3.11) lead to a skewed five point
scheme of the Poisson equation, see Fig. 3.3(a). The
solution vector w ¼ ð� � � ;wjþ1

2;kþ1
2
; � � � ÞT of the Poisson

equation has two degrees of freedom, in other words,
wþ w1 þ cw2 is also its solution, where c is an arbitrary
constant, w1 is a constant vector, see Fig. 3.3(b), and w2 is a
so-called ‘‘checkerboard mode’’ vector, see Fig. 3.3(c).
However, neither w1 nor w2 will affect gradhw, see (3.10).

Finally, a few remarks on the above algorithm are given.



Fig. 3.3. Stencil of the skewed scheme and profile of the vector wi, i = 1, 2. Symbols ‘‘s’’ and ‘‘*’’ denote two arbitrary constants. (a) Skewed scheme;
(b) w1; (c) w2.
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Remark 3.1. In this work, gradw and div~u in step 2 of
Algorithm 1 are discretized by using the formulae (3.10)
and (3.11), respectively, so that the approximate velocity
is exactly divergence free in the discrete sense. Such discrete
approach will also be used to project the velocity vector
onto a divergence-free space at the end of the iterative mesh
redistribution, see Section 4.3.

Remark 3.2. The gradient operator in the momentum Eq.
(3.2) may be either non-conservative or conservative.
Moreover, the Laplacian operators in (3.2) and (3.6) may
also be a second-order accurate finite difference approxi-
mation of (3.9). Such resulting linear algebra system of
the Poisson equation will be symmetric and definite, and
may be solved by using the multigrid method [18,38]. The
tolerance for the l2 norm of the residual is set to be 10�8

and the average iterative number 3–5.

Remark 3.3. To preserve the mass-conservation of the
phase field /, i.e.,X

j;k

Anþ1
jþ1

2;kþ
1
2

��� ���/nþ1
jþ1

2;kþ
1
2
¼
X

j;k

An
jþ1

2;kþ
1
2

��� ���/n
jþ1

2;kþ
1
2
;

the discrete operators in (3.6) should be conservative, and
corresponding Lagrangian multiplier becomes

fn
jþ1

2;kþ
1
2
¼ 1

jXn
pj
X

j;k

An
jþ1

2;kþ
1
2

��� ���f /n
jþ1

2;kþ
1
2

� �
;

where Ajþ1
2;kþ

1
2

��� ��� is the area of the control cell Ajþ1
2;kþ

1
2
, and

jXn
pj ¼

P
j;k An

jþ1
2;kþ

1
2

��� ���.

4. Adaptive mesh redistribution

This section introduces our adaptive mesh redistribution
briefly. The readers are referred to [30] for detailed
descriptions.
4.1. Iterative mesh redistribution

Let x ¼ ðx; yÞ and n ¼ ðn; gÞ denote the physical and
logical or computational coordinates, respectively. A one-
to-one coordinate transformation from the logical or com-
putational domain Xc to the physical domain Xp is denoted
by

x ¼ xðnÞ; n 2 Xc: ð4:1Þ
Our attention is limited to the case of that the physical

domain Xp is convex and the map (4.1) is to find the min-
imizer of the following functional [5,30,31]:

eEðxÞ ¼ 1

2

X2

i¼1

Z
Xc

~rxi

� �T
Gi

~rxidn; ð4:2Þ

where ~r ¼ ðon; ogÞT, and Giði ¼ 1; 2Þ are given symmetric
positive definite matrices called monitor functions. In
general, the monitor functions depend on the solution or
its derivatives of the underlying governing equations. The
simplest choice of the monitor functions is Gi ¼
xI ; i ¼ 1; 2, see [34], where I denotes the identity matrix
and x is a positive weight function. More terms can be
added to the above functional to control other aspects of
the mesh such as orthogonality and alignment with a given
vector field, see e.g., [3,15].

Using Winslow’s choice, one deduces the Euler–
Lagrange equations of the functional (4.2) to

~r � x ~rx
� �

¼ 0: ð4:3Þ
In this study, x ¼ xðgrad/Þ. Eq. (4.3) is first discretized by
the central difference scheme and then solved by the
Gauss–Seidel (GS) iteration, that is to say,

x½m�
jþ1

2;k
x
½m�
jþ1;k � x

½mþ1�
j;k

� �
� x½m�

j�1
2;k

x
½mþ1�
j;k � x

½mþ1�
j�1;k

� �
þ x½m�

j;kþ1
2

x
½m�
j;kþ1 � x

½mþ1�
j;k

� �
� x½m�

j;k�1
2

x
½mþ1�
j;k � x

½mþ1�
j;k�1

� �
¼ 0;

ð4:4Þ

for m ¼ 0; 1; . . ., where xjþ1
2;k
¼ 1

2
ðxjþ1;k þ xj;kÞ;xj;kþ1

2
¼

1
2
ðxj;kþ1 þ xj;kÞ. The GS iteration is continued until

x½m� � x½mþ1�
		 		 < � or m < l, where l is a given small inte-
ger. In practice, a few iterations (say l = 3–5) are required
at each time level, so the cost for generating new mesh is
not too expensive. In order to obtain a smooth mesh distri-
bution, the low-pass filter

xj;k  
4

16
xj;k þ

2

16
ðxjþ1;k þ xj�1;k þ xj;kþ1 þ xj;k�1Þ

þ 1

16
ðxj�1;k�1 þ xj�1;kþ1 þ xjþ1;k�1 þ xjþ1;kþ1Þ
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is applied to the discrete monitor function, which is usually
carried out 3–5 times at each GS iterative step.
4.2. Interpolation of the cell-averaged variables

After each GS iterative step, the approximate solutions
need to be remapped onto the newly resulted mesh

x
½mþ1�
j;k

n o
from the old mesh x

½m�
j;k

n o
. The remapping proce-

dure of the cell-averaged variables such as the phase field
/ and p can be conducted by using the conservative inter-
polation technique proposed by Tang and Tang [30], which
is

A½mþ1�
jþ1

2;kþ
1
2

��� ���U ½mþ1�
jþ1

2;kþ
1
2

¼ A½m�
jþ1

2;kþ
1
2

��� ���U ½m�jþ1
2;kþ

1
2

� c2
nU ½m�

� �
jþ1;kþ1

2

�
þ c4

nU ½m�
� �

j;kþ1
2

�
� c3

nU ½m�
� �

jþ1
2;kþ1
þ c1

nU ½m�
� �

jþ1
2;k

� �
;

ð4:5Þ

where U ¼ / or p, jAjþ1
2;kþ

1
2
j means area of the correspond-

ing control cell, and cl
n :¼ cxnl

x þ cynl
y with the mesh veloc-

ity ðcx; cyÞ ¼ x½m� � x½mþ1�; y½m� � y½mþ1�� �
and the normal

outward vector nl ¼ ðnl
x; n

l
yÞ, defined as follows:

c1
n ¼

1

2
ðcx

j;k þ cx
jþ1;kÞðyjþ1;k � yj;kÞ

� 1

2
ðcy

j;k þ cy
jþ1;kÞðxjþ1;k � xj;kÞ;

c2
n ¼

1

2
ðcx

jþ1;k þ cx
jþ1;kþ1Þðyjþ1;kþ1 � yjþ1;kÞ

� 1

2
ðcy

jþ1;k þ cy
jþ1;kþ1Þðxjþ1;kþ1 � xjþ1;kÞ;

c3
n ¼

1

2
ðcx

jþ1;kþ1 þ cx
j;kþ1Þðyj;kþ1 � yjþ1;kþ1Þ

� 1

2
ðcy

jþ1;kþ1 þ cy
j;kþ1Þðxj;kþ1 � xjþ1;kþ1Þ;

c4
n ¼

1

2
ðcx

j;kþ1 þ cx
j;kÞðyj;k � yj;kþ1Þ

� 1

2
ðcy

j;kþ1 þ cy
j;kÞðxj;k � xj;kþ1Þ;

and the fluxes ðcl
nUÞjþr;kþ1

2
and ðcl

nUÞjþ1
2;kþs; r; s ¼ 0 or 1,

denote the values of cl
nU on the corresponding surface of

the control volume Ajþ1
2;kþ

1
2
, where l = 1, 2, 3, 4. The fluxes

will be approximated by using an upwind scheme. For
example, the term ðc2

nUÞjþ1;kþ1
2

may be approximated by

ðc2
nUÞjþ1;kþ1

2
¼ c2

n

2
U jþ3

2;kþ
1
2
þ Ujþ1

2;kþ
1
2

� �
� jc

2
nj

2
Ujþ3

2;kþ
1
2
� U jþ1

2;kþ
1
2

� �
: ð4:6Þ

The above approximation is only first order accurate in
space. In order to avoid large numerical dissipation, the
reconstruction technique will be used, see [30], and (4.6)
is replaced by
ðc2
nUÞjþ1;kþ1

2
¼ c2

n

2
U jþ1þ0;kþ1

2
þ U jþ1�0;kþ1

2

� �
� jc

2
nj

2
U jþ1þ0;kþ1

2
� U jþ1�0;kþ1

2

� �
; ð4:7Þ

with

Ujþ1þ0;kþ1
2
¼ U jþ3

2;kþ
1
2
� 1

2
Sn

jþ3
2;kþ

1
2

;

Ujþ1�0;kþ1
2
¼ U jþ1

2;kþ
1
2
þ 1

2
Sn

jþ1
2;kþ

1
2

:

Here Sn is an approximation of oU=on, taken by us as

Sn
jþ1

2;kþ
1
2

¼ vLLðDnU jþ1
2;k
;DnUj�1

2;k
Þ;

where DnU j�1
2;kþ

1
2
¼ U jþ1

2;kþ
1
2
� Uj�1

2;kþ
1
2
. The function vLL(a,b)

denotes van Leer’s limiter defined by

vLLða; bÞ ¼ ðsignðaÞ þ signðbÞÞ jabj
jaj þ jbj þ e

; ð4:8Þ

where the parameter e, 0 < e� 1, is used to avoid that the
denominator becomes zero.

The formula (4.5) is obtained by using the classical per-
turbation theory, and satisfies the following mass-conser-
vation property:X

j;k

A½mþ1�
jþ1

2;kþ
1
2

��� ���U ½mþ1�
jþ1

2;kþ
1
2

¼
X

j;k

A½m�
jþ1

2;kþ
1
2

��� ���U ½m�jþ1
2;kþ

1
2

; U ¼ / or p:

ð4:9Þ
Some further theoretical properties of this conservative
interpolation can be found in [30].

4.3. Interpolation of the velocity variables

This subsection begins to remap the velocity variables
onto the newly resulted mesh fx½mþ1�

j;k g from the old mesh
fx½m�j;k g. For the velocity vector u ¼ ðu; vÞ, the high-resolu-
tion, nonconservative interpolation of Tang et al. [31] is
employed, which is obtained by using Taylor’s expansion,
i.e.,

u x
½mþ1�
j;k

� �
� u x

½m�
j;k

� �
� x

½m�
j;k � x

½mþ1�
j;k

� �
� gradu x

½m�
j;k

� �
:

ð4:10Þ
Using the coordinate transformation n ¼ nðxÞ and a high-
resolution Hamilton–Jacobi solver gives

u
½mþ1�
j;k ¼ u

½m�
j;k �

1

2
cn

j;k v
½m�
jþ0;k þ v

½m�
j�0;k

� �
� jcn

j;kj v
½m�
jþ0;k � v

½m�
j�0;k

� �� �
� 1

2
cg

j;k w
½m�
j;kþ0 þ w

½m�
j;k�0

� �
� jcg

j;kj w
½m�
j;kþ0 � w

½m�
j;k�0

� �� �
;

ð4:11Þ

where

ðcnÞj;k ¼
1

J j;k
xg y½m� � y½mþ1�� �

� yg x½m� � x½mþ1�� �
 �
j;k
;

ðcgÞj;k ¼
1

J j;k
yn x½m� � x½mþ1�� �

� xn y½m� � y½mþ1�� �
 �
j;k
;
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and

vjþ0;k ¼Dnuj;k�
1

2
vLLðDnujþ1;k�Dnuj;k;Dnuj;k�Dnuj�1;kÞ;

vj�0;k ¼Dnuj�1;kþ
1

2
vLLðDnuj;k�Dnuj�1;k;Dnuj�1;k�Dnuj�2;kÞ;

wj;kþ0¼Dguj;k�
1

2
vLLðDguj;kþ1�Dguj;k;Dguj;k�Dguj;k�1Þ;

wj;k�0¼Dguj;k�1þ
1

2
vLLðDguj;k�Dguj;k�1;Dguj;k�1�Dguj;k�2Þ;

here Dnuj;k ¼ ujþ1;k � uj;k, Dguj;k ¼ uj;kþ1 � uj;k. The function
vLLða; bÞ denotes van Leer’s limiter, see (4.8).

It is worth noting that the velocity u
½mþ1�
j;k updated by

(4.11) is not divergence-free generally. So u
½l�
j;k cannot be

considered as the ‘‘initial’’ data of the incompressible
Navier–Stokes equations, that is to say, one has to project
u
½l�
j;k onto the divergence-free space before evolving

the incompressible Navier–Stokes equations. Following
the projection method for the incompressible Navier–
Stokes equations, the standard Helmholtz decomposition
is used:

unþ1 ¼ u½l� � gradhw; divhunþ1 ¼ 0;

unþ1 � n ¼ 0; on oXp:

(
ð4:12Þ

to get the divergence-free velocity vector unþ1 on the resul-
tant adaptive mesh fx½l�j;kg. It is equivalent to solving the
Neumann boundary value problem of a Poisson equation:

Dhw ¼ divhu½l�;

gradhw � n ¼ 0; on oXp:

(
ð4:13Þ

Definitions of the above discrete operators are similar to
those given in Section 3.

5. Solution procedure

Our solution procedure is composed by two independent
parts: evolution of the governing equations and an iterative
mesh redistribution. The first part is a divergence-free finite
volume method, see Section 3. In each iteration of the sec-
ond part, mesh points are first redistributed by the Gauss–
Seidel method (4.4), and then / and p are updated on the
newly generated meshes by the conservative-interpolation
formula (4.5), while the velocity vector u is remapped by
the non-conservative approach (4.11) and corrected finally
by (4.12), see Section 4.3. The solution procedure can be
illustrated by the following flowchart:

Algorithm 2.

Step 0: Give an initial adaptive mesh xn
j;k based on the ini-

tial function, n P 0.
Step 1: Advance the solution one time step Dtn by Algo-

rithm 1 to get unþ1, pnþ1 and /nþ1.
Step 2: Set x

½0�
j;k :¼ xn

j;k, u
½0�
j;k :¼ unþ1

j;k , and U ½0�
jþ1

2;kþ
1
2

:¼ U nþ1
jþ1

2;kþ
1
2
,

U = / or p.
Step 3: For m ¼ 0; 1; 2; . . . ; l� 1, do the following:
(a) Solve the mesh redistributing equation (a generalized
Laplacian equation) by one Gauss–Seidel iteration to
get x½mþ1�;

(b) Remap the approximate solutions on the new grid
x½mþ1� to get u½mþ1�, p½mþ1� and /½mþ1�.

(c) Compute the monitor function x½mþ1�.

Step 4: Perform the projection method to get the diver-

gence-free velocity field unþ1
j;k , and reset xnþ1

j;k :¼ x
½l�
j;k

and Unþ1
jþ1

2;kþ
1
2

:¼ U ½l�
jþ1

2;kþ
1
2

, U = / or p.

Step 5: If t P T, then save the result and stop. Otherwise,
go to Step 1 for the next time circle.

Remark 5.1. The conservative interpolation (4.5) and the
non-conservative interpolation (4.11) are carried out after
each GS iteration step, while the divergence free correction
in (4.12) is only performed once after all l GS iterations are
finished. In our computations, the parameter l is taken as
3–5 to get a satisfactory mesh redistribution.

Remark 5.2. Using Algorithm 2 can get a new set of mesh
points and corresponding solutions, e.g., fxnþ1;/nþ1; pnþ1;
unþ1g, which satisfyX

j;k

Anþ1
jþ1

2;kþ
1
2

��� ���/nþ1
jþ1

2;kþ
1
2
¼
X

j;k

An
jþ1

2;kþ
1
2

��� ���/nþ1
jþ1

2;kþ
1
2
; ðdivhuÞnþ1

jþ1
2;kþ

1
2
¼ 0;

i.e., the phase variable is conservative and the velocity field
is locally divergence free in the discrete sense.
6. Numerical experiments

In this section, the adaptive phase field algorithm, Algo-
rithm 2, is applied to several two-dimensional problems on
the mixture of two incompressible fluids. Throughout our
computations, the physical parameters appeared in Section
2 are taken as

ĝ ¼ 0:02; k ¼ 0:1; m ¼ 0:1; c ¼ 0:1:

The monitor function in (4.3) is chosen as

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ ajgrad/j2

q
; ð6:1Þ

where a is generally a problem-dependent positive parame-
ter, but is taken as 5 in our computations. The initial veloc-
ity u is assumed to be equal to zero in the physical domain
Xp ¼ ½0; 2p� � ½0; 2p�, i.e., the initial fluid is at rest. A 2D
structured mesh of 64 · 64 cells is always used to adaptively
capture the phase evolution with the time step size Dt of
0.002.

Example 6.1. The first example is to exhibit the surface
tension effect. Initially, a square bubble is centered at (p,p),
i.e., the center of the domain Xp, with the side length of 2,
and / is taken as 1 inside the bubble and �1 otherwise,
respectively. Due to the surface tension, the initial bubble
will deforms into a circular bubble quickly. Note that a
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uniform mesh of 128 · 128 has been adopted to get a
satisfactory resolution in [22].

Fig. 6.1 gives the contours of the phase field / at t = 0.1,
0.2, 0.3, 0.5. The results show the detailed time evolution of
the interface: due to the surface tension effect, the square
bubble first deforms into a circular bubble, and then
deforms into a diamond bubble, and finally deforms back
into circular bubble. Those results may be comparable to
those in [22]. It is worth noting that the above deformation
will repeat alternatively until the bubble reaches the steady
circular bubble. The graphs of the velocity field given in
Fig. 6.1 show the motion of the interface instantaneously.
Plots of the adaptive meshes show that more mesh points
are adaptively clustered in the region of the interface of the
two fluids.
Fig. 6.1. Example 6.1: contours of the phase, the velocity fi

0 1 2 3 4 5 6
—1

—0.8

—0.6

—0.4

—0.2

0

0.2

0.4

0.6

0.8

1

y

ph
as

e

Fig. 6.2. Example 6.1: the phase / along x = p. The symbol ‘‘circle’’ and so
computed solution obtained on a 256 · 256 uniform mesh. Left: t = 0.3; right
If a 	 0 in (6.1), then Algorithm 2 reduces to a uniform
mesh scheme. One has to use at least 256 · 256 uniform
mesh in order to get satisfactory resolution in this example,
because the width of the interface is about 0.02. Fig. 6.2
gives a comparison of the phase / along x = p calculated
by using the adaptive and uniform mesh methods, where
the symbol ‘‘circle’’ and the solid line denote the adaptive
solution with a resolution of 64 · 64 and the computed
solution obtained on a 256 · 256 uniform mesh. Table 1
gives the recorded CPU times on the Founder PC (Pentium
IV, 2.8 GHz) under the Linux environment. The results
show that both methods produce almost same numerical
results, but the adaptive method takes much less CPU time
than the uniform mesh method. Thus, the present adaptive
phase field approach displays great advantage in saving the
elds, and mesh redistributions at t = 0.1, 0.2, 0.3, 0.5.
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lid line denote the adaptive solution with a resolution of 64 · 64 and the
: t = 0.5.



Table 1
Example 6.1: a comparison of the CPU times (seconds) for the adaptive
and fixed mesh methods

Algorithm (cell number) t = 0.3 t = 0.5

Adaptive mesh method (642) 164.02 258.65
Fixed mesh method (2562) 3716.29 5940.43
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computer storage and the CPU time, comparing with
corresponding uniform mesh method.

Example 6.2. The second example is to study the coales-
cence of two kissing bubbles. Initially, two unit circular
bubbles are centered at (p � 1,p) and (p + 1,p), respec-
tively, and thus are kissing at (p,p).

Fig. 6.3 plots the phase field at several different times
t = 0, 0.1, 0.2, 0.3, 0.4, and 0.8, and show clearly the
detailed phase evolution: as time evolves, two initially
kissing bubbles first coalesce into a big and elliptic bubble,
and then the elliptic bubble is transfigured and deforms
into a circular bubble due to the surface tension effect. Our
result is well comparable to that obtained by using the
Fourier spectral method in [22] with 128 · 128 grid points.
Fig. 6.4 plots the adaptive meshes at t = 0.2, 0.5, 0.8. It is
easy to see that most of the mesh points are clustered in the
Fig. 6.3. Example 6.2: contours of the phase / at t = 0, 0.1, 0.2, 0.3, 0.4,
and 0.8.

Fig. 6.4. Example 6.2: the adaptive mesh
region of the interface of the two fluids. It is worth noting
that starting from t = 0 to 0.8, the thickness of the captured
interface is always equal to ĝ approximately.

Example 6.3. This example is to further exhibit coalescence
of three equal bubbles which are initially kissing each
other. Their radius are same and equal to p/4, and / is
taken as 1 inside these bubbles and �1 otherwise.

Fig. 6.5 presents contours of the phase field / and the
adaptive mesh distributions at several different times. The
interface dynamics are similar to those observed in the
previous two examples: the three bubbles first coalesce into
one big bubble due to the surface tension, and then that big
bubble deforms into a inverted triangle bubble at t = 0.2,
and a big circle bubble at t = 2. This deformation proce-
dure continues alternately until the bubble reaches a steady
circular bubble.

Fig. 6.6 gives the absolute value of the divergence of the
velocity vector at t = 0.2 and 1. It shows that the
divergence-free constraint (2.4) is well approximated with
the numerical accuracy 10�8–10�7 around the interface of
the two fluids.

Example 6.4. This example considers the gravity effect on
the phase evolution besides the surface tension. In this case,
the Navier–Stokes equations (2.3) has to be replaced by

q0ðut þ ðu � rÞuÞ þ rp � mDuþ kr � ðr/�r/Þ
¼ �g/ðq1 � q2Þ;

where q1 � q2 and q0 are taken as dimensionless constants
�1 and 1, respectively. We start with two circular bubbles
of different sizes at different heights, and assume that the
density of the bubbles is smaller than that of the surround-
ing fluid. The gravitational constant is taken to be
g ¼ ð0; 0:1ÞT.

Fig. 6.7 shows contours of the phase field / and the
adaptive mesh distributions at several different times. It is
seen that the small bubble is absorbed by the big one before
noticeable rising, and then the big bubble gradually rises to
the top of the domain. The bubbles are also tinily deformed
in y-direction due to the gravitational effect. Fig. 6.8 shows
that the divergence of the velocity vector is equal to zero
almost everywhere. In this computation, the volume
distributions at t = 0.2, 0.5, and 0.8.



Fig. 6.6. Example 6.3: the absolute value of the divergence of velocity
vector, jdivhuj, at t = 0.2 (left) and 1 (right).

Fig. 6.7. Example 6.4: contours of the phase and the adaptive mesh
distributions at t = 0, 0.4, 0.8, 1.6, 4.5, 6.0.

Fig. 6.5. Example 6.3: contours of the phase and the adaptive meshes at t = 0, 0.1, 0.2, 2.0.
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fraction of the two fluids is almost preserved all times
because the phase is conservative approximately.

Example 6.5. The final example is to further consider the
gravitational and surface tension effects. Initially, the two
kissing bubbles are bigger and located higher than the third
one. Take / = 1 inside three initial bubbles and / = �1
outside them. The gravitational constant and parameters
qi, i = 0, 1, 2, are taken as above.

Fig. 6.9 shows contours of the phase and the adaptive
meshes at several different times. It is seen that two kissing,
equal bubbles gradually coalesce into one big bubble and
deform, while the small bubble is synchronously absorbed
by the two upper coalescing bubbles until it vanishes.
Before the three bubbles deform into one big bubble, the
gravitation has no obvious effect on them. It is also found
that the shape of the final bubble deforms alternatively
before it reaches the steady state. This phenomenon is
similar to that observed in the previous examples. More
mesh points have been adaptively clustered in the region of
the interface of the two fluids. Fig. 6.10 gives the discrete
divergence of velocity field at t = 0.5 and 1.5. It shows that
around the interface region the numerical divergence of the
velocity vector reaches the accuracy of 10�9–10�7, while in
the interior region of each fluid it is zero.
7. Concluding remarks

This paper has developed an efficient and fast adaptive
moving mesh method to solve the Allen–Cahn type of
phase field model for the mixture of two incompressible flu-
ids. In the present algorithm the rotational incremental
pressure-correction scheme was successfully implemented
on a half-staggered, moving quadrilateral mesh to keep



Fig. 6.9. Example 6.5: contours of the phase, and the mesh distributions
at t = 0, 0.1, 0.2, 0.4, 1.0, 2.0.

Fig. 6.8. Example 6.4: the absolute value of the velocity divergence,
jdivhuj, at t = 0.2 (left) and t = 1.5 (right).

Fig. 6.10. Example 6.5: the absolute value of the velocity divergence
jdivhuj at t = 0.5 (left) and 1.5 (right).
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the velocity field divergence-free, and the conjugate gradi-
ent or multigrid method was employed to fast solve the dis-
crete Poisson equations.

The proposed algorithm consists of two independent
parts: evolution of the governing equations and mesh-
redistribution. In the first part, the rotational incremental
pressure-correction scheme is used to solve the incompress-
ible Navier–Stokes equations on a fixed half-staggered
mesh, and the Allen–Cahn type of phase equation modified
by the Lagrangian multiplier is approximated by a conser-
vative, second-order accurate central difference scheme,
where the Lagrangian multiplier is used to preserve the
overall mass of bubbles. The second part is an iteration
procedure. The phase field is remapped onto the newly
resulting meshes by the high-resolution conservative inter-
polation formula, while the non-conservative interpolation
scheme is applied to the velocity field. The projection
method is again used to obtain a divergence-free velocity
at the end of the iterative mesh redistribution. Several
numerical experiments have been conducted to demon-
strate that the resultant numerical scheme is stable, mass
conservative, highly efficient and fast, and capable of han-
dling variable density and viscosity.

It is convenient to extend the present adaptive phase
field method to three-dimensional phase field model for
the mixture of two incompressible fluids.
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